


'

k- .

' - '

,
•

.

'
»

*
.

* N .
•

" ' '

'

*

' *
*

‘ •

• • f ' '

' M es",
.

I

• /



' V

^ i



;

i



i



Digitized by the Internet Archive

in 2016 with funding from

Wellcome Library

https://archive.org/details/b2877839x



MR. JAMES BERNOULLI’S

DOCTRINE
O K

PERMUfATIONS JND COMBINATIONS,

A N 0

SOME OTHER USEFUL MATHEMATICAL TRACTS.



Jf

'..f-

/•

^ ‘ 4

jI' f o p (£

r *4.
. i-*

t>

c

.

'?

•\
’

f

. ..nO.



DOC
THE

TRINE
OF

PERMUTATIONS AND COMBINATIONS,
/

'
. BEING

AN ESSENTIAL AND FUNDAMENTAL PART

OF THE

DOCTRINE OF CHANCES;

\

As it is delivered by Mr. JAMES BERNOULLI, in his excellent

Treatife on the Dodlrine of Chances, intitled, Ars ConjeBandi, and

by the Celebrated Dr. JOHN WALLIS, of Oxford, in a Traa
intitled from the Subje£l, and publifhed at the end of his Treatife

on Algebra :

In the former of which Trafts is contained,

A Demonflration of Sir Isaac Newton’s famous Binomiaj. Theorem,

ia the Cafes of Integral Powers, and of the Reciprocals of Integral Powers,

TOGETHER AVITH

SOME OTHER USEFUL MATHEMATICAL TRACTS.

' PUELISHEO BY

FRANCIS MASERES, 'ESQ^.^

eURSITOR BARON OF TI{E COURT OF EXCHEQUER.

LONDON:
SOLD fiy u,, ANO J. WHITE, FLEET-STREET.

1795 .





( ^ ) ir

ERRATA.

IN THE PREFACE.

In page kv, line 14 from the bottom, inftead of plaee, read place,

IN THE BOOK.

In page line 20, Inftead of indicunt, read inducunt.

In page 7, line 1 3 from the bottom, inftead of AuRorum, read ARorum.

In page 21, line 6, inftead of 3)2(2 : 2, read 3)3(2 : 2.

And in the fame page 21, line ii, inftead of 3)2(4 : 3, read 3)4(4: 3.

In page 23, line 6 from the bottom, inftead of taluld, read tabula.

In page 25, line 16, Inftead of read
r r

In page 27, line 5, after the word “ primam” dele the figure of l.

And In the fame page 27, line the 3d from the bottom, inftead of

n.n~\ !

“ J*C3Q '

•

1.2 1.2

In page 28, line 10, after the word “ fubquintuplum,” infert a comma.

And In the fame parre 28, line 1?, inftead of , read .^ ® 1.2 1.2

In page 30, the bottom line, inftead of — \nn, read + \nn.

In page 32, in the laft line but one of the lines that are parallel to the

fide of the page, inftead of nn, read nn.
12 20

In page 50, line 2 from the bottom, infert the mark ” after the word
“ Mathematicks- ”

In page ^9, line 21, inftead of oy rows, read or rows.

In page 72, in the note at bottom, inftead of Alterations

,

read Alters

nations. '

In page 73, line 6, Inftead of 252, 462, read 210, 330.
Ifn page 87, dele the figure of i at the end of the firft line.

In page loi, line 3, inftead of 71, read 74.
In page 102, line 12, inftead of 71, read 74.

In page 103, line 12, inftead of
” ^ ^ ^ f .

^
i-ead

r

” y f + e + d + c-\-b + a

r

In
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In page 112, line 16, inflead of

«. « — I . — 2 . « — 3

2' X 3 X 4
,
read

«. « — 1 . 7; — 2. n 3

2x3x4
And in the fame page 112, line (7, inflead of

n,n—\. 7i — z. n — 7,.n—4 , 11. n — \ . n —Z. n — •2,7; — 4
read - o t

2 X 3x4x5

In page 1
1 7, line 1 1 from the bottom, inftead of B

2 X 3 X 4 X 5

I — 2
b^, read

In page 144, line 7 from the bottom, inflead of — 56.V, read — 562;*.

In page 151, in the bottom line, inflead of ^ Aa-, read ^ A.v.

In page 158, line 3, inflead of 2i.-cS 4- 362®, read 4- 212® 4- 282-® 4*

In page 183, lines 6, 7, and S, the figure of 2 is not clear in the powers

n • t T 2 I 7 T 2 V T 2 M 1 y
of 12 in the numerators of the fradtions ,

, and .28 2

In page 184, line 5 from the bottom, inftead of 116,12, read 116,122.

In page 196, line 8 from the bottom, inftead of read —

.

n II
#

*

In page 197, the top line, inftead of read—.
. _

6 66
In page 218, line 3, inftead of

+77B./- +„ X b/-^j3 4. „x X ^b/~ 3 4̂
, &c

read 4- 77 B/~'r/ + 77 x— „ x X—
2 22

71— '1

Ba- d'^, See.

And in the fame page 2 2 8, line 4, inftead of

4- «-I X Ca rP 4- 7/-I X Sec, read

77— 2+ « IX Ca- d+ ?i~ I X X Ca” ^d^, See.

And again in the fame page 218, line 5, inflead of 4- 77-2 Da””V,&c,
read 4* «— 2 x Da” ^d. Sec.

'
•

In page 221, line
3 from the bottom, inftead of

^

77 x 7^ X 7^ 2. 5. 4.5.

6

, read

Aud

2 -.3 - 4 - 5 -^>
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And in the fame page 2:1, line 2 fvom the bottom, inile'ad of

« — 3

re
n X «-1 X n-2 x' ^ « X «-1 X m -2 X a'

2.3.4. 5. 6
'

2. 3. 4.5.6

And again in the fame page 22 1, the bottom line, inftead of

r;X« — 1X«—

2

n X n-
read -

I X «— 2

2. 3.4.5.6
' 2 - 3 *+' 5 -^

In page 239, line li, inftead of read <2 .

In page 264, line 6 from the bottom, inftead of T+Tl, read 7+ 1]”.

In page 29S, line 6, inftead of ic, read l>l>c.

In page 302, line 10 from the bottom, the firft figure after 10, which

fhould be a 3, is not clear.

In page 340, line 16 from the bottom, inftead of 391, read 191.

In page 341, line 15 from-the bottom, inftead of 3, 67, read 31, 67.

Inpage 350, line il, inftead of 92 X 76, read 29 X 67.

In page 369, line 9' from the bottom, column 17, inftead of.p, read 7.

In page 371, line 6 from the bottom, column 14, inftead of 19, read 37.

In page 374, line ii from the bottom, column 10, inftead of 73, read 107'.

In page 435, line 9 from the bottom, inftead of 3, read 2.

In page 446, line 13 from the bottom, inftead of -
, read

mm + ««")’

mm +
In pages 470,' 471,' 472, and 473, the title at the top of the pages is

wrong. It ftiould be. Of the ExtraBion of the Cube-root by Mr. de

Lagny’j Method of Approximation.

In page 472, lines 8 and 9 from the bottom, inftead of 3.264, read

0.3264.

In page 488, line 4, after the letter ^r, infert the firft mark of a parenthefis,

to wit (.

exa . c X a
Xn pHffC 4>Q ? 9

line inllcnd or ^ rccid

In page 51 1, line 4 from the bottom, inftead of — Ca ^ a®, read

And in the fame page 51 1, line 2 from the bottom, inftead of + Ca^~^,

read + Cdm— 2

In page 540, lines 10 and 15, Inftead of /y/^, read >/
m

In
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m

In page 542, line 9 from the bottom, inftead of y

VI— ilXN +OT+ ilxa
m

,
' 2a X a — N

read .

> , ^ m
m—i\ X N + vj-^i\ X a

In page i;6i, in the Note, h’ne 19 from the bottom, inftead of —
read — l/'^xK
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PREFACE,

I
T is well known to perfons acquainted with the hiftory

of the Mathematicks, that Sir Ifaac Newton’s celebrated

Theorem concerning the powers of a binomial quantity,

fuch as ^ was communicated by him to the world, in

the latter part of the laid century, without'a demonftration.

And many other writers on Algebra fince Sir Ifaac’s death,

and, amongft the reft, the famous Profeflbr Saunderfony of

the Univerfity of Cambridge, have followed his example in

taking this important Theorem for granted, and delivering

it to their readers without attempting to demonftrate it. For
the chapter on this fubjeft in the fecond volume of the Pro-
feflbr’s Elements of Algebra

t

in two volumes, quarto, contains

nothing more than a full and clear defeription of the Theo-
rem, with an application of it to a good number of well-

chofen examples, by way of illuftration. This negleft of

demonftrating fo important a propofition has always appeared
to me very ftrange ; as the great merit and glory of the ma-
thematical Sciences confifts in the certainty of the principles

on which they are founded, and the clearnefs and regularity

with which all the fubfequent conclufions obtained in them
are deduced from thofe fundamental principles. There have
been, however, other eminent Mathematicians who have
fupplied this great omiflion, and given us juft and accurate

demonftrations of this Theorem in fome of the more obvi-

a ' ous



11 PREFACE.
ous and Important cafes of it, though not, perhaps, in all

its cafes. And of thefe I confider Mr. James Bernculli (who

was ProfefTor of Mathematicks at Bafil, oi Bade, in Switzer-

land, in the latter part of the lad centur)',) as one of the

mod fnccefsfull. For, in the 3d chapter of the fecond^ part

of his excellent Treatife on the L)o6lnne of Chances, intitled,

yfrj Conjeoiandi, (which was publilhed at Bafil in the year

1713, in a fmall quarto volume, fome years after his death,)

there is a demondration of this celebrated d heorem in the

fird, or fimpled, cafe of it, (or when or the index of the

power of the binomial c]uantity a b, is an affirmative

whole number,) that is deduced from the very nature of

Multiplication and the properties of the Figurate numbers,

in the cleared and m.od accurate manner podible. So that

no demondration of it ought to be expeded, or need be

defired, that fliall exceed, or even equal, this in point of

accuracy and perfpicuity, though fome others may, perhaps,

be fomewhat fliorter. 1 his demondration I was therefore

defirous of making more generally known to the Students

of the Maihematicks ; and with that view I refolved to re-

pubiilh it, together with fo much of the concomitant text of

Mr. Bernoulli’s faid valuable Treatife, as was necefiary to

the thorough underdanding of it, in a volume of a mode-
rate fize and price. This vvas the inducement that gave rife

to the prefent publication.

To anfwer this purpofe in the mod efTeflual manner, I

thought it would be bed to re-publifh the whole of the three

fird chapters of the fecond Part of the faid Treatife of Mr.
James Bernoulli, mgether with the Preface to the faid fe-

cond Part ; but without the fird Part of the fame w'ork,

becaufe the faid fird part, (though in itfelf important and
curious, and-edential, I doubt not, to the full underdanding
of the DoSlrine of Chances f) is not at all necedary to the un-
derflanding of the fecond Part, which treats of the Dodtrine
of Permutations and Combinations, and begins, in the molt
didind and elementary manner, with the fird foundations
of that dofliine. And further, as there are many perlons

in pngland that ?,re fond of the Mathematical Sciences

without
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wuhoiit having much acquaintance'with the Latih language,

J have, in order to render the contents of thefe three valu-

able chapters acceflible to fiich perfons, tranllated thefe

chapters into Englilh, and fubjoined the tranllation to the

original text in Latin-, lb that the reader may chufe in

which of the two languages he will perufe them. And in

this tranflation I have expreffed myfelf in a fuller manner

than Mr. Bernoulli had adopted in the originalj becaufe I

had obferved that the great degree of brevity with which

l\Ir. Bernoulli had expreffed himielf had rendered fome

parts of the original rather obfeure. And 1 have likewife

added a few notes both to the original and the tranflation,

where the text feemed to me to require them.

And further, in the latter part of the tranflation of thefe

chapters, I have alfo done fometliing more than merely
tranflate them. For, as I obferved that Mr. Bernoulli’s

eonclufions concerning the properties of the Figurate num-
bers, (which he had applied to the demonftration of the

binomial theorem in the firft, or fimpleft, cafe of it, or

when »2, or the index of the power of the binomial quan-

tity a bf was an affirmative whole number^') might eafily be
applied to the demonftration of the binomial theorem in

another cafe of it, to wit, in that cafe of it in which m, or

the index of the binomial quantity a b., ha negative

whole number^ 1 drew up fonle additional articles, that are

not contained in Mr. Bernoulli’s text, for this purpofe.

Thele additional articles, (which contain a demontfration of
the binomial theorem in the cafe of integral and negative

powers, or in the cafe of the quantity a -h extend from
page 123 to page 166 ; after which the tranflation of Mr.
Bernoulli’s text is refumed, and continues to page 213.

Thefe three chapters contain a moft accurate and diftineft

explanation of the fundamental parts of the Dodtrine of
Permutations and Combinations, and of the moft remark-
able properties of the Figurate numbers, which, it is well

known, are of the moft extenfive ufe in various branches

a 2 of
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of the Mathematicks. And they likewife contain an appli-

cation of the properties of thefe important numbers to the

fummation of the fquares of the natural numbers i, 2, 3, 4,

5, 6, 7, 8, 9, 10, II, 12, &c, continued to any propofed

number and to the fummation of the cubes, and of the

fourth powers, and of the fifth powers, and of all the fol-

lowing powers, of the fame numbers, (which is a matter of

much nicety and difficulty, and vvas formerly a great objedt

of inquiry to Mathematicians,) as well as to the demon-
flration of the binomial theorem in the cafe of integral and
affirmative powers, and (with the articles I have added to

it in pages 123, &c, to 166,) in the cafe of integral and
negative powers. All which, together, makes a confiderable

body of very ufeful mathematical learning.

Immediately after thefe three chapters of Mr. James Ber-
noulli’s Ars Conjectandi, I have re-publifhed the tenth Ma-
thematical Effay of the late very learned and ingenious
Mathematician, Mr. Thomas Simpfon, of Woolwich Aca-
demy, which is a folution of the following Problem, to wit,
‘‘ Tb find the Jum of any feries of powers whofe roots are in

arithmetical progrejfton, as »7+ 3^”,

‘‘ m + e^d\ , m ^d\
, the letters m, d, and

K, denoting any numbers whafoever” This Effay of Mr.
Simplon had been alluded to in a note to the tranflation of
the foregoing extrad from Mr. Bernoulli’s book, at the bot-
torn of page 213 ; and it is fo nearly connedted with the
fubjedt of the latter part of that extradf relating to the fums
of the powers of the natural numbers 1, 2, 3, 4, 5, 6, 7,
8, 9> IE 12, that I thought it would be agree-
able to the reader to have it laid before him immediately
after the faid extradl ; and therefore 1 caufed it to be re-
printed in that place. It extends from page 214 to page

The next Tiadl is one of my own compofition, and con-
tains An Invefiigation and Demonfiration of Sir Jjaac Newton's

Binomial
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Binctnhil I'korem in the cafe of integral and affirmative powers ;

in which the law of the generation of the numeral co efficients

of the terms of the feries which is equal to the quantity ~a + 1^"^

is difcovered hy a conjedlure grounded on the obfervation of the

law of the Jaid co- efficients in Jome particular examples-^ hut^^

when fo difcovered^ is ffiewn to be true univerfally in all other

integral and affirmative povoers whatjoever of the Jaid binomial

quantity, by a fribl and accurate demonftration. This Trafl

begins in page 227, and ends in page 268, and contains, as

I believe, the beft and mod fatisFadory demonftration of

the Binomial Theorem in the cafe of integral and affirma-

tive powers that has yet been given of it, next to that con-

tained in the foregoing; Extrad from Mr. Tames Bernoulli’s

Treatife, intitled Ars Conje^andi. The conjedural invefti-

gation of the law of the numeral co-efficients of the terras

of the feries that is equal to a given In this Trad,
is fuggefted by Profelfor Saunderfon, in the fecond volume
of his Algebra, in the chapter on the Binomial Theorem ;

where (as I before obferved,) the reader will find a good
explanation and illuftration of the faid celebrated Theorem
by a variety of examples, both in the cafe of integral powers

and in the cafe of roots and other fradional powers, and
even in the cafe of negative powers and of powers that are

both fradional and negative; but no demonftration of it in

any cafe, not even in that of integral and affirmative powers.

And the following ftrid demonftration of this Theorem in

the cafe of integra>l and affirmative powers, (which begins

in page 252, and ends with page 264,) is nearly the fame
with that which is given by Mr. John Stewart, of Aberdeen,
in the 6th fedion of his Commentary on Sir Ifaac Newton’s
curious little Trad, intitled, Analyjis per Aiquationes numero

terminerrum infinitas, or Analyfis by Equations of an infinite

number of Terms. See his edition of Newton’s Treatife on

the ^adrature of Curves, and of the faid Trad, intitled,

Analyjis, Cfc, with his learned comments on both, in one
volume, quarto, publifficd at London in the year 1745,
page 471, art. 155.

This
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This Traft, concerning the fald conjeftural Invefligatidri

and rubfequenc general demonftration of the Binomial Iheo-

rem in the cafe of integral and affirmative powers, contains

the fubftance of two Tradts publiffied in the year 1792, in

the fecond volume of the Colldftion of Mathematical Tradts,

in quarto, called, Scriptores L.ogarithmici>^ to wit, the 15th

Tradt, which extends from page 153 to page 169, of the

faid fecond volume, and the 23d, or laft, Tradt in the faid

volume, which extends from page 587 to page 591.

Next to this Tradl on the Tnvefliigafion and Demonffcra-

tion of Sir Ifaac Newton’s Binomial Theoreim, I have re-

publiffied a Tradl of the learned Dr. John Wallis, of Ox-
ford, on the fame Dodtrine of Permutations and Combina-
tions, which is the fubjedl of the foregoing Extradt from
Mr. James Bernoulli’s work above-mentioned. This Tradt
was piiblilhed with Dr. Wallis’s Algebra in the year 1685,
under the title of A Dijcourfe of Combinations^ Alternations^

and Aliquot Parts, and is mentioned by Mr. James Bernoulli

in the foregoing Extradt of his Ars ConjeSlandi, in the Scho-
lium in pages 29 and 166, as a well-known and valuable
Treatife on the properires of the Figurate numbers. And it

does indeed contain a great deal of excellent and curious
matter concerning thofe numbers, and the other fubjedls of
which it treats, but vvithout that accuracy and regularity in

the manner of deducing the conclufions of it one from an-
other, which diftinguiih the foregoing chapters of Mr. Ber-
noulli s work. However, on account of its intrinfick merit,
and its relating to the fame fubjedts, in a great meafure, as
the faid Extradt from Mr. Bernoulli’s book, I thought it

would be agreeable to my readers to fee a re- publication of
it in the fame volume with the faid Extradt, and therefore I

have given it a place in this Colledtion. It begins in page
271, and extends to page 351.

Much of this Difeourfe of Dr. Wallis relates to Prime, or
Incompofit, numbers, and to curious arithmetical queftions
depending on them. And in one part of it, to wit, in page
318, the Dodtor fpeaks of the great convenience of having

at
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at hand a Table of Prime Numbers fet down in regular

order, to be referred to when we want to know into what

prime numbers a given odd number may be refolved. And
he mentions a very ufeful Table of this kind that had been

drawn up by a Mr. Ihomas Brancker, M. A. and publifhed

by him in the year i6C8, in an Appendix to an Englilh

tranfj-uion, made by him, of Rhonius^s Algebra^ which had
been publiQied in the German language at Zurich in Swit-

zerland, in the year 1659, under the title oi Algebra Rhonii,

Germanue. This Englifh tranllation of Rhonius’s Algebra

was publilhed by Mr. Brancker under the infpe6lion, and
with the affiflance, of Dr. John Pell, an eminent Mathema-
tician in the reign of King Charles the Second, and fome
conliderable additions were made to the tranllation by Dr.
Pell himfelf ; which has given occafion to the book’s being

Ibmetimes fpoken of by fubfequent writers of Mathematicks,

and amongft others by Dr. Wallis himfelf in this Difcourfe,

page 319, by the name of Dr. PeWs Algebra.

This Table of Prime Numbers Dr. Waliis fet a high

value on, infomuch that he took the pains to examine it

carefully throughout, and to correft the few errors that he

found in it ; fo that now, with his correffions, it may be
confidered as very accurate. This Table therefore, together

with the Appendix in which it is contained, 1 have here

caufed to be re-printed immediately alter the foregoing

Difcourfe of Dr. Wallis. It contains not only all the Prime
numbers that are lefs than 100,000, but all the odd num-
bers whatfoever that are lefs than that number, (except fuch

odd numbers as end with the figure of 5, and are therefore

evidently divifible by the number 5,) and it diftinguifhes

the Prime numbers from the other odd numbers, by annex-
ing to them the letter p ; and it annexes likewife to every
other odd number (that is not a Prime, or Incompolit, num-
ber, but is the product of the multiplication of two, or

more, leffer numbers,) the lead of the prime numbers into

which it may be refolved. This Appendix, with the faid

Table of odd numbers contained in it, extends from page

353 to page 416.
The
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The next Tratft in this Colledion relates to the Rational

Numbers that will exprefs the Sides of Right-angled Tri-

angles, and contains two methods of finding as many fets of

numbers as we pleafe that fltall have this property. The
firft of thefe methods begins in page 417, and ends in page

431, and the fecond reaches from page 43 i to page 44^;
after which I have inferted a Table of the Squares of the

feveral naturabnumbers i, 2, 3, 4, 5, 6, 7, 8, 9, 10, ii,

12, 13, &c, as far as 100, together with two additional

columns adjoining to the column of the faid fquares, in the

former of which I have fet down the differences of the faid

fquares, and in the latter the differences of thofe differences,

or the fecond differences of the fquares themfelves ; which

fecond differences are all equal to each other, and to the

number 2. This Table begins in page 449, and is accom-
panied with fome remarks which extend to page 457. This

Tradt has a confiderable refemblance to fome parts of the

foregoing Difeourfe of Dr. Wallis, and may afford fome
amufement to fuch readers as arc fond of contemplating thq

properties of numbers.

The next Tradb relates to the Cubes of the natural num-
bers I, 2, 3? 4? 3’ 7? ^ o, ir, and
to the differences of the faid cubes, and the differences of
the faid differences, or the fecond differences of the faid

cubes themfelves, and to the differences of the faid fecond
differences, or the third differences of the cubes ; which
third differences are all equal to each other, and to the
number 6. And in pages 460, 461, and 462, I have ex-
hibited a Table of the Cubes of all the faid natural num-
bers as far as 100, together with the ift, 2d, and 3d differ-

ences of the faid cubes in adjoining columns; after which
follows an extrail from a learned letter of the celebrated
Mr. Leibnitz to Mr. Oldenburgh, the Secretary of the
Royal Society of London, dated from London on the 3d
day of February, 1672-3, relating to the fubjedl of the dif-
ferences of the powers of the natural numbers i, 2, 3, 4,
5» 7 j 9> ^ ^2, 13, &c, and to the feveral fuc-
ceffive orders of fuch differences, and to the ultimate equa-

lity
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Jifv of the feveral fuccenive differences in the fccond, or

third, or fourth, or fihh,^ or other fubfequenr, order of the

faid differences, according to the height of the power to

which the faid numbers are raifed, and relating to other

curious properties of numbers. This letter is in Latin, and

extends from page 463 to page 469, and is re-printed from

the celebrated Commercium RpiJioHcum of Mr. John Collins,

and other eminent Mathematicians of the latter part of the

laft century, that ^as firft printed by the order of the Royal

Society in the year 1712, and was afterwards re-printed in

the year 1722. The remaining part of this Traft, from

page 469 to page 504, relates to Monfieur de Lagny’s Me-
thod of Extrading the Cube-roots of Numbers by Approxi-

mation, and begins with fhewing the ufefulnefs of the fore-

going Table of Cubes, in finding the firft near value of the

cube-root fought, to one, or two, places of figures, which is

to be the bafis of a further approximation to it by Mr. de
Lagny’s method. The four expreffions given by Mr. de

Lagny for the fecond near value of the cube-root that is

fought, are ftated in pages 470 and 471 ; and in the following

pages to page 483, examples are given of the extradion of the

cube-roots of the three numbers 2, 231, and 37,945, and of

the long number 696,536,483,318,640,035,073,641,037, to

a great degree of exadnefs, by means of iome of the faid ex-

prefiions, alter the firft near values of the laid cube-roots

to one or two places of figifres, have been obtained by the

help of the foregoing table of the cubes of the firft hundred
numbers. Thefe four examples (in which the feveral pro-

celles are ftated very much at length,) will, I apprehend,

be fufficient to make the reader fimiliarly acquainted with

the method of ufing the faid expreffions of Mr. de Lagny
in the extradion of the cube-roots of numbers, and at the

fame time to convince hirn of the great ufefulnefs of thefe

expreffions for effeding that purpofe ; and they will likewife

fhew the ufefulnefs of the foregoing Table of Cubes, in ob-

taining the firft near values of the cube-roots fought, to one,

or two, places of figures, from which the more accurate

values of them are afterwards derived by means of Mr. de
Lagny’s expreffions. After thefe four examples of Mr. de

b Lagny’s
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Lagny’s method of Approximation, follows a Scholium (in

pages 484, 485, and 486,) concerning the invention of

thefe expreffions, and of Mr. Raphfon’s and Sir Ifaac New-

ton’s methods of extrailing the Cube-roots, and other higher

roots, of given numbers, and even the roots of affe6led

equations of any order, by fimilar approximations ;
which

methods were invented by thofe eminent Mathematicians be-

fore the publication of thele exprefTions of Mr. de Lagny.

And, then, (in pages 486, 487, 488, &c, t# page 500,) I have

given very full and accurate inveftigations of the h^egoing

exprefhons of Mr. de Lagny, which had been only ftated

in pages 470 and 471, and illuflrated by examples in the

following pages, from page 471 to page 483. And, laftly,

‘in pages 501, 502, 503, 504, I have given a further illul-

tration of the laid expreffions of Mr. de Lagny, by apply-

ing fome of them to the extraftion of fome of the cube-

roots which had been obtained in the foregoing examples

by means of others of them ; with a view to make a com-

parifon between the different expreffions given for the fame

purpofe by Mr. de Lagny, and to difeover which of them

are the moft exad, or the moft eafy to praftice, and in

which cafes it will be moft advilcable to refort to fome of

them in preference to the others. This Trail: (which begins

in page 459, and ends in page 504,) I confidcr as a very

ufeful one to young ftudents of Arithmeiick and Algebra.

Having in the foregoing Trait very fully explained, and,

illuftrated by examples, Mr. de Lagny’s method of Extrait-

ing the Cube-roots of given numbers by Approximation, I

proceed in the next Trail to ftate his general method of

Extrailing any higher Roots wdiatfoever of given numbers
by fimilar Approximations. All thefe approximations are

grounded on the fame ptinciple, and confilt in putting fome
letter of the alphabet, as for the known part of the root

fought, (which known part is found by conjeiture, or other-

wife, as the cafe may admit,) and putting fome other let-

ter, as 2
,
for the unknown difference by which a', or the

true root of the given number (which may be called N,)
exceeds, or falls Ihort of, the firft value a, (which is fup-

'

pofed to be known,') and then fubftituting a
-f’

z, or a— z,

inftcad

/

V
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inftead of x, in the original equation =: N, or — N,

or, in general, .v r= N, (whereby the faid equation will

be transformed into another equation in which z will be

the only unknown quantity,) and, laftly, in refolving this

transformed equation (of which z is the root,) as if it was

only a quadratick equation, or omitting, or expunging from

it, all the terms that involve any higher 'power of z than

the fquare. By fuch a refolution of this transformed equa-

tion Mr. de Lagny obtains a value of z that approaches

nearly to its* true value : and confequently, by fubflituting

this near value of z, inftead of z, in the binomial quantity

a z, or a — z, (which is equal to x, or the root fought,

or the «/th root of the given number N,) he obtains a near

value of ^ q- z, or ^ — z, or a fecond near value of x, or

N, which is much nearer to its true value than a, or

its firft near value, was. To explain in a full and diftindt

manner this method of extrafting the mi\\ root of any given

number N, and to illuftrate it by a few examples of the

extraeflion of fome high roots of given numbers, by means
of the general expreffions of the values of a ^ z and a— z
derived from it, is the objebt of the prefen t Tradl. And,
as the inveftigations neceffary for this purpofe are very gene-

ral, and, from that circumllance, are rather more fubtle and
difficult than the inveftigations in the preceeding Tract,

(which related only to the extraction of the cube-roots of
given numbers,) I have taken great pains to fet down all

the fteps in them in regular order, as clearly and plainly as

I could ; which may make them appear longer than might,
perhaps, have been expedted, but will, in fact, enable the

reader to make himlelf perfedt mafter of them in lefs time
than if they had been compreffed within a narrower com-
pafs. The general expreffions that are thus inveftigated, are

no lefs than four
; to wit, two near values of a -i- z, ob-

tained by confidering the aforefaid transformed equation

(arifing from the fubftitution of a + z, inftead of x, in the

original equation x — N,) as a quadratick equation, and
refolving it, as luch, in two dilTerenc. manners, to wit, firft,

b 2 imperfedtly.
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imperfeftly, and fecondly, in an accurate manner ;

and two

near values o^ a — z obtained in like manner, by confider-

ing the ocher transformed equation, (arifing from the fub-

ditution of a — z, inftead of x, in the original equation

~ N,) as a quadratick equation, and refolving it, as

fuch, in two different manners, to wit, firft, imperfetflly,

and fecondly, in an accurate manner. In order to peiform

thefe inveftigations the more eafily and diftincUy, I have

divided the fubjedt into two cafes, with Problems corre-

fponding to them, according as x^ or \/” N, is greater, or

lefs, than its firft value or is equal lo a + z, or to « z.

The firft cafe, or that in which v, or N, is equal to

a q- Zj is confidered in the firft Problem j
and the fecond

cafe, or that in which a', or N, is equal to — z, is

confidered in the fecond Problem ; and from the Solu-

tion of the firft Pioblem we obtain the two following

expreffions, to wit, a +
X N — a

m

m — l] X N + w + I X a

+ v/
aa

in
+ 2 X N — ^

m

m in — I

and

for

m X »i — 1 X a

near values of the binomial quantity ^ q- z, or for fecond

near values of w, or N ; and from the Solution of

the fecond Problem we obtain the two following expref-

fions, to wit, a
2 a y, a — K

and
m X N + 4- il X a

m

a —
m — I

4-

m
2 X a — N- — , for

' m ^ 2m X m — I X a

near values of the refidual quantity a — z, or for fecond

near values of v, or N. And the Solutions of both

thel'e Problems arc iiiuftraced by a few fuitable examples,

placed at the end of each fulution lefpefUvely, of the ex-

tradUon
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tra<51:ion of different roots of given numbers by means of the

faid general expreffions obtained in the preceeding folutions.

The Solution of the firft of thefe Problems begins in page

508, and ends in page 516; and is followed by three ex-

amples, which begin in page 516 and end in page 525:
after which I have inferted a Scholium containing a com-
parifon between Mr. de Lagny’s aforefaid method of ex-

trading the roots of given numbers, and Mr. Raphfon’s

method of performing the fame thing ; which is fomewhat

limpler and ealier than Mr. de Lagny’s method, though

not quite fo exad. For the difference between the two
methods confifls only in this, that, whereas Mr. de Lagny
refolves the transformed equation arifingfrom the fubflitution

o'f + 2: inftead of x in the original equation x = N,
as if it was a quadratick equation, omitting all the terms of

it that involve any higher power of 2: than its fquare, Mr.
Raphfon refolves the fame equation as if it was a mere
limple equation, or omits all the terms of it that involve any
higher power of % than its fimple power, or 2: itfelf ; which
makes his expreffion of the near value of ^ 2;, or of the

fecond near value of x^ or N, derived from the faid

transformed equation, a good deal fimpler and eafier to

manage than thofe of Mr. de Lagny. This Scholium ex-

tends from page 525 to page 529, and is followed by a

fourth example of the extradion of the root of a very long

number by Mr. de Lagny’s method, which extends to page

534. The Solution of the fecond of the faid Problems be-

gins in page 536, and extends to page 346, and is followed

by two examples of the extradion of the roots of given

numbers by means of the general expreffions obtained in it,

that extend from page 547 to page 554. And then the

Trad concludes with fome Obfervations, in pages 553 and

556, on the feveral different methods that may be taken
for the extradion of the roots of numbers.

This Trad, as well as the laft before it, concerning the

Extradion of the Cube-roots of given Numbers, will, I

hope, be found to be of great ufe to the Students of Arith-

metick and Algebra.

The
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The laft Tract in this Colledlion is intitled, Obfervatiotis

on Mr. Raplifon's Method of rejolving AffeSled Equations of all

degrees by Approximation. It begins in page 559 »
ends

in page 590 ; and its contents may be defcribed as follows.

The firft part of it, as far as page 57 ^» intended, partly,

to remove fome difficulties that occur in reading Mr. Kaph-

fon’s excellent Treatife on the Relolution of all Equations,

(whether pure or affiefted,) by Approximation, intitled,

Analyfis JEquationum Univerfalis ,
which difficulties are not

inherent in the fubjedl: itfelf, or neceflarily belonging to his

method of refolving equations, but have arilen merely from

his having unfortunately adopted the dodlrine and language

of negative roots of equations, by which the Science of Alge-

bra, or Univerfal Arithmetick, has been difgraced and ren-

dered obfeure and difficult, and difgufling to men of a juft

tafte for accurate reafoning, ever fince its introduction by

Harriot and Des Cartes. The firft part of this TraCt is, I

fay, intended, partly, to remove fome difficulties of this

kind, in the faitl Treatile of Mr. Raphfon, and, partly, to

illuftrate his method of refolving high equations in other

cafes, or where no negative roots are mentioned, by per-

forming the relolution of one of the equations given by him
in his examples, to wit, of the equation x'’ -f- qx* + 2ov^

+ — 10,000, in a very full and diftinCt manner,

with every ftep of the refolution, and the reafonings upon
which it is grounded, fet forth at length, agreeably to the

principles laid down by him in the beginning of the laid

Treatile, inftead of reforting (as he has done in his refolu-

tion of the fame example, and in thofe of all his other ex-

amples,) to the repeated application of a general theorem,

or canon, that he has deduced from the faid principles : be-

caufe that way of performing the faid refolution, by means
of a theorem, or canon, affords much lefs fatisfaCtion to the

mind of the reader, or operator, in the ufe of it, than he
would receive by performing the refolution of the equation

by the immediate application of the principles thcmfelves,

as I have done, in the refolution here given of the faid

equation. And the following part of this TraCt contains a

comparifon between Mr. Raphfon’s method of Refolving

Equations
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Equations by Approximation, and Sir Tfaac Newton’s me-
thod of Refolving them alfo by Approximation, (which,

after the firft procefs of the' approximation, or the difcovery

of the fecond near value of the root of the equation, differs

a little from Mr. Raphfon’s method,) in order to difcover

which of the two methods deferves to be reckoned the moft

convenient. This comparifon between thefe two methods

of refolving equations by approximation, (the refult of which

is, that Mr. Raphfon’s method appears to me, upon the

whole, more convenient than Sir Ifaac Newton’s,) .reaches

from page 571 to page 586: and the few remaining pages

of this Trad, from page 586 to page 590, relate partly to

the method of trying the exadnefs of the near value of w,

or the root of the propofed equation, which has been ob-

tained by either of the faid two methods of Approximation,

and, partly, to the method of finding or the firft near

value of X, or of the root of the propofed equation, to a

moderate degree of exadnefs, in certain difficult cafes, to

wit, in thofe cafes in which the propofed equation either has,

or (from the changes of the figns of its terms from -f- to

— ,
and from — to +,) feems to have, more than one real

and affirmative root.

In the next plaee I have re-publiflied a ufeful Table of

Numbers, from a book intitled The Calculator, publifhed in

odavo in the year 1747, by the late learned Mr. James
Dodfon, being a Table of the Square-roots and Cube-roots

of all the natural numbers i, 2, 3, 4, 5, 6, 7, 8, 9, iq,

II, 12, 13, &c, to 180, carried to feven places of figures;

which may often be the means of faving a Student of thefe

Sciences fome time and pains in performing the calculations

that may occur in them. This Table is contained in pa^es

591 and 592.

And in the laft place 1 have re-publiffied a Table of the

Square- roots of all the natural numbers i, 2, 3, 4, 5, 6,

7, 8, 9, 10, II, 12, 13, &c, as far as 1000, and likewife

of the Reciprocals of all the faid numbers, or of the values
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of the fradions —

,

1
^

T

6 ’ 8 ’

—
,
—

,
— , —, &c, as far as — expreffed in decimal

lo 1 1 i2 13 1000 *

fradions, from the fourth volume of Dr. Charles Hutton’s

Mifcellanea Mathematicdy publiflied in the year 1775, in four

little volumes, duodecimo. This Table begins in page 595,
and ends in page 604, and, with Dr. Hutton’s explanatory

account of it in pages 605 and 606, concludes the prefent

volume.

\

'i»



ARTIS CONJECTANDI
PARS SECUNDA,

CONTINENS

DOCTRINAM DE PERMUTATIONIBUS ET
COMBINATION !BUS.

P R 0 OE H I ir M.
V

I
NFINITAM varietatem, quse cum iii naturte operibuSj

tum in adtionibus mortalium elucet, quaeque praecipuam

hujus univerfi pulchritudinem conftituit, non aliunde quam ex
diverfimoda compofitione, mixtura & tranfpofitione partium
ejus inter fe originem ducere palam eft. Sed, quia multitudo

rerum ad efFedum aliquem producendum concurrentium

fepenumero tanta eft tamque varia, ut difficillimum fit re-

cenfere vias omnes, quibus earundem compofitio, vel mix-
tura, fieri, vel non fieri, poteft, hinc fit ut nullum fit vi-

tium, in quod homines etiam maxime prudentes & circum-

fpedi frequentius incidant illo, quod Logici communiter
appellant mfuffidentem enumerationem partium adeo quidem
ut non verear dicere, hanc unicam fere fcaturiginem effie in-

finitorum, eorumque graviffimorurri.j errorum, quos in ra-

tiociniis noftris circa res tum cognofeendas tum agendas

quotidie committimus. Qiiare merito fuo utiliffima cenfenda

eft ars, combinatoria quaJ huic mcntiLnoftrte defedui

medetur, docdque fic enumerare modos omnes poffi biles,

B fecundum
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fecundum quos res plures permifceii, tranfponij vcl con-

jungi, invicem poffunt, ut certi fimuS, nos nullum eoruin

prffitermififTe, qui inftituto noftro conducere valent. Quan-

quam enlm hoc negotii eatenus fit confiderationis Mathema-

ticte, quatenus in fubducendo calculo terminatur ;
li tameti

ufum & neceffitatem fpeftes, univerfale prorfus eft & ita

comparatum, ut fine illo nec fapicntia Philofophi, nec Hif-

torici exadlitudo, nec Medici dexteritas, aut Politici pru-

dentia, confiftere queat. Argumento fit hoc unicum, quod

omnis horum labor in conje£latido, & omnis conjectura in

trutinandis caularum complexionibus aut combinationibus

verfatur. Unde quoque nonnulli eximii viri, ac nominadm
Schootenius, Leibnitius, Wallifius, Preftetus, materiam hanc

fibi traClandam fumpfere, ne quis exiftimet nova efie hic

omnia quae prolaturi fumus ; tametfi quaedam non contem-

nenda de noftro adjecimus, imprimis demonftrationem gene-

ralem & facilem proprietatis numerorum figuratorum, cui

cetera pleraque innituntur, & quam nemo, quod fciam, ante

nos dedit eruitve. Cum itaque nondum plenum Artis fyfte-

ma habeamus, tum vero, ne illa quae habemus aliunde pe-

tere fit opus, vifum eft totam DoClrinam ab ovo ordiri, ac,

ne quid indemonftratum relinquatur, ex primis fundamentis

eruere
;
quod tamen breviter fiet & fuccinCte, nec nifi in

quantum inftituti noftri ratio exigere videtur. Totam Trac-
tationem ad duo fumma capita referimus, quorum unum
Permutationum, alterum Combinarionum docftrinam perfe-

quitur j cui accedit tertium, quod utrafque mixtim con-
templatur.

CAPUT I.

DE PERMUTATIONIBUS.

PERMUTATIONES rerum voco variationes, juxta
quas, fervata eadem rerum multitudine, ordo fitufque

inter ipfas diverfimode permutatur.

Itaque fi qusratur, quoties nonnullre res tranfponi vel
permilceri invicem poffint, fic ut femper accipiantur omnea

folo



DE ARTE CONJECTANDI, ^

folo ordine fituve mutato, dicentur quteri omnes permutatio-

Des rerum illarum.

Res autem permutanda vel omnes poffunt effe diverfe,

vel aliquot earum easdem
;
quas quidem per totidem Alpha-

beti literas, five diverfas five eafdem, commode defigna-

buntur.

I . Si res omnes permutandaeJiint diverfa :

^UM numerus permutationum in rebus pluribus iniri ne-

queat, nifi idem prius in omnibus aliis numero paucio-

ribus compertus habeatur, liquet in hac inquifitione utendum
via fynthetica, hoc eft, ordiendum nobis effe ab hypothefibus

omnium primis & fimpliciffimis

:

Unius rei, vel liter^e, una tantum fumptio vel poli-

tio eft.

Duarum rerum, aut literarum, a hc vel a prtccedit &
h fequitur, vel praecedente b fequitur a ; unde duo ipfarum

fiunt ordines a b Sc b a.

Tres, porro, liters b, r, ita collocari poffunt, ut pri-

mus locus vel ipfi a vel b vel c concedatur : fi a primum te-

net locum, reliqutE dus duobus, ut diximus, modis difponi

queunt ; fi in primum locum transferatur, reliquarum dua-

rum duplex itidem poterit effe pofitio
;
quod & intelligen-

dum, ubi tertia c primam fedem occupaverit. Unde trium

literarum in univerfum ter duas, feu 6, exiftunt permutatio-

,nes ab a cb : b a bea: c ah, cb a.

Similiter, fi 4 extent literte a, by c, dy earum unaquaeque
primum obtinere locum poteft, interea dum tres reliqute, ut

nunc oftenfum, ter bis, feu fexies, ordinem variabunt

:

quare cum earum, qu^ primo loco poni poffunt, fint qua-
tuor, fequitur omnes quatuor quater ter bis, feu quater fexies,

hoc eft, vicies quater fitum inter fe permutare poffe.

Ob eandem rationem accedente 5ta litera<? inftitui poffunt

quinquies tot variationes, quot in cafu procedenti, hoc eft,

quinquies 24, feu 120. Et generaliter, datis quotcunque
literis, numerus permutationum, quas fubire poflunt omnes,
toties excedit numerum permutationum, quas recipiunt litero

una pauciores, quot funt unitates in dato literarum numero.
Unde fponte manat fequens

B 2 Regula
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/ "Regula pro inveniendis* omnibus permutationibus rerum

quotcunque datarum»

4

OMNES nnmeri ab imitate fe confequentes naturali or-.

dine, ad datum ufque rerum numerum ineluiive, du-

cantur in fe invicem
;
produdlum manifeftabit qusefitum.

Puta, li datus rerum numerus fit v, numerus permutatio-

num erit I. 2. 3. 4. 5. &c. ufque ad n ; vel etiam (quia uni-

tas non multiplicat) 2. 3. 4. 5 n. Nota, punftula nu-

meris interjeda hic et ubique in fimili materia continuum
numerorum in fe dudum lignificant. Exempli gratia, feptem
rerum permutationes funt 2. 3. 4. 5. 6. 7. =5040.- Ratio
patet ex didis, operatio ex adjunda Tabella ;

'i

Numerus



pS ARTE conjectandi;

Numerus Numerus

Rerum . Permutationum .

2» Si rerum 'permutandarum nonnulla

Junt eadem

:

Quod fi literal una plurefve re-

currant faepius, hoc eft, fi in dato

rerum numero aliquae res fimiles fint

five eaedem ; ut, fi datae fint aaab
c d, ubi litera a ter repetitur; nu-
merus permutationum multo minor
evadit : ad quem inveniendum co-

gitandum eft, quod, fi omnes eflent

diverfte, puta, fi loco aaa fcribere-

tur <2 05 a, polTent hae tres literae e-

tiam nulla caeterarum loco mota in-

ter fe fexies tranfponi, per praece-

dentem Regulam ; unde totidem

diverfae nafcerentur permutationes

;

at nunc cum funt e^dem, fex iftae

permutationes literarum <205 a nul-

lam univerfarum difpofitioni varia-

tionem indicunt, ac proinde pro

una eademque habendae funt
:
quod

cum de quacunque difpofitione li-

terarum pariter fit intelligendum,

indicium praebet, numerum permu-
tationum rerum datarum fexies, hoc
eft, toties minorem efle numero per-

mutationum, quas fubire poflent fi

omnes eflent diverfae, quoties inter

fe permutari queunt res fimiles :

fed fi omnes 6 literae diverfae exifte-

rent, permutari polfent, juxta prae-

cedentem tabellam, 720. vicibus.

Ergo nunc ubi tres ipfarum conve-

niunt, permutari duntaxat poterunt

vicibus 120.

Iterum fi datae fint 6 literae aaa
ubi praeter iiteram a quae ter recurrit, etiam litera b bis

repetitur; manifeftum eft, numerum permutationum, adhuc

bis minorem evadere, quam in praecedenti cafu fuerat, adeo-

que

7

8

10

1

1

1

2

• • 2

3

-
’

- - 6

4

- - - 24

5

120
6

720

7

- - 5040
8

- 40320

9

7 362,880
10

3,628,800

3 6 28 800

- 39,916,800

798 33600

12 - 479,001,600
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que {blum ad So fe extendere :
quandoquidem bins qusll-

bet permutationes, qiite ex fola tranfpofitione duplici litera-

rum b fi diverfe effent, nafcerentur, nunc coincidunt.

li,odem pa6lo colligendum, fi plures liters ppeterentur fs-

pius, pro fin gulis earum numerum permutationum minui to-

ties, quoties feorsim inter fe permutari poflunt esdem liters,

XJnde ratio habetur 1'equentis Reguls.

Regula pro inveniendis rerum permutatiojiihus^ cum earuTii

no?mulleefunt ecedem,

Numerus permutationum, quas admitterent datas res

fi omnes differentes eflent, dividatur per numerum per-

mutationum, quas fubire poteft res fimiiis fecundum multi-

tudinem fuam, fi una fit quje fepius repetatur : aut per pro-

dudlum ex numeris permutationum, quas feorsim recipere

poffunt fingulze res fimiles fecundum multitudinem fuam, fi

plures fint qua; fspius recurrant \ & quotiens exhibebit qute-

litum.

Ufus doduinffi Permutationum infignis eft in definiendo

numero Anagrammatum alicujus vocis, l^xempli gratia ;

.Tranfpofitiones omnes poflTibiles literarum in voctRoma funt i,

2.3.4. — 24» ob 4 differentes literas, per i Regulam : et in voce

T 362880 . o j - r 362880
Leopoldus

^
rr 90720 ; et in voce Studtojus

^
^

30240 : ob 9 utrobique literas, inta-que illas ibi geminum l

ct geminum 0, hic geminum u & triplex j; per 2 Regulam.
Huc pertinent verfus nonnulli ob variationum multitudi-

nem Protei didi, quos inter celebrantur Lanfii, Scaligeri,

Bauhufii. Thoms Uanfio hoc diftichon debemus :

Lex, Rex, Grex, Res, Spes, Jus, Thus, Sal, Sol, (bona)
Lux, Laus

:

Mars, Mens, Sors, Lis, Fis, Styx, Pus, Nox, Fcex, (mala).

Crux, Fraus,

«pys finguli verfus per Regulam primam, ob 1 1 monofyl-
(diffyllabis vocibus bona ^ mala ^tae fempcr regioni af-

fixis)

I
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fixis) Talva metri lege variari poflunt 39,916,800 vicibus.

Et quanqiiam alias contingat, ut pleraque variationes in

metri leges arietent, nec non ut plerique Anagrammatifmi

fint non-fignificantes & barbari ; levi tamen plerumque in-

duftria opus eft ad fecernendum utiles ab inutilibus, iliorum-

que numerum feorsim ineundum, fi aliquem in iis inquiren-

dis ordinem obferves. Quemadmodum cernere eft in hexa-

metro a Bernhardo Bauhufio, Jefuita Lovanienfi, in laudem

Virginis Deiparas conftrudto ;

"Tot tihi funt dotes. Virgo, quotfidera calo

;

quem dignum peculiari opera duxerunt plures viri celebres»

Erycius Puteanus in libello, quem Thaumata Pietatis in-

fcripfit, variationes ejus utiles integris 48 paginis enumerat,

eafque numero ftellarum, quarum vulgo 1022 recenfentur,

accommodat, omiffis fcrupulofiiis illis, qu£e dicere videntur,

tot fidera 'coelo efle, quot Marias dotes ; nam Mari^ dotes

cfle multo plures. Eundem numerum 1022 ex Puteano re-

petit Gerhardus Voffius cap. 7. de Scientiis Mathematicis;

Preftetus, Gallus, in prima editione Elementorum Mathe-
maticorum, pagina 34B, Proteo huic 2196 variationes attri-

buit ; fed, fafta revifione in altera editione, tomo primo,

pagina 133, numerum earum dimidio fere auftum ad 3276
extendit. Induftrii Audorum Lipfienfium Colledores menfe

Junii 1686, in recenfione Tradatus Wallifiani de AlgebrS,

numerum in quseftione (quem Audor ipfe definire non fuit

aufus) ad 2580 determinant. Et ipfe poftmodum Wallifius

in editione Latina operis fui, Oxoni;e anno 1693 inipj'efta,

pagina 494, eundem ad 3096 profert. Sed omnes adhuc a

vero funt deficientes, adeo ut delufam tot virorum, poft ad-

hibitas quoque fecundas curas, in re levi perfplcaciam me-
rito mireris. Fado enim examine deprehendo, foetum hunc
Bauhufianum, exclufis etiam fpondaicis, admifiis vero iis

qui cacfura deftituti funt, falva metri lege omnino ter millies',

tercenties, ac duodecies variabilem effe. At prolixius de his

agere tanti non intereft, nec inftitutum noftrum patitur.

TYPUS
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A

TYPUS VARIATIONUM VERSUS BAUHUSiANI :

Sidera, quam vocem excipit aut vox

]
Dijfyllaba una, nempe vel

I Ccelo, ac tum vox Tibi inter fex reliquas occu-

pat locum vel

I I

Secundum, prtecedente voce nunc

I I

Monojyllabd, eaque vel

J I I
Tot, cui cafui refpondent - Variationes 24

Tot tibiJunt dotes. Virgo, quot Jidera axio.

Quintam Regionem Hexametri occupat

vel

1
I

- - -

I
^ot,

I Dijfyllabd Virgo,

Tertium, prieeuntibus

I
Und monojyllabd ^ und dijjyllabd, primas

j
I
Sunt 24

24
24

tenente vel

Monojyllabd, Tot, quam excipit alterutra

1

I z

Sunt,

^lOt,
12

12
Dijjyllabd, Dotes, quam fequitur

\
Tot: 6

'

I
Sunt: 6 *

I ^ot

:

6
^

Duabus dijjyllabis, nempe. Dotes Virgo,

irgo. 18

6
fartum, priEcedentibus

Tribus monojyllabis. 12

DuabuSf
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I I
Duabus mcnofyliabis cum dijjyllabd Virgo, \%

j j

Una monojyllabd ^ duabus dijfyllabis,
^ 36

I

^intum, pr^miffis

J j
Tribus monojyliabis cum und dijjyllabd, 48

J J
Duabus monofyllabis cum totidem dijjyllahis,

quarum pofterior Virgo, - 18

J
J
Sextum, - - - 120

a b c d -

420. .
420

j
Dotes, unde totidem variatIones_, quot in C/xlo,

nempe - . . 420
Virgo, unde rursus totidem, quot in Ccelo, excep-

tis folum illis 60 variationibus, ubi poftrema

fyllaba in Virgo correpta eft
;
quibus proin

demptis ex 420, remanent - - 360
Monojyllaba dua, eaeque

^otJunt, vel Sunt quot ; voce Si’ibi occupante

locum vel

j
Secundum, primo relidlo voci

j j

' Monojyliable, Tot: - - 12

j
I Dijfyllaba, Virgo: - - 12

J I

Tertium, procedentibus
• Monojyllabd cum dijjyllabd, - 24

j j

I Duabus dijjyllahis, quarum poll Virgo, 8

fartum, prseeuntibus

j j

' Monojyllabd cum duabus dijjyllahis, 36
I Tribus dijjyllahis, quarum ultima Virgo, 4

j ]
SJuintum, - - - 48

I I 144.. 144

TotJunt, vel, Sunt tot, totidem - 144
Tot quot, aut, ^lot tot, totidem - -

,
144

Tibi, quam vocem fequitur vox 1632
DiJJyllaba una, eaque vel

j
Co^lo, voce Sidera occupante locum aut

C Primum
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j
Primunty - - - 120

I
Secmdunty - - 48

I
T^ertium, prsemiffis vel

I
' Duabus monojyliabis, - - 3^

I
I Duabus dijjyliabis, - - 12,

j
fartum, praeuntibus duabus monofylla-

bis & una diflyllaba, - 7^

j
^intum, praecedentibus duabus monofylla-

bis, totidemque diffyllabis, ^ 72

360 360

I

Dotes, totidem quot in Calo - 360
' Virgo, totidem - - - 3 ^®

Monojyllaba du^e, eaeque

I
Junt, vel Sunt quot

:

voce Sidera tenente locum

j

Primum : - - 48

I
Secundum, pod diffyllabam vocem, ^

- 36

I

Tertium, poll duas diflyllabas, - 24

I
^lartum, pod tres diflyllabas, - 12

I I
120 .120

I
TotJunt, vel. Sunt tot, totidem - 120

\
Tot quot, vo\y ^ot tot, \.oi\dtm - ~ 120

Monojyllabd und (quo cadi ante Tibi Temper habetur

Virgo), nempe vel

Sunt, voce Sidera locum poflidente aut

j
Primum : - - - 24
Secundum

:

- -12
I
Tertium, prsecedentibus duabus monojyllabis, 4

duabus dijyllabis, 4
j
fartum, - - - 12

^intum, ^ - - 24

80 ... 80
Tot, totidem quot in S’»»/, > - 80

^ot, totidem - - - 80

Summa omnium Variationum utilium 3312
CAP,
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V.

CAP. II.
\

/ \

DE COMBINATIONIBUS, USQUE PRIMO CONSIDERATIS

\

SIMPLICITER.

COMBINATIONES rerum funt conjunftiones, juxta

quas ex data rerum multitudine nonnuUse eximuntur,

interque fe conjunguntur nullo ordinis litus-ve ipfarum re-

fped;u habito.

Idcirco cum quaeritur, quoties ex dato rerum numero vel

binae, vel ternae, vel quaternae, &c. accipi poffint, lic ut

nunquam omnes eaedem res fumantur faepius quam femel,

dicentur quaeri omnes combinationes diverfae rerum datarum.

Numerus, fecundum quem res datae conjunguntur, dici-

tur Exponens Combinationis : Ita, fi res binae fumuntut. Ex-
ponens erit 2 ; fi tern^, 3 ; fi quaternae, 4. Res vero fe-

cundum hos exponentes juncflae dicuntur Binarii, "Ternarii^

^aternarii, &c. vel Biniones, Terniones, ^aterniones, &c.
& confonanter etiam Uniones, vel Unitates, quando res fu-

muntur fingulffi, & NuUiones cum nulla plane fumitur.

Conjundliones ipfas nonnulli vocant Combinationes, Conter-

nationes, Conquaternationes, &c. quas omnes vulgo una voce
Comhinationum comple<5ti folent, tametfi haec vox ftridtiori

fignificatu proprie non niti illas conjunftiones indigitare vi-

deatur, quibus res binae invicem junguntur. Quamobrem
alii generaliori voce Complicationum vel Complexionum uti ma-
lunt : alii magis appofite Elebiiones vocant, ut & illae fubin-

telligi poffint rerum acceptiones, quibus res fingulae feorsini

fumuntur, aut quibus etiam nulla plane fumitur.

Res autem qu^ inter fe combinandae funt, vel omnes pof-

funt elTe diverfae, vel aliquot ipfarum eaedem ; eaequc vel

Ita combinari debent, ut in null^ combinatione res eadem
faepius contineatur, quam ipfa reperitur in toto rerum nu-
mero ; vel fic, ut in eadem combinatione res eadem etiam
fiepius recurrere, hoc eft, ut fecum ipfa quoque combinari

C' 2 poflit.
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poflit. Iterumque quzeri potcft numerus combinatlonum vel

fecundum omnes exponentes conjundtim, vel (ecundum fin-

gulos feorsim. Atque infuper circa unumquemque horum
combinandi modorum plures formari polfunt quseftiones &
problemata, e quibus illa tantum delibabimus, qu^ in fe-

quentibus alicui ufui fore judicamus.

I. Si res omnes ccmhinandce Junt diverf^e, inque nulld combina-

tione eadem res bis occurrere debet
^

invenire omnes Combinatio-

nes/impliciterfivefecundum omnes exponentes conjunbiim.

CUNTO combinandse modis omnibus literse b, c, d, e,

&c. Fiant tot feries quot literie, hoc modo ; In prima

ferie ponatur fola liccra a.

In fecunda ponatur b, nunc feorsim, nunc junclim cum
a, ut habeatur ab vel ba. Eadem enim conjundlio eft, quee

b cum a, h. a cum b jungit, cum nullus ordinis, htus-ve

ipfarum inter fe, refpedlus haberi fupponatur.

In tertia collocetur r, eaque primo fola, dein jundla, par-

um cum adz by ut fiant biniones aCj bc ; partlm cum ipfa

binione ab, ut fiat ternio abc.

a.

b. ab.

c. ac. bc. abc.

d. ad. bd. cd. abd. acd. bed. abed.

e. ae.be. ce. de. abe. ace. bce. ade. bde. ede. abee. abde.aede. bcde.abcde.

In quarta ponatur d, primo fola, deinde jundla cum fin-

gulis praecedentium literarum a, b, c, fingulifque earum tum
binariis ab, ac, bc, tum ternario abc ; ut fiant novi biniones

ad, bd, cd, terniones abd, acd, bed, & quaternio abed.

Similiter quintae feriei agmen ducat litera e, quam primo

Ingrediatur fola, dein junda cum omnibus praecedentium fe-

rierutn eledlionibus. Eademque methodo procedendum effet.
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fi plures eflent dat^ liters. Qiia ratione fatis manifefltim eft,

datas literas in iftis feriebus omnifariam inter fe jiinftas efle,

nullamque earum fieri pqffe eledionem, qus non in una ha-

rum ferierum reperiatur, fed & nullam efle qus alicubi bis

occurrat ; adeoqiie omnes una feries fuppeditaturas omnes
clediones poflibiles, qus circa datas literas inftitui queunt.

Harum igitur numerus initur facile, fi confideretur quod in

qualibet femper ferie una amplius inveniri debeat eleftio,

quam in antecedentibus omnibus feriebus fimul
; quoniam

1 itera, qus illius feriei caput eft, ibidem femel ponitur fola,

& prstere^ unii aflumit fecum omnes ele6liones prscedentium

ferierum. Hinc enim fequitur, quia in prima ferie cfl elec-

tio unica, fore in fecunda electiones duas, in tertia 4, in

quarta 8, & fic deinceps in progreflione geometrica dnplH
quandoquidem progreffionis duplae ab unitate hanc quoque
naturam efle conflat *, ut fumma terminorum quotlibet uni-

tate auCla fequentem terminum exhibeat. Quocirca fumma
eieClionum in feriebus omnibus squalis eft fumms termino-

rum totidem progreffionis dupls ab unitate, hoc efl, per

modo memoratam proprietatem, ipfi termino fubfequenti

* Hoc autem ita demonflrari poteft.

Propositio.

Sit feries terminorum in geometrica ratione unitatis ad numerum binarium
continuo crefcentium, fcilicet, i, 2, 4, 16, 32, 64, 128, 256, &c, ufque ad n
terminos. Horum terminorum fumma vocetur S. Manifeftum eft ultimum,

five maximum, hujus feriei terminum fore acqualem'Tl^'' Augeatur jam

hsec feries uno adjefto termino, fcilicet, 2 feiTTl^^ Dico, quod—
'\n

novus terminus 2' erit aequalis S + i, five fummae S omnium priorum ter-

minorum una cum unitate.

Demonstratio.
Duplicando terminos feriei S, five i + 2 -{-4 + 8 + 16 + 32 + 64 +

& + 2” orietur feries 2 +4+ 8 +16+ 32 + 64+ 128+ &c. +^”,
cujus termini omnes, excepto ultimo"^)^, fuiit refpedliv^ aequales terminis

omnibus prioris feriei, excepto primo i ; hoc eft, 2 S erit =: S — i +'2!*.

£rgo 2 S + I erit = S +11 ”, etl)” erit = 2 S + l - S, feu S + 1.

Qi E. D.

ejufdem
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ejufdem progreffionis unitate multato
;
qui quidem terminus

fubfequens idem eft cum produdto binarii toties, five tot vi-

cibus, pofiti & in fe dudli, quot ipfum in progi efTione ter-

mini prascedunt, hoc eft, quot funt feries, quarum electio-

nes quseruntur. Unde talis exurgit.

legula pro inveniendis omnibus eleElionibiis rerum data--

rumfecundum omnes exponentes :

A ProdiiCto binarii toties, five tot vicibus, pofiti &
multiplicati in fe, quot funt datse res, auferatur

linitas : reliquum indicabit qucefitum.

Hoc eft, pofito rerum datarum numero », numerus om-
nium eleflionum fimpliciter, puta, omnium unionum, bi-

nionum, ternionum, &c. erit 2”— 1. Hinc fi nullionem feii

eleClionem, qua ex rebus datis nulla iumitur, quteque in

quavis rerum multitudine una femper eft & unica, fimul

comprehendas, fiet numerus ille 2”
: fin cum nullione ipfos

quoque uniones refeces, quorum numerus ipfi rerum nu-

mero perpetuo aequatur, erit numerus binionum, ternionum,

creterarumque complexionum 2”

—

n— i. Exempli gratia.

Septem planetarum conjunctiones, vel complicationes, omnes
diverfe iunt 2’— i = 2. 2. 2. 2. 2. 2. 2 — i

~ 128 — i rz

127 ; unde fi demas elediones 7, quibus finguli planetae feor-

sim accipiuntur, quaeque proprie non conjunction es, fed

disjunctiones planetarum funt, relinquetur numerus omnium
conjunctionum ftriCte diCtarum, quibus planetas vel bini,,

vel terni, vel quaterni, vel quini, vel feni, vel denique fep-

teni junguntur, 2’— 7 — i = 120. Sic etiam duodecim,
uti vocant, Regiftra, feu fiftularum ordines, in organo pneu-
matico, quibus fonus, mox fibilans, mox tremebundus, effi-

' eitur, aut aliter modificatur, variari polfunt 2"* — 1 = 4095
•vicibus.

Nota : Si quis examinet feries combinationum fupra in

typo expolitas, obfervabit in qualibet ferie (fola prima ex-

cepta,
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cepta, quse unicum unionem a compleditur) numerum elec-

tionum fecundum exponentes pares sequari numero eledio-

num fecundum impares : faltem, cum id in aliquot ab initio

feriebus verum deprehenderit, idem quoque in ferie proxi-

me fequente locum habere concludet. Nam litera, quse il-

lius feriei caput eft, junda praecedentium ferierum eledioni-

bu6 iis, quae impares exponentes habent, parium ; & iis vi-

cifsim quae pares habent junda, imparium ; exponentium
complexiones efficit : adfcifcens vero prim^ feriei unionem
a, paris ; & ipfa per fe fola accepta, imparis ; exponentis

dedionem conftituit : unde & in hac ferie numerum harum
numero illarum aequari conftat. In omnibus igitur feriebus

fimul fumtis numerus cledionum fecundum impares expo-

nentes numerum eledionum fecundum pares unitate fupera-

bit ; aut, fi his infuper nullionem accenfeas, aequabit. Quo-
circa, cum numerus omnium eledionum fimpliciter, incliifo

nullione, oftenfus fit 2”, erit ejus femiflis, five poteftas bi-

narii proxime minor, numerus eledionum fecundum

folos impares ; &, dempto rursum nullione,
2””*— i nume-

rus eledionum fecundum folos pares exponentes. Idem quo-
que demonftrabitur infra in coroll. 6. cap. 4.

CAP.
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CAP. HI.

s

DE COMBIN ATIONIBUS SECUNDUM SINGULOS EXPONENTES

SEORSIM ; UBI DE NUMERIS FIGURATIS, EORUMQUE

PROPRIETATIBUS AGITUR.

EX typo combinationum praecedentis capitis manifeftum

fit, literam qua; cujuflibet feriei caput eft, adjundfam

unionibus ferierum prtecedentium efficere fu^ feriei biniones,

adjunftam binionibus efficere terniones, ternionibus quater-

niones, & fic porro : adcoque numerum binionum in quavis

ferie zequari fummas unionum in omnibus feriebus anteceden-

tibus, numerum ternionum fummse binionum, numerum qua-

ternionum fumm^ ternionum, & generaliter numerum com-
binationum fecundum datum quemcunque exponentem in

ferie quacunque tequari fumm^ combinationum omnium
prsecedentium ferierum fecundum exponentem unitate mino-
rem dato. Sequitur liinc, quod

Uniones, quia in lingulis feriebus reperiuntur finguli, om-
nes inter fe conftituunt leriem i.i.i.i.i. &c. feu feriem uni-

tatum.

Biniones in prima ferie nulli funt, in fecunda i, in tertia

I + 1 " 2, in 4ta i -f i + i ~ 3, in ^ta i-f-i + i-l-i = 4,

&c. proinde omnes biniones inter le conftituunt feriem

0.1.2. 3. 4. 5. &c, hoc eft, feriem numerorum arithmetice

progreffionalium, live Lateralium.

Terniones in prima & fecunda ferie nulli funt, in 3tia i,

in 4ta i +2 = 3, in 5ta 1 4- 24-3 rr 6, in 6ta i + 24-34-4
n IO. &c. Omnes itaque ordine accepti feriem conficiunt

0.0.1. 3.6.10.15. &c. hoc eft, feriem numerorum, ut vo-

cant, trigonalium

,

feu triangularium

.

Quaterniones in tribus primis feriebus nulli funt, in 4ta i,

in 5ta I -f 3 = 4, in 6ta 14-34-6— 10, in yma i 4-34-6
4-10 zr 20. &c. qui omnes ordine affumti feriem efficiunt

0.0 0.1.4. 10. 20. &c. feriem, videlicet. Pyramidalium.

Pari
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Pari ratione Qiiiniones omnes feriem conditumit 'Trianguli-

‘Pyramidaliuyn 0.0. 0.0. 1.5. 15* 35 * Seniones feriem.

Pyrajnido-pyramidalium o. o. o. o. o. i. 6. 21. &c. aliaeque

combinationes fecundam akiores exponentes efficiunt alias

atque alias feries numerorum figuratorum altioris generis in

infinitum.*

Et fic occafione dodVrinje Combinationum in fpeculatio-

nem infperatam numerorumfiguratorum incidimus; qua appel-

latione vulgo infigniuntur numeri, qui ex continua arithme-

tice proportionalium, indeque ortorum numerorum, addi-

tione, vel collectione, generantur.

Ut vero htE figuratorum numerorum feries fub unum
afpeClum caderent, eoque facilius comprehenderentur qute de
illis dicenda fuperfunt, fequentem appofui tabellam, quam
quis nullo negotio quoulque voluerit tum deorfum tum

* De horum numerorum nominibus eft inter audlores arithmeticos quas-

dam variatio. Nam numeri 0.0.0.0.1.5. 15.35, &c, qui hic vocantur Trian-

guli-pyramidales, vocantur ^ quibufdam fcriptoribus, et, Inter alios, a Nico-

lao Mercatore, In celeberrima fua Logarithmotechnia, Trigono-trigonaUs’,

et numeri o.o.o.o.o. 1.6.21.56, &c. qui hic vocantur Vyramido-pyramidales, ab

illo vocantur Trigono-pyramidales. Nomina quibus diverfi ordines numero-

rum figuratorum defignantur apud Mercatoresn funt qu^ fequuntur ;
fcilicet,

I. unitates, 2. radices, 3. numeri trigonales, 4. pyramidales, 5. trigono-tri-

gonales, 6. trigono-pyramidalcs, 7. pyramidl-pyramidales, 8. trlgono-trigo-

no-pyramidales, 9. trigono-pyramidi-pyramidales, 10. pyramidl-pyramidi-

pyramldales. Vide Scriptores Logarithmicos, torn. pag. 178.

Ad evitandam hanc confufionem nominum fatius efiTe videtur diverfos horum

numerorum ordines poft quartum ordinem, five numerorum pyramidalium,

dlllinguere folum per numeros exponentes ordinum defignandorum, appel-

lando eos five numeros figuratos ordinis quinti, five ordinis fexti, five ordinis

feptimi, five oftavi, five noni, five decimi, aut alius cujufcunque ordinis.

D dextrorfiini
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dextrorlum continuabit. Numeri barbari, feu Arabici, in

finiftro tabulas margine adfcripti numerant columnas tranf-

verfas, & fimul rerum combinandarum multitudinem : nu-

TABULA CQMBINATTONUM, SEU NUMERORUM
FIGURATORUM.

exponentes COMBINATIONUM.

11
I. II. 1 in. 1 IV.

1
V. VII. 1

VIII.1 IX. 1 X. XI. XII.

t. il « o
1 o

1 0 1 0
1 0 1 0 1 0 1

0
1 0 1

0 0

2. Ih I 1 o
1 0 1 0

1 0 1 0 1 0 1 0
1 0 1 0 0

3 - II 1 2 1
I 1 0 1 0 1 0 1 0 1 0 1

0 1 0 1 0 0

4 . Ih s 1 3 i I
1

0 1 0 1 0 1 0 1
0

1 0 1 0 0

5 - II

I

4 1 6 1 4 1
1 1 0 I 0

1 0 1 0 1 0 1
0 0

6 . II 1 1 lO 1
IO

1 5 1 1
1 0 1 0 1

0
1 0 1 0 0

7 - Ih 6 1 h 1
20

1 15 1
6

1 1
1

0 1
0

i
0 1

0 0

8. 11

1

7 1
2 t 1 35 1 35 i

21 1 7 1
I

1 0 1 0 1
0 0

9 -
II

r 8 1 28 1 56 1 70 1
<5

1
2H

1 8
1 1

1
0

1
0 0

IO.
II

• 9 1 36 1 1
12O

1
126

1 1 1 9 1
I

1
0 0

1 1.
11

I 1
IO 1 45 1 1 20 1 210 1 272 1

2 iO
I

120
1 45 1

10
1

1 0

12.
1!

'
1

1

1

1 1
lOC

1

1 1̂ 1 462 1 4^2 I 330 1 i6r
1 55 1

1

1

I

meri vero Romani in fupremo margine confpicui numerant
columnas verticales & una exponentes combinationum innu-

unt. Columnarum verticalium prima ell; leries monadum
feu unitatum ; fecunda feries numerorum naturalium, leu

lateralium, ab una cyphra incipiens
; tertia feries trigonalium

incipiens a cyphris duabus, ejuarta pyramidalium incipiens

Utribus cyphris, quinta trianguii-pyramidalium incipiens a

quatuor cyphris, & fic deinceps.

Habet hasc tabula proprietates plane eximias & admiran-
das} praeterquam enim quod Combinationum myllerium in

illa latere jam oftendimus, notum eft interioris geometrias
peritis, prtecipua etiam totius reliquas mathefsos arcana in-

ibi delitefcere. Nos proprietatum aliquas hic delibabimus,

& quidem delibabimus tantum, nullius nifi primarite illius,

quae propofto nollro infervit, demonftrationem accuratiorem
^ill^turi, cym caster^ vel ex hac ofiendi pofiint, vel ex ipfa

tabellfB
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tabell® conftrii(5lione & numerorum figuratorum genefi fati»

patefcant.

Minjica Proprietates Tabula Comhinationum

:

1 . Columnarum verticalium fecunda incipit ab una cyphra,

tertia a cyphris duabus, quarta a tribus ; & generaliter co-

lumna c a cyphris c— i.

2. Columnarum verticalium termini primi fignificativi a

finiftra dextrorfum oblique defcendendo ordine fumpti red- .

dunt ipfos terminos primJE columnae verticalis, fecundi fe-

cunda, tertii tertis, & ita deinceps
: puta, primi conftituunc

feriem monadum, fecundi lateralium, tertii trigonalium, &c.

3. Secundus ab unitate terminus columnas verticalis cujuf-

libet aequatur ipfius columns numero.

4. Terminus quivis tabells squatur fumms omnium fu-

periorum prscedentis columnas verticalis.

5. Quilibet terminus squatur duobus aliis immediate fu-

pra fe pofitis, quorum unus eft in eadem verticali columna,
alter in prsecedente.

6. Columnas cujufvis trahfverfas termini ab unitate ali-

quoufque crefcunt, deinde per eofdem gradus rursum decref-

cunt. Idem intellige de fummis columnarum verticalium

sque-altarum, ceu terminis fequentis columnas tranfverfac

per quartam proprietatem.

7. Columnarum' verticalium sque-altarum bafes, five ter-

mini columns tranfverfs cujuflibet, primus quidem & ul-

timus fignificativus perpetuo inter fe squantur, ut et fecun-

dus & penultimus, tertius & antepenultimus, atque ita porro,

li columna pluribus terminis fignificativis conftet.

8. Quin &fump.tis ab initio columnis verticalibus quotcun-
que cum totidem tranfverfis, colledtifque in unam fummam
qui in eadem verticali fibi l ef) ondent terminis, erit fumma
prima squalis penultims, let unda antepenukims, tertia

proantepenultims, & fic deinceps. Exhibent enim hs
fumms ipfos columns tranfverfs fequentis terminos, prirrio

excepto. Confer proprietates 4 & 7. Exempli gratia

;

D 2 Quin-
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Quinque prim^ columns: turn verticales tum tranfverfs

flint

;

I» O* O* 0» o«

I. I. O. O. O.
*

!• 0» 0«

3* 3’ o*

I* 6* ] •

5. 10. 10. 5. I. - Termini fextae columnas tranfverfas,

primo excepto.

9. Columns tranfverfe ordine exhibent coefficientes om-
nium poteftatum a radice aliqua binomia genitarum-, nempe
fecunda coelHcientes radicis i. i. tertia quadrati 1. 2. i.

quarta cubi i. 3. 3. i. cjuinta biquadrati i. 4. 6. 4. i. & fic

porro.

10. Summs ferierum tranfverfarum progrediuntu" in conti-

nua ratione dupla : fummarum veidfumms ab initio collecls

terminos conftituunt progrcflionis dupls unitate multatos^ puta

I r= I

T + I — 2

I-f-2+1 = 4
1 + 3+ 3 +^ = 8

I -4- 4 d" 6 -I- 4 -p I — i 6

T

1+2
1 + 2+4

1 -{- 2 +4+8
1+2+4+ 8 + 16

= 3 = 4—1
= 7 = 8 — I

— 15 = 16 — I

= 31 = 32 — I

fluit ex iis qus in prscedente capite de Combinationibus
fimpliciter fpec+atis dida funt.

II. Termini feriei verticalis cujuflibet ordine divifi per
terrninos collaterales feriei prscedentis (initio vel ab unitate
vel a fuis refpedive cyphris fado) exhibent quotos arithme-
tice proportionales, quorum communis differentia eft fradio,
cujus numerator eft unitas, & denominator ipfe numerus, five

fecundus
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fecundus ab unitate terminus

gratia :

Divif.) divid. (quot.

1) I (2:2
2) 3 (3:2
3 ) 6 (4 : 2

4 )
IO (S ’ ^

5 ) 15 ^

ferici dividentis. Exempli

Dhif.) divid. (quot.

1) o (0:2
1) I (1:2
3) 2 : 2

4) 6 (3 : 2

5) IO (4:2

Divi/>') divid. (quot.

i) I (3 : 3

3) 2 (4:3
6) IO (5:3

10) 20 (6:3
15 ) 35 (7 = 3

Divi/.) divid. (quot.

i) o (o : 3

3 )
I (1=3

6) 4 (2 : 3

10) IO (3:3
15) 20 (4:3

Non difficulter htec proprietas, fi opus foret, deduci polTet

ex fequente.

12. Summa terminorum quotcunque feriei verticalis cu-

jufiibet a fuis refpeclive cyphris incipientis ad fummam ter-

minorum totidem ultimo sequalium eam habet rationem,

quam habet unitas ad illius feriei numerum ; hoc eft, aggre-

gatum numerorum quotcunque lateralium ab una cyphra fe-

riem aufpicantium eft ad aggregatum numerorum totidem

maximo eorum, feu ultimo, tequalium, ut i ad 2 ; trigona-

lium a cyphris duabus, ut i ad 3 ;
pyramidalium a tribus, ut

I ad 4; &c. Idem quoque valet de ratione, quam habet

fumma terminorum feriei cujufiibet ab unitate incipientis ad
fummam totidem maximum fequenti termino aqualium.
Exempli gratia:

0 3 I 5

0 6

0 6 I 15
I 3 2 5 I 6 3 15
2 3 3 5 3 6 6 15

3 3 4 5 6 6 IO 15

6. 12 1.

2

IO. 20 :: I. 2 IO. 30:: I. 3 20. 60:: I. 3

o IO
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o io

oo I 56
o IO 4 56
I IO IO 56

4 IO 20 56
lo lO 35 56

15. 6o I. 4 70. 280 :: i. 4I

Cum inter affediones numerorum figuratorum haec praecipua

fit, eademque fcopo noftro primario infer viat, vifum hic eft

exponere methodum, qua talem proprietatis dirohi^tv exhi-

beo, quae fimul & fcientifica fit, & propofitum univerfali-

ter concludat. Quem in finem fequentia praeftruo lemmata :

Lemma Primum.

Summa termiftorum quotlibet primae feriei ad fummam
totidem terminorum ultimo aequalium rationem habet a;qua-

litatis, five ut i ad i.

Demonstratio.

Cum enim feries meris conflet unitatibus, erit fumma
terminorum quotlibet, fumma tot unitatum, hoc efl, tot

terminorum ultimo aequalium, quot funt termini.

ILm O*

Lemma Secundum.

In qualibet ferle a fuis refpeclive cyphris incipiente, fi

quota ell ipfa inter feries, tot ab initio fumantur termini,

erit fumma terminorum omnium ad fummam totidem ultimo
sequalium, ut i ad feriei numerum.

Demonstratio.

Numerus enim cyphrarum quamcunque feriem aufplcan-

tium unitate minor eft feriei numero, per proprietatem pri-

g mam.
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mam. His igirur fi accedat feqnens terminus, numerus ter-

minorum feriei numero aequabitur. Sed terminus, qui

proxime cyphras fequitur, efl unitas, per proprietatem fe-

cundam. Unde terminorum aggregatum aequatur unitati, &
aggregatum totidem ultimo aequalium iequatur ipfi feriei nu-

mero. Quare conftat Propofitio.

Lemma Tertium.

In quacunque numerorum ferie, fi fumma terminorum ab
initio fumptorum ad fummam totidem ultimo aqualium
perpetuo eandem habeat rationem, quotcunque accipiantur

termini, puta ut i ad R, ita ut fumma terminorum aquetur
fumma totidem ultimo aqualium divifa per R ; erit nume-
rus terminorum alfumptorum ablato R ad eundem nume-
rum unitate muldlatum, ut fumptorum penultimus ad ulti-

mum.

Demonstratio.

Sumpti fint ab initio termini quotlibet A.B.C.D. quorum
numerus fit N, penultimus C, & ultimus D. Eft utique

A + B-pC = A-f-B-fC-fD— D, hoc ell, (per hypo-

ihefin)
^

eft ~ — D, & proinde, aque-multi-

plicando, C in N — 1 erit = D in N— D in R r: D in

N — R, adeoque N — R : N — i : : C : D. e. d.

Lemma Quartum.

In tabula numeromm figuratorum li dua fint columna
verticales contigua, in quarum priore quotlibet ab initio

termini ad totidem ultimo eorum aquales habeant conflan-

tem rationem, ut i ad r ; habeant vero in pofteriore termini

aliquot ab initio fumpti ad totidem fumptorum ultimo aqua-
les rationem ut i ad r + i ; habebit quoque, addito fequenti

termino,
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termino, fumma omnium terminorum una cum adje6i:o ad

tot terminos adjecto zequales, quot funt cum adjedo termini,

rationem ut i ad r + i

Demonstratio.

Sumpti fint in pofteriore columna termini E.F.G.H, quos

proxime fequatur I ; atque fumantur in columna immediate

prtecedente termini totidem A.B.C. D; ftimptorum vero

utrinque numerus fit «. Erit r H ~ (ex numerorum figu-

ratorum genefi per proprietatem quartam) r in A + B + C
r: (per hypothelin) n— i in C r: (per lemma tertium)

n — r in D
;
quare n — : H :: r ; D :: (per hypothefin;

72 ; A -p B -f- C + D :: (ex numeratorum figuratorum ge-

nefi per proprietatem quartam) n. I. Unde n— r \n \ — n

H = (per hypotliefin) r -p i in E + 1
*' + G + H ; adeo-

que n— r: r + i “ E + F + G -f H : I, &, componendo> *

72 -fi \r-\- I :: E + F + G hoc eft, E + F
4- G + H + 1 ; 72 + I in I :: I : r 4- I q^. e. D.

Cum.

* Haec demon (Iratio prae nimia brevitate mihl videtur effe obfcura. Po-
tcfl verb explicari et, ut opinor, fatis perfpicua reddi, modo fequente.

Sumpti lint in pofleriore colnmna termini E.F.G.H.
;
quos proxime fe-

qnatur I
;

atque fumantur in columna immediate praecedente termini toti-

dem A.B.C D: fumptornm vero utrinque numerus fit n. Et lit fumma
quotlibet terminorum A.B.C.D. ad totidem ultimo eorum aequales in ratione

j ad r; et lit fumma terminorum E.F.G.H. ad « terminos ipfi H, eorum
ultimo, aequales, hoc eft, ad quantitatem « X H, In ratione i ad r + I, Di-
co, quod fumma omnium terminorum E. F. G. H. I erit ad w -p i terminos

ipfi I aiquales, hoc eft, ad ti + i) x I, ut 1 ad r + I.

Demonstratio.

Ex numerorum figuratorum genefi, per proprietatem quartam fupra mc-

moratam, eri t r X FI aequalis r x A -p B 4- C, ideoque (per hypothelin)

aequalis w— d X C, atque idcirco (per lemma tertium) aequalis x D.
Erit igitur — r ad H ut r ad D. Sed (per hypothefin) A -p B -p C +D
eft ad » X D ut i ad r; et proinde (permutando) A p B -p C + D erit

ad I ut « X D ad r, et (invertendo) i erit ad A+BpC-J-D ut rad n D.
Eft
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Cum oliin horum Fratri * copiam fecifTem, animadvertit

ille pofle dcmonftrationem eleganter abbreviari, poftremis

tribus lemmatibus in unum conflatis, hoc modo

:

Lemma.

In tabula numerorum figuratorum fi fumma terminorum

ab initio feriei verticalis cujufvis ad fummam totidem maxi-

mo aequalium ubique rationem habeat ut i ad r, habebit

fumma terminorum feriei proxime fequentis ad fummam to-

tidem maximo squalium rationem ut i ad r 4- i.

Demonstratio.

Sint feries fequentes a. b. c. d. &c. & o. g. h. i. &c. nume-
- - od rus terminorum prioris fit n, pofterioris

\b - ~ g n + I. Eft primo q + p+ l + i h -f^
\c.. b +0 = (ex hypothefi & genefi numero-

jt^d - - /[>«-1-1. rum figuratorum per proprietatem quar-
<?. . /

—
f-p tam) — +

n—i.e n^2.d—:—l + n~i,e
+

It- -4.3

+ __ e d c b a

r

Eft aiitem « X i, feu «, ad i, ut » x r eft ad r. Ergo, cx asquo, « x i,

feu «, erit ad A-f B + C-|-D ut a x r ad « D, hoc eft, ut r ad D. Erit

igitur a — r ad H ut « ad Ad-B-pC-l-D.

Sed (ex numerorum figuratorum genefi, per proprietatem quartam fupra
memoratam) terminus I eft aqualis A -h B + C-}- D.

Erit Igitur a— r ad H ut a ad I, et proinde a— r] X I erit = a X H.
Sed, per hypothefin, E + F + G + H eft ad a x H ut i ad r -h l ;

atque ideo E+ F-j-G + FTlx r + fl eft aqualis a x H x i, feu a X H.

Erit Igitur a — r) X I = E -f F+G -f Hl X r -H t
;

a'tquc Ideo erit a—
ad r -p I ut E+ F+ G +H ad I, et proinde (componendo) erit a — r -f

-f I, feu a-fi,adr + i utE-fF-J-G-l-H-l-Iadl, et (permutando)
a -f- I ad E-j-F + G-j- H -pi ut r H- 1 ad I, et (invertendo) E+ F-J-G-f-
H + I ad a -p I ut I ad r-p I, et (multiplicando confequcntea peri) E-p

r -pG-pH-pI ad a -p i\ >< I ut I ad r '-pll\ X I, hoc eft, ut I ad r-Pi.

0^ E, D.

* Johanni Benioullio,

E 'C'
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— id—'lC— Lh— C(I f n r \= (ex genefi numerorum figuratorum )

, 'Ergo rq-{- r.p^ 1-^1+

g

— nq—rp—

I

«— i— h— g; fa<5taqoe tranflatione convenienti, r 4* i X

p-\-l+ i-\-b-\-g — 7iq— rq. Dividatur utrinque per r+i,

erit^4-/+/+ y&+^ = ; additoque q habebitur 5^+^ +

I i -{• b -\- g zz ~j“ + ? —

-f-p-fi? erit ad « +' I X j ut i ad '^+1. o^. e. d, ,

Sequitur nunc Propofitio pritifipaliSj quas talis ell.

Propositio Principalis.

In tabula numerorum figuratorum fumma terminorum

quotlibet a fuis refpedUve cyphris incipientium ad fummani
totidem ultimo requalium : Item fumma terminorum quotvis

incipientium ab unitate ad fummam totidem ultimum fe-

quenti mqualium : in ferie prima, feu monadum, eft ut i

ad I }
in ferie fecunda, feu lateralium, ut i ad 2 j in tertia,

feu trigonalium, ut i ad 3 j
in quarta, feu pyramidalium»

lit I ad 4, & generaliter in ferie quacunque ut i ad illius

ifcriei numerum.

Demonstratio Prtm.^; Partis hujitsce

Propositionis,

De prima ferie conftat ex primo lemmate : de fecunda,

tertia, quarta, &c. e reliquis. Nam, quia fumma termino-

rum quotlibet ad fummam totidem ultimo aequalium in pri-

ma ferie eft ut i ad i, erit, vi horum lemmatum, in fecunda
lit i ad i -j-i =: 2

;
quia in fecunda eft ut i ad 2, erit

in tertia ut i ad 2 + i n 3 ; & propterea etiam in quarta ut

I ad 3-f I — 4i in quinta ut i ad 4+1 — 5 ; & genera^

liter in ferie ^ ut i ad r. e. d.

Demon*
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Demonstratio Secundas Partis hujusce
Propositionis.

Quia rationerrt i ad r+i memoratam in ultimo lemmate

hic interpretamur per rationem i ad r, erit r — c — \ n:

(per proprietatem primam i) numero cyphrarum, a quibus

columna c incipit. Quare, cum in difto lemmate repertunx

ht + ^ + /+/+/) =: rz fequitur quod g-\-h

+ (fumma terminorum quorum numerus eft n) fe

habet ad ^ in n— r (numerum terminorum minus numero
cyphrarum) ficut i ad r j hoc efi, fumma terminorum quot-

libet ab unitate incipientium ad totidem terminos fequenti

ultimum aquales, ut i ad f o^. e. d.
,

.

Consectarium.

Ex hac oflensa proprietate facile nunc eft invenire tura

terminum optatum, tum fummam terminorum feriei cujuf-

libet. Sumpti intelligantur termini sque-multi ex pluribus

continue columnis, & fit numerus fumptorum ab initio cu-

jufque columns n, adeoque numerus terminorum ab unitate

(exclufis cyphris initialibus) in fecunda columni n— i, in

tertia n—2, in quarta n—3, atque ita deinceps, per primam '

proprietatem
:

quo pofito, qusfitum ita colligo. Summa
terminorum n prims columns, nempe, n unitates, feu

squatur termino » -+- mo, hoc eft, termino fequenti

ultimum, fecunds columns, per quartam proprietatem, ex
tabuls genefi. Quar^ termini hujus 'm n — i (numerum
terminorum ab unitate fecunds columns) dufli fubduplum,

feu per duodecimam proprietatem squale eft aggre-

gato terminorum fecunds columns, & fimul (per quartam
proprietatem) ipfi termino fequenti ultimum tertis columns.

* Vide fuper hAc materlA opera IpAus Johannis Bernoullii, edita Lau-
fanna» anno Domini 1742, Tomum tertium, paginam 5*1, in 47ma Lec-
tione de Calculo Integral!um,

E 2, Undo
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Unde fimiliter hujus termini \n n — 2 (numerurn termino-

rum ab unitate tertise columnas) dudi fubtriplum, nempe

2 ”3

^

^ asquatur (per duodecimam proprietatem) ag-

gregato terminorum tertise columnse, Infimulque (per quar-

tam proprietatem) ipfi termino fequenti ultimum quartas.

.Quocirca & hujus termini in « — 3 (numerum terminorum

ab unitate quarts columnse) dudi fubquadruplum, puta

—————— exhibet fummam terminorum quartse co-
I . 2 . 3 . 4

^

lumns, unaque terminum qui fequitur ultimum quintas

;

rursus iftius termini in « — 4 dudi fubquiniuplum

n.n— i.n— 2 .«— 'X.n— 4 ,
. -

nempe, — producit lummam terminorum

columns quints, & limul terminum qui excipit ultimum
fexts j atque ita confequenter. E quibus igitur infertur,

quod fumma terminorum n prims columns fit fecundg:

. n.n— i.n—

2

n.n — i.m — 2 . « — -2
--— tertis , quarts quints

.n. n — r n — 2. n— 3.«— 4
•, & generality columns r.

n. n—i. 71— z.n — '^. n— 4

^2 . 3 4 . s . .'".c
qiislibet harum

quantitatum etiam exprimit terminum »+i fequentis co-
lumns, fequitur quod ipfe illius terminus optatus, feu ul-

timus, n habeatur mutato folummodb ubique n in n— i ;

adeoque quod terminus optatus, fecunds columns fit

n— I . n~\.n~2
, tertis

1 . 2 , quarts

quints
«— I.W — 2.«— 3. «— 4

, Sc, generality, columns r.

— 2.«— 3. «— 4..

Scholium,



DK ARTE CONJECTANDI. «9

Scholium.

Multi, ut hoc in tranfitu notemus, numerorum figurata-

rum contemplationibus vacarunt (quos inter Faulhaberus &
Rcmmelini Ulmenfes, Wallifius, Mercator in Logarithmo-

technia, Preftetus, aliique) ; fed qui proprietatis hujus de-

monftrationem univerfalem dederit & fcientificam, novi

neminem. Wallifius in Arithmetica Infinitorum fundamen-

tum fuae methodi jadiurus, rationes quas habent feries quad-

ratorum, cuborum, aliarumque poteftatum, numerorum na-

turalium ad feriem totidem maximo aequalium, indudlione

inveftigat j indeque in propofitione 176, ad contemplatio-

nem numerorum trigonalium, pyramidalium, reliquorumque

figuratorum tranfit. Sed fatius fuiflet forteque naturse rei

convenientius, fi vice versa tradlationem numerorum figura-

torum, eamque univerfali & accurata demonftratione mu-
nitam, prsmifilfet, ac tum demiim ad poteftatum fummas
inveftigandas perrexilfer. Pr^terquam enim quod modus
demonftrandi per induflionem parum fcientificus eft, infu-

perque pro qualibet ferie peculiarem operam depofcit ; illa

utique omnium judicio praecedere debent, quae ceteris na-

tura funt priora & fimpliciora, quales videntur efle numeri
figurati prae poteftatibus, tum quod illi additione, hae mul-
tiplicatione generantur, tum, & praecipue, quod feries figu-

ratorum a fuis refpedtive cyphris incipientes ad feries aequa-

lium rationem habent exaifte fubmultiplicem, qualem non
habere polTunt feries poteftatum (faltem in terminis numero
finitis) abfque aliquo excelTu vel defedu, quicunque cyph-
rarum numerus ipfis praefigatur. De caetero namque ex
cognitis figuratorum fummis nihilo difficilius inveftigari

poterunt poteftatum fummae, atque ex his priores collegit

Audor
;
quod quomodo fiat, paucis oftendam.

Invejligati$
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Invejligatio Summarum qua proveniunt ex additione quadratorum^

cuborum, quadrato-quadratorum, et Jequentium potejlatum mi~

merorum naturalium i, i, 3, 4, 5, 6, 7, 8, 9, lo^ &c.

ex numerorum figuratorum fummis derivata.

Proponatur feries numerorum naturalium ab unitite i. 2»

3. 4. 5. &c. ufque ad », & quserantur omnium ipforum,

item omnium quadratorum, cuborum, et fequentium potef-

tatum ex ipfis, fummas. Qiioniam in tabula combinatio-

num terminus fecundse columnse indefinite eft «— i, &
fumma omnium terminorum, hoc eft, fumma omnium n

— I, feu /. («-— I, per confedarium prsecedens inventa, eft

rz , erit/. («—-i, fiveJn—Ji,
~

, & proinde/»1*22 2

J /1
(fumma omnium unitatum) eft n

j quare

fumma omnium », feufn, erit = —

-

+ » = 4 «« + n.

Porro cum terminus, tertise columnae indefinite acceptus

per idem confedarium fit
«— I.K— 2 n«

—

3 « + 2

, & fumma

omnium terminorum (hoc eft), omnium —

—

—

2

K*— 3«n+ 2« . .»«— 3«+ 2 -- = —^.3
; erit J— five /4 m-fi

^ +/r = + fi „ ,

/ed J\ n zz. ^Jn =. (per modo oftenfa) f nn + f », &/i

» : unde his fubftitutis fit /4- ^

«* — 3H«+ 2« 3»«+3«
h —

n — \ n^ ^ nn n, ejufque duplum Jnn (fumma qua-

dratorum ex omnibus n) =z ^ — 4- n» + 4 ».

Rursus,



DE ARTE CONJECTANDI,

Rursus, quia terminus n quartae columnae eft —
y

M^—6nn+litt—

6

or • ' •

: ^ , & lumma omnium terminorum

«. «— I. «— 2. «— 3 — 6«3-|- 1 in«— 6«

I . a . 3 . 4 24

hoc eft, Jk

,
erit utique

/

Jnn +/V » =
6«J + 1 1««—6»

24
indeque

— 6«* ixnn—-6a

24
+>«

/ V » +/i. Et quoniam per modo inventa Jnn = ^
4- «« + » j nec non /V « five y /» = 44 + 44- »j

fi ~ ti', hinc, fada horum fubftitutione, emerget
— +

1

i«n~6«_ + 4 4- 4 nn -)r \n — 44 — 44 « 4*

D =: «4 + ^ m, ejufque proin fextuplum /«*

(fumma cuborum) = 4- »4 ^ «3 ^ Atque fic porro

ad altiores gradatim poteftates pergere, levique negotio fe-

j^uentem adornare laterculum licet

;

Summit

II
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Qiiin imo qui legem progreffionis terminorum in hoc la-

terculo defcriptorum attentius infpexerit, eundem etiam

continuare poterit abfque his ratiociniorum ambagibus.

Sumpta enim c pro poteftatis cujuflibet exponente, fit fum.
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I

ma omnium —
C + l

n
£+ I

1 A/"' + B«
2 • 2.3.4

f-3 f.C-l.C-2.C-3.f-4

2 . 3 . 4 . 5 . 6

2. 3. 4. 5. 6. 7. 8

ceps, exponentem poteflaris ipfius n continue minuendo
binario, quoufque perveniatur ad n vel nn. Lirerse capitales

A, B, C, D, &c. ordine denotant coefficientes ultimorum
terminorum ^voJnn^frA^Jn^jJn^, &c. nempe A zr B —
— A;> C — D iz: — Sunt autem hi coefficientes

ita comparati, ut finguli cum eseteris fui ordinis coefficienti-

bus complere debeant unitatem •, lie D valere diximus — -j-V,

quia 4. + 4 + -1 — xT -f I- ( d- D) — -3-V =1. Hujus
laterculi beneficio intrk femi-quadrantem horte reperi, quod
poteftates decimte, five quadrato-furfolidte, mille primorum
numerorum ab unitate in fummam colleda efficiunt

91409924241424243424^41924242500,
/ t / f / V / /

/'

E quibus apparet, quam inutilis cenfenda fit opera If-

maelis Bullialdi, quam conferibendo tam fpifTo volumini
Arithmeticte fute Infinitorum impendit, ubi nihil pr^ftitit

aliud, quam ut primarum tantum fex poteftatum fummas
(partem ejus quod unica nos confecuti fumus pagina) im-
menfo labore demonftratas exhiberet.

De feriebusJerierum figuratarum analogis.

Antequam caput hoc finiamus, paucis adhuc indicare lu-

bet quomodo, luppofitis iis qute de feriebus figuratis oflenfa

funt, poffint qutevis etiam ali^ feries figuratarum analogte
(qus, fcilicet, differentias fuas primas, fecundas, tertias, &c.
aquales habent, adeoque cx continua additione terminorum
alicujus feriei tequalium generantur) ad homologas figuratas

reduci,
^

ac proinde fummari, vel poftremi ipfarum termini
inveniri. Sit feries qutevis aequalium D, ex cujus additione
nafeatur feries C, & ex hujus additione feries B, & ex hujus

tandem coliedione feries A, fumptis ad arbitrium primis ie-

F rieruiu
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rierum terminis d, by a. Vocabitur feries A figuratarum
analoga, cujus differentis prims conftituunt feriem B, fe-

cunds feriem C, tertis feriem D, &c. Et quoniam appa*

p c B A.

d c b a

d f 4" d b-\- c 77 4- b

d c-\-2d b+2C+ d a-\-'ib-\- c

d c-^^d ^ + 3^+ 3 <^+ d
d c 4“ 4<^ ^ 4- 4^ 4- (id 7z4" 4^+ 4^
d c+ 5^/ b + ^c^xod ^b-f- loc -\- lod

ret, feriem A componi ex feriebus unitatum i, i, i, i, &c.
lateralium i, 2, 3, 4, &c. trigonalium i, 3, 6, 10, &c. pyra-r

midalium i, 4, 10, 20, &c. in primos differentiarum termi-

nos <3, by Cy dy feorsim duftis, quarumque omnium poftre-

mi termini & fumms per ante dicffa habentur, ipfius quoque
hinc feriei A poftremum terminum & fummam termino-

rum obtineri polle conflat; nimirum, fi numerus terminorum

vocetur 77, erit ultimus terminus feriei A = + n — i.

b H c -f
W — I . «— 2 . « — 3

^ • 3
d 'y & fumma omnium ter-

. ,
n.n— I j .

n.n—l.n — z .
n,n—\.n — z.n— ; ,

minorum = + b-\ c + —:— ^

—

-d.
2 • 3 2.3.4
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THK PROCEMIUM, OR PREFACE, TO THE SECOND PART OF THE SAID
TREATISE

DE ARTE CONJECTANDI.

I
T is eafy to perceive that the prodigious variety which
appears both in the works of nature and in the adions of

men, and which conftitutes the greateft part of the beauty of

the univeiTe, is owing to the multitude of different ways in

which its feveral pans are mixed with, or placed near, each
other. But, bccaufe the number of caufes that concur in pro-

ducing a given event, or effed, is oftentimes fo immenfely
great, and the caufes themfelves are fo different one from an-

other, that it is extremely difficult to reckon up all the different

ways in which they may be arranged, or combined together.

Fa ic
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it often happens that men, even of the beft underftandings

and greateft circumfpeftion, are guilty of that fault in rea-

foning which the writers on logick call the injujjicient^ or imfer-

fe5l enumeration offarts, or cafes

:

inlomuch that I will venture

to affert, that this is the chief, and almoft the only, fource of

the vaft number of erroneous opinions, and thole too very

often in matters of great importance, which we are apt to

form on all the fubjedls we refleil upon, whether they relate

to the knowledge of nature, or the merits and motives of

human ailions. It muff therefore be acknowledged, that

that art which affords a cure to this weaknels, or defedf, of

our underflandings, and teaches us fo to enumerate all die

poffible ways in which a given number of things may be

mixed and combined together, that we may be certain that

we have not omitted any one arrangement of them that can

lead to the objedl of our inquiry, deferves to be confidered

as moll eminently ufeful and worthy of our highefl elleem

and attention. And this is the bufinefs of the art, or doBrine

of combinations.

Nor is this art or dodlrine to be confidered merely as a

branch of the mathematical fciences. For it has a relation

to almofl every fpecies of ufeful knowledge that the mind

of man can be employed upon. It proceeds indeed upon
mathematical principles in calculating the number of the

combinations ot the things propofed : but by the conclufions

that are obtained by it, the fagacity of the natural philofo-

pher, the exadlnefs of the hiftorian, the fkill and judgment

of the phyfician, and the prudence and forefight of the po-

litician, may be afiifled ; becaufe the bufinefs of all thefe im-

portant profeffions is but toform reafonable conjeBures concern-

ing the feveral objects which engage their attention, and all

wife conjedlures are the refults of a juft and careful exami-

nation of the feveral different effeds that may poffibly arife

from the caufes that are capable of producing them. And,
I prefume, it vvas from a fenfe of the great and general uti-

lity of this dodlrine that feveral very eminent mathematicians

have undertaken to treat of it in their public writings; and
particularly Mr. Van Schooten (the learned commentator

on Des Cartes’s geometry), Mr. Leibnitz, Dr. Wallis, and

Monfieur-
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Monfieur Preftet : fo that the reader is not to confider every

thing he will meet with in this treatife as entirely new and of

my invention. I have, however, made fome improvements

on the fubjed, and thofe too of confiderable importance,

which I may juftly call my own : and particularly I have

difcovered a general and eafy demonftration of the princi-

pal and moft remarkable property of the figurate numbers,

to wit, “ that of the proportion between the fum of any
number of terms of a feries of figurate numbers of any or-

der whatfoever to the fum of the fame number of terms all

equal to the laft term of the feries upon which property

many of the following propofitions in this book are founded :

for of this property I believe no other writer has ever before

given a demonftration.

Indeed, none of the trads hitherto publifhed on this fub-

jed, can be faid to contain a full and fatisfadory account

of it. And therefore I have thought it would be agreeable

to my readers to fee it here treated in a regular manner,

from the firft and moft fimple principles on which it is

founded, to the higher and more extenfive propofitions

which have been built upon them, without being under the

neceffity of referring to other books upon the fubjed. But,

though, for thefe reafons, I have laid down the very firft

elements of the dodrine, and have endeavoured to demon-
ftrate every thing as I went on, to the end that the chain of

reafoning might be uniform and compleat, I have done it in

as concife a manner as I could, and only as far as was ne-

ceflary to prepare the way to the fubfequent and more im-
portant parts of the book. The greater part of the treatife

confifts of two principal heads, of which the firft contains

the dodrine of permutations, and the fccond contains the

dodrine of combinations ; which is followed by a third branch,
which fprings out of the two former, and treats of permuta--

tions and combinations joined together.

CHAP-
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CHAPTER I.

' CONCERNING PERMUTATIONS.

Article i. permutations of a number of things,

I mean the feveral variations that may be

made in their relative fituations, or pofitions, or in the order

in which they may be made to follow each other, while their

number continues the fame. So that, when it is propofed

to find in how many different ways a given number of

things may be ranged, or difpofed, without omitting any of

them, this is faid to be requiring the number of their permu-

tations.

2. The things of which we are required to difcover tha

number of permutations, may be either all diftinguifhed

from each other by fome plain mark, fuch as a difference of

fhape or colour, as cubes from fpheres, or black balls from
white balls ; or they may be exa£Uy like each other, fo as

to be liable to be miftaken one for another, as two fpherical

black balls of exactly the fame fize and weight. In the

former cafe it will be proper to denote the feveral things by
as many different letters of 'the alphabet; and in the latter

cafe it will be convenient to denote fo many of the things

as are exactly like each other, by the fame letter of the al-

phabet, repeated as often as any of the faid things which

are like each other fliall occur, as will be feen in the courfe

of the following pages. We will firfl confider the former of

thefe cafes, or that in which all the things are diftinguifhed

from each other.

The
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The firfi Cafe of Permutations, in which all the things whofe

permutations are required to he ajfigned, are diJHnguiJhedfrom

'each other.

3. As it is obvious that the number of changes of po-

rtion that may happen in a great number of things cannot be

determined without firft knowing the number of the like

changes of portion that may happen in all lelfer numbers of

them, it is manifeftly neceffary, in treating of this fubjeft,

to proceed in the fynthetick method, and begin our reafon-

ings from the firft and mofl; fimple cafes : which may be

done as follows.

4. If there is only one thing to' be arranged, which is

denoted by the letter a, it can be taken, or ranged, only in

one manner.

5. If there are two things clearly diftinguiflied from
each other, which are denoted ]by the letters a and h,i it is

evident that we may either place a before b, or b before a ;

fo that there will be two different ways of arranging them,
to wit, ab and ba-y or, in other words, there will be two
permutations of them, cti e. i.

6. If there be three things diftinguiflied from each other,

and denoted by the three different letters a, b and r, it is

evident that either of the three letters may be placed before

the other two. Now, if^ is placed firft, the other two let-

ters b and c may undergo two permutations, by what has
been feen in the laft article, and the three letters may be
placed in thefe two pofitions, ah c, and a c b i and in like

manner, if b is placed firft, the other two letters a and c may
undergo two permutations, and the three letters may be placed
in the two following pofitions, to wit, bac and bca •, and.
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laflly, if c is placed firfl:, the other two letters a and b may
undergo two permutations, and the three letters may be placed

in the two following pofitions, to wit, cab and c b a. There-

fore the whole number of permutations which the order, or

pofition, of the three letters, a, b, and c may undergo, is

three times 2, or 6, to wit, a b c, a c b^ b aCj b c cah^

and c b a, e. i.

7. In like manner, if there are four different things

clearly difUnguifhed from each other, and denoted by the

four different letters a, b^ Cj and d, it is evident that either

of' the four may be placed before the other three, and that,

while each of them is placed firft, the other three rnay un-

dergo 6 permutations, by what has been juft now fliewn in

art. 6. Therefore the whole number of permutations which
thefe four things, or letters, may undergo, will be four times

6, or 24. Qi E, I.

8. And, for the fame reafon, if there were five things

denoted by the five different letters a, b, c, d and e, the

number of their permutations would be five times as great as

in the laft cafe; or would be 5 times 24, or 120. And in

general, whatever be the number of things or letters, the

number of permutations, or changes of pofition, which they

may be made to undergo, will be equal to the produdl that

arifes by multiplying the number of permutations of the next

fmaller number of things by the given number of them. So
that, if the whole number of things, or letters, be », and

the number of permutations in »— i things, or letters, be

N, the number of permutations in all the n letters, will be

equal ?? X N . And hence arifes the following
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Rule for dijcovering the whole number of permutations , or rela^-

live changes of pofition^ which any given number n, of things^

may be made to undergo.

9. Let all the numbers i, 2, 3, 4, 5, 6, 7, &c, in their

natural order, beginning from unity, up to the given num-
ber of things, or letters, whofe permutations are to be

inveftigated, be multiplied one into the other ; and the pro-

duct ix2X3X4X5x6x7X&c... X» will be

the number of permutations that is required, e. i.

10. It will be convenient fometimes to ufe a full point

[ ..] inftead of the common mark of multiplication x > and
then I X2X3X4X 5 X 6 x 7 X &c. x » will be =
I . 2 . 3 . 4 . 5 , 6

. 7 . &c . or (becaufe i has no effedt

in multiplication) 2. 3. 4. 5. 6. 7. &c . n ; which
w'ill therefore be equal to the whole number of permuta-

tions, or changes of pofition, which n things m^y be made
to undergo.

11. According to this rule, the number of permutations,

or changes of pofition, which 7 different things may be
made to undergo, is 2 . 3 .

4
.

5

. 6 . 7, or 5040. Thus,
for example, the different changes that may be rung upon
feven different bells is 3040. The multiplications of thefe

numbers in;o each other will appear in the following table ;

^heG



4S ‘i' A T^ranjlalion of the foregoing Extract

The Number of Things.

i

t —

^ *i—

0

f: ,

’

u>v: 4 --

n

The Number of Permutations^

or Changes of Pofition,

.— I
»

1

— z

O

^ 6

4

— 24

5

120
6

.— 720

7

40,320

9

—
• 362,880

10

r- 3,628,800
1 I

3 628 8oq

36 288 00
>

— 39,916,800
12

79 S33 6oq

399 168 00

12 479,001,600
12. We
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12. We may fee by this table how very faft the number
of permutations increafes, as the number of things to be
arranged becomes greater and greater* The four letters that

compofe the word Roma jnay bo arranged in 24 different:

ways; but the fix letters that compofe the word Romani may
be arranged in 720 different ways ; and the feven jetters

that compofe the word Romanis may be arranged in no lefs

than 5040 different wa5'^s. We are now to confider the

fecond cafe of permutations, in which fome of the things to

be arranged are exadUy like others of them, fo as not to be
diftinguilhed from them.

^he Second Cdje of Permutations, in which fome of the things^

the permutations of which are required to -he ajfigned, are liki

others of them, fo as not to be diftinguifoedfrom them.

13. If fome of the things of which we are required to

find the permutations, are exactly like others of them, fo as

not to be diftinguifhed from them, the number of permuta-
tions, or changes of pofition, which they may be made to

undergo, will be much fmaller than in the former cafe.

Thus, for example, if there are fix different things, where-
of we arc required to affign the permutations, but three of
them are exactly like each other, fo that it is impoffible to

diftinguifh either of them from the other two ; as is the cafe

with the fix letters aa ah cd^ in which the letter a occurs
three times ; the number of permutations which thefe fix

things, or letters, can undergo, will be much lefs than the
number of permutations they could undergo, if they were
all diftinguifliable from each other, as they were fuppofed
to be in the former cafe. And the way of finding out how
much lefs the number of permutations will be in this cafe

in the former cafe, will be to confider how many per-

G 2 mutations^
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mutations, or changes of pofition, the three things whidh

are exactly alike, and are denoted by the fame letter a,

might undergo, if they were Unlike e'ach other, and dif-

tinguilhable one from the other, and then to fubftitute an

unit, or one fingle pofition, in lieu of all thofe feveral' per-

mutations. Thus, for example, if, inftead of the three

things exadlly alike which are denoted by the fame letter a,

we were to take three things that were unlike each other,

and denote them by the three letters a, a, and a, that is, by

an Italick a, a Greek os, and a Roman a, it is evident from

what has been fliewn in art. 6 ,
that, without making any

change in the pofition of the other letters, b, c, d, thefe three

letters a, «, and a, might be placed in fix different pofi-

tions, inftead of the one pofition a a a in which alone the

three things perfedly alike, that were denoted by the fame

letter a, could be arranged. The number of permutations

therefore in the fix things denoted by the letters oc, a, b,

Cf dj will be fix times as great as that of the fix things de-

noted by the letters <3, b, r, d, in which three of the

things are alike, and denoted by the fame letter a. And
therefore, to find the number of permutations of the fix

things denoted by the letters a, a, b, Cy dy we muft firft

find the whole number of permutations which they might
undergo if they were all unlike each other, and denoted

by the letters 4, a, a, by r, dy and then we muft divide the

faid number by 6 , or the number of permutations which
the three things denoted by the fame letter a might undergo
if they were unlike each other, and denoted by the three

different letters <7, and a. Now the whole number of

permutations of fix different things unlike each other, that

are denoted by the letters <3, as, a, b, c, dy has been fliewn to

be 720. Therefore the number of permutations of fix dif-

ferent things, whereof three are perfectly like each other.

and
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and denoted by the fame letter a, or of fix different things

denoted by the letters a, a, h, c, el, will be or 120

14. Again, if the fix letters whereof we were required to

find the permutations, were a a abb c, in which, befides the

letter a, which is repeated three times, the letter b is alfo

* The truth, of this article may be made vifible to the eye In the follow-

ing manner :

Let us (to avoid a great number of permutations, which would take up
a great deal of room, and tend to confound the fubjedl) fuppofe the three

different letters a, a, and a, to be connefted only with one more letter, to

wit, h. Then, by art. 7, the whole number of permutations of thefe let-

ters will be 24, to wit,

a» a. et, b. a. a. by *» a, by ay a. by a, ay ay

a, a. a. b. a, u, by a. a, by «, ay by a, ay a.

a, “> by a, by a.. ay by a, «, by a. a, ay

a, b. ay a, by a, ay by «, a. by ay a. a.

«, a, a, b. a. a, by a. ay by a, ay by ay a, a,

a, a. bi «, a, by a,
. ay by ay a, by ay ay a.

Now, let the Italick letter a, and the Greek letter a, be converted into

the Roman letter a. And the foregoing permutations will thereby be con-

verted Into the following ones, to wit,

a a a

z a & b,

z z z b,

z z z b,

z z z b,

z z z b,

z z b z,

z z b z,

z z b z,

z z b z,

z z b z,

z z b z.

z b z z,

z b z z,

z b z z,

z h z z,

z b z z,

z b z z,

b z z z,

b z z z,

b z z z,

b z z z,

b z z Zt

b z z z\

of which the firft fix are all exaftly alike, to wit, a a a and therefore muff
be reckoned as only one pofition, or permutation

; and, in like manner, the

next fix are alfo all alike, to wit, zzbz, and therefore muff be reckoned as

only one pofition, or permutation ; and the third fix are alfo all alike, to
wit, zbzz, and therefore muff be reckoned as only one pofition, or per-

mutation
;
and laftly, the fourth fix are alfo all alike, to wit, bzzz, and

therefore muff be reckoned as only one pofition, or permutation. So that,

by the coincidence of fix permutations into one in each of the four fets of
fix permutations, the faid twenty-four different permutations will be reduced
to only four, or different permutations, to wit, zzzb, zzbz, zbzz,
bzzz.

And it is eafy to fee that the like rednftion mull take In the whole num-
ber of permutations that may happen amongft any other given number of
things that are all different and diftinguilhable from each other, when any
ether and Icffer number of the faid things are rendered like to, and undif-

tinguifhable from, each other.

repeated
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repeated twice, it is evident that the number of the permil-*

tations which the faid letters could undergo, would be but
half the number of the permutations of the fix letters aaa
b c d \ becaufe every two permutations of thefe letters which
would be diftinguifliable horn each other when the two dif-

ferent letters h and d are made ufe of, will coincide, or be-

come undiftinguilhable from each other, when b is inferred

inftead of d. And therefore the number of the permutations

of the fix letters aaahb c will be only or 6o.

1

5

* And in the fame manner it may be fhewn that, when
feveral of the letters, of which we are required to affign the

number of permutations, are repeated, or taken more than
once, we muft, for every fuch repetition of the fame letter,

divide the number of permutations of the whole number of
letters by the number of the permutations of fo many dif-

ferent letters as there are repetitions of the fame letter. And
hence arifes the following

Eule for difcovering the number of -permutations, or relative

changes of pofition dijiinguifuable from each other, which any

given number n, of things, whereoffome are exactly like others,

and cannot he dijlingiiijhed from them, may be made to un^

dergo.

1

6

. Let the whole number of permutations, or changes
of pofition, which the faid things might be made to under-
go, if they were all unlike each other, and could be clearly,

diftinguilhed one from the other, be divided by the number
of permutations, or changes of pofition, which the two, or

more, things which are like each other, and are denoted by
the fame letter, might be made to undergo, if they were

4 unlike
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unlike to each other, and clearly dlftinguiQied from each

other. And the quotient will be the number of permuta-

tions that is required. This is upon a fuppofition that,

amongft the things that are given, and of which we are re-

quired to find the number of permutations, there i$ only one

fet of things that are exadlly like each other, and therefore

denoted by the fame letter.

But, if, amongft the things of which we are required to

find the number of permutations, there fhould be two, or

more, fets of things that are exactly like each other, and

therefore denoted by the repetition of the fame letters, we

muft multiply the number of all the permutations which the

firft fet of like things, denoted by the firft letter that occurs

more than once in the notation, might be made to undergo

if they were ail unlike each other, into the number of all

the permutations which the fecond fet of like things, de-

noted by the fecond letter that occurs more than once in the

notation, might be made to undergo if they were all unlike

each other, and further into the number of all the permu-
tations which the third fet of like things, denoted by the

third letter that occurs more than once in the notation, might

be made to undergo, if they were all unlike each other,

and into the numbers of all the permutations which the

fourth fet, and the fifth fet, and all the following fets, of

like things, denoted by the repetition of the fame letters,

might be made to undergo, if the things in each fet were

unlike each other : and the whole number of permutations,

which all the n things that are given (and whereof we are

required to find the number of permutations diftinguilhable

from each other) might be made to undergo, if they were

all unlike each other, muft be divided by the produeft of

the faid multiplication. The quotient will be the number
of permutations diftinguifnable from each other, of the given

pumber n of things, which was required to be found,

17. This doclrine of permutations is of great ufe in de-
termining the number of anagrams that may be made of any
propofed word, or the number of different ways in which

the letters that compofe it may be arranged, Thus, for ex-r

ample^
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ample, the letters that form the word Roma may be arranged

in 2 . 3 . 4, or 24, different ways *, and thofe of the word
Romani (which are fix in number) may be arranged in 2 . 3
.4.3.6, or 720, different ways; and thofe of the word
Romanis (which are feven in number) may be arranged in

2 . 3 . 4
. 5 . 6

. 7, or 5040, different ways ; as we have

I'een in art. 12. In like manner the letters of the word
Trojanum (which are eight in number) may be arranged in

2 . 3 . 4
. 5 . 6 . 7 . 8, or 40,320, different ways; and thofe

of the word Dc£lrinam (which are nine in number) may be

arranged in 2 . 3 .
4

.

5

. 6 . 7 . 8 . 9, or 362,880, diffe-

rent ways. But the letters of the word Leopoldus, though

they are alfo nine in number, cannot be arranged in fo

many different ways, becaufe of the repetition of the letters

/ and 0, each of which occurs twice. The number of dif-

ferent ways in which the letters of this word can be arranged

a6i,88o 162,880 1 r 1 IT
IS

^
or -—-— , or 90,720 ; became the two /s, if

riiey were different letters, would admit of two permutations»

and the two os, if they were different letters, would likewife

admit of two permutations, and confequently thefe numbers
of permutations, to wit, 2 and 2, muff (according to the

foregoing rule) be multiplied into each other, fo as to make
the produft 4, and then the number 362,880 (which is

the whole number of permutations which nine different let-

ters may be made to undergo) mud be divided by it, which

gives the quotient 90,720. And the letters of the word Stu~

diofus, though likewife nine in number, will admit of only

30,240 permutations, becaufe of the repetition of the letter

ti twice, and the letter 5 three times. For the permutations

which the two «s might be made to undergo, if they were

different letters, are 2, and the permutations which the three

jes might be made to undergo, if they were different let-

ters, is 6 ; and the produ6t that arifes by multiplying 2 into

6 is 12. We muff therefore divide 362,880 (which is the

whole number of permutations of nine different letters) by
12 ; and the quotient 30,240 will be the number of all the

permutations of the nine letters of the word Studiofus tha;

will be different, or diftinguiflrable from each other.

18, Ic
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18. It is only by the afliftance of this doftrine of per-

mutations that all thofe queftions can be determined, which

fome learned and ingenious men have propofed concerning

the number of the variations, or tranfpofitions of the words

contained in certain verfes, which, on account of the great

number of fuch tranfpofitions which may be made in them,

have been called Proteus verfes, in allufion to the Egyptian

fea-god of that name mentioned in Homer’s Odyffey, who

was fo famous for affuming many different fhapes. The
mod celebrated of thefe verfes are thofe which have been

given us by Thomas Lanfus, and the learned Jofeph Scali-

ger, and Bernard Bauhufius, a Jefuit of the college at Lou-

vain, in the Auftrian Netherlands. The following two verfes

we have from Thomas Lanfius

:

hex, Rex, Gj’ex, Res, Spes, Jus, 1‘hus, Sal, Sol, (bona)

Lux, Laus

:

MarSf Mors, Sors, Lis, Vis, Styx, Pus, Nox, Fax, (mala)

Crux, Fraus.

In each of thefe Verfes there are eleven words of one fyl-

lable, and one word of two fyllables, to wit, bona in the

firft, and mala in the fecond. Thefe two words of two fyl-

lables muft always remain in the fame place, or within two
words of the end of the lines, in order to preferve the mea-
fure of the Verfes, which requires that the fifth foot in each

verfe fhould be a daftyl. But the other eleven words in

each verfe may be placed in any order, with refpedt to

each other, that we pleafe, without altering the meafure of

the verfes. Now the number of permutations, or changes

of polition, that eleven different things can undergo is

39,916,800, as appears from the table in art. 11. It fol-

lows therefore that the words of each of the two foregoing

verfes may be tranfpofed in 39,916,800 different ways, with-

out fpoiling the meafure of them.

19. In fome other inftances of thefe Proteus verfes that

have been given by ingenious writers on this fubjed, it hap-

pens that many of the tranfpofitions of the words contained

H in
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in them are incompatible with the meafore of the verfes,

and fome of them, from the irregular and ungrammatical
order in which the words follow each other, feem to convey
no fenfe or meaning whatfoever, or, perhaps, in fome
cafes, a different fenfe from that which the author intended.

But in all thefe cafes a little attention and care will enable

us to diftinguifh the ufeful tranfpofitions from the abfurd

ones, and to determine the numbers of tranfpofitions of each

fort feparately, if we proceed by regular fleps according to

fome order, or plan of admifhon or exclufion, in making
the enquiry. An inllance of this kind occurs in the follow-

ing Hexameter Latin verfe, which was made by the above-

mentioned Bernard Bauhufius, the Jefuit of Louvain, in

honour of the bleffed Virgin Mary, the mother of our Sa-

viour Jefus Chrift ; to wit,

T(?/ tibifunt doteSy Virgo, quot fidera ccelo.

On this celebrated verfe feveral men of great learning and

reputation have beftovved a great deal of attention. For, in

the firft place. Ericius Puteanus, in a little book which he

publiflied under the title of 'Phaumata Pietatis, has employed
no lefs than 48 pages in reckoning up the feveral ufeful, or

rational, tranfpofitions that may be made of the words con-

tained in it, and makes them amount to as many at leaft as

there are ftars in the heavens, the number of which is

ufually faid to be 1022 ; leaving out (through a religious

reverence for the charafler of tlie Virgin Mary) all thofe

tranfpofitions which I'eem to affirm that there are as many
liars in the heavens as there are virtues in the Virgin’s cha-

ra<5ler, becaufe he thinks the number of the latter to be

much greater than that of the former. And, adly, Gerard
Voffius, in the 7th chapter of his treatife intitled, De Scien^

tiis Mathematicis, has affirmed the number of the tranfpofi-

tions which may be made in the words of this verfe without

Ipoiling the fenfe or the meallire, to be 1022, as Puteanus

had made it before him. And, 3dly, Monfieur Prefiet, a

French mathematician, in the firll edition of a book called

Phe Elements of the Malhematicks, page 348, has examined
i ihh Proteus verfe, and declared it to admit of 2196 tranf-

pofitions
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pofitions of its words without fpoiling the fenfe or the mea*
fure : and afterwards, in the fecond edition of his faid work,

vol. i. page 133, having re-confidered the fubjeft, has in-

creafed the number of thefe tranfpofitions to almoft half as

many more, or 3276. And, 4thly, the induftrious compilers

of the Leiphc Aoia Eruditorum, in the month of June, i686,

in giving an account of Dr. Wallis’s Treatife of Algebra,

have fixed the number of thefe tranfpofitions (which Dr.

Wallis himfelf had not in that treatife ventured to affign) at

2580. And, laftly, Dr. Wallis himfelf, in a Latin edition

of his works which he publifhed afterwards in the year 1693,
page 494, has carried the number of thefe tranfpofitions to

3096. But all thefe writers have been miftaken in their caL
dilations, and have affigned wrong numbers for the folu-

tion of this queflion ; which cannot but feem rather furprif-

ing, as fome of them had examined the fubje6t twice over,

and corredfed their firfl: conclufions. The true number of

tranfpofitions of its words which this famous hexameter verfe

will admit of without fpoiling either the fenfe or the meafure
of it, that is, without admitting a fpondee in the fifth place,

but admitting fuch tranfpofitions as only deftroy the cajura

of the verfe, 1 have found, upon a careful examination, to

be 3312. •

20. I here conclude the chapter on the do£lrine of per-

mutations, of which I hope the fundamental principles have
been fufficiently explained ; and I proceed to confider the

doclrine of combinations, which is of no lefs ufe and im-
portance than the former.

H 2 CHAPTER
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CHAPTER IE

CONCERNING COMBINATIONS.

Definition i.

21, Y the combinations of things, I mean the feveral

different ways in which any given number of things

may be joined, or conneded with each other, without any

regard to their relative pofitions, or the order in which they

follow one another. So that, when a certain number n of

things is given, and we are required to find in how many
different ways thefe n things may be taken, by taking, firft,

two of them at a time, then three of them at a time, then

four of them at a time, and fo on in all other poflTible con-

jun6Hons, fo that no one heap, or parcel, of them fliall be
taken more than once, we are faid to be required to find

all the poffible combinations of the faid given number of

things.

Definition 2.

22. The number of the things given which is direAcd to

be joined together in one heap, or parcel, is called the expo-

nent of the combination : fo that if we are directed to com-
bine them by pairs, or in parcels containing two a- piece, the

exponent of the combination will be 2 j if we are direfted

to combine them by triplets, or in parcels containing three

a-piece, the exponent of the combination will be 3 ; and if

we are direded to combine them by quadruplets, or in par-

cels containing four a-piece, the exponent of the combina-
tion will be 4 ; and, in general, if we are directed to com-
bine them in parcels containing ;» a-piece, the exponent of

the combination will be the number
Definition
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Definition 3.

23. And the feveral things combined in thefe different

manners are called pairs, or couplets, and triplets, and (iuad~

riipUts, &c, or binaries, ternaries, and quaternaries, &c, or

Unions, ternions, and quaternions, &c ; that is, all the diffe-

rent conjundVions, or combinations, of any given number of

things in parcels confifting of two things each, are called all

the pairs, or couplets, or binaries, or hinions, in the faid

number of things ; and all the different conjunctions or

combinations of them in parcels confifting of three things

each, are called all the triplets, or ternaries, or ternions, in

them ; and all the different conjunctions or combinations of

them in parcels confifting of four things each, are called all

the quadruplets, or quaternaries, or quaternions, in them.

And fimilar names may be found for thefe combinations,

when the number of things contained in a fingle parcel is

greater than 4.

24. And when the things are taken fingly, or feparately,

or one by one, it will be convenient to denominate them
unaries, or unities, or to give them fome name that bears a
refemblance to the names by which we diftinguifh the feve-

ral combinations of them with each other in parcels of two,

or of three, or of four, or more together : becaufe, though,

when they are taken fingly, they cannot, in a ftriCt fenfe, be

faid to be combined, or the taking them fingly cannot, in

ftriClnefs, be called a combination of them, yet in this doc-

trine of combinations it is often neceffary to take in;o con-

fideration the number of them when taken fingly, in order

to determine all the variations that can be made upon them j

and therefore, in a loofer and more extenfive fenfe of the

word combinations, the things, when taken feparately, are

confidered as undergoing one fpecies of combination, or

forming one clafs of the feveral clafles of combinations which
they may be made to undergo. This is a fmall inaccuracy

of language, fimilar to that by which a unit is often called

a number, though in ftridnefs a number means two or more

units.
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units^ or finglc quantities^ joined together. But when due no-
tice is given of what is meant by fuch inaccurate expreffions

(vvhich are often convenient for the purpofe of avoiding a

multiplicity of words) no miftakes can arife from the ufe ©f

them.

25. And for a like reafon it will be convenient to give a

name to the a6l of omitting to take them at all, either

fingly, or combined with each other, or to confider fuch

omifiion as one fpecics of their combinations. Such an omif-

iion of them may be called a nullienation (from the word
nullies, which means no-times')

;
and the nothings^ or cyphers,

fet down, inftead of the things themfelves, on thefe occa-

fions may be called nullenaries (like binaries^ ternaries^ and
quaternaries) or millions. The ufe of this fort of odd lan-

guage will appear in the courfe of the following pages.

26. Some writers have confined the word combination to

the ftricl original fenfe of “ taking things by binaries, or

fairs, or couplets, only, or parcels confifting of two things

and have called the taking them by ternaries, or parcels con-

fiding of three things, conternation ; and the taking them by
quaternaries, or parcels confifting of four things, conquater-

nalicn ; and have denominated the parcels confifting of two
things each, that may be formed out of a given number of

things, the combinations of the faid given things ; and the

parcels confiding of three things each, which may be formed
out of the fame given number of things, the conternations of

the fiiid given things ; and the parcels confifting of four

things each, which may be formed out of the fame given

number of things, the conquaternations of the faid given

things. But this degree of accuracy in our expreffions would
evidently lead to the compofition of an immenfe number of

new words, in order to exprefs the variety of conjundtions

that may be made of the things given in parcels of different

forts, fuch as parcels confifting of two things, parcels con-

fifting of three things, parcels confifting of four things, par-

cels confifting of five things, parcels confifting of fix things,

^nd the like ; the ufe of which multitude of new words
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might be found inconvenient. And therefore other perfons,

who were apprehenfive of this inconvenience, and yet were

defirous of avoiding the inaccuracy of employing the word
combinations for parcels confifting of more than two things,

have propofed to make ufe of the more general words com-

‘plications or complexions (derived from the Latin verb compli-

care, which fignifics to fold up together) for parcels confifting

of three things, or four things, or five, or more, things,

each, made out of a given number of things fucceffively fo

united together ; and fome authors, with great fagacity and
judgment, have recommended the word eleSiions to be ufed

on this occafion, in order to comprehend thofe methods of

reckoning and claffing the things under confideration by
which the things when taken feparately, or one by one, are

admitted as one fpecies of combinations of them ; and even,

when nothings, or cyphers, are taken in their ftead, thofe

nothings, or cyphers, are admitted as another fpecies of their

combinations, or eleftions. But the generality of writers who
have treated of this fubjeft, make ufe of the word combinations

to denote all the different parcels of things, whether confifting

of two things, or of three things, or of four things, or of

any greater number of things, which can be formed out of a

given parcel of things ; and even to denote the given things,

when taken fingly or feparately ; and alfo the nothings, or

cyphers, which are fet down inftead of them, when they

are not taken at all : nor does there feem to be any neceffity

for inventing new words on the occafion.

Thefe definitions of the words that will occur moft fre-

quently in this doftrine of combinations being premifed, I

now proceed to confider the dodlrine itfelf.

27. Now when we are enquiring into the number of com-
binations of a given number of things, the faid things may
either be all unlike and clearly diftinguifliable from each other,

or fome of them may be exacftly like others of them, fo as

not to be diftinguifliable from them. And the faid things

may either be fo combined together that no one thing fhall

be contained oftener in any of the propofed combinations

than it occurs in the original number of things which are

propofed
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propofed to be combined together ; or they may be corn-

Lined toget?her without this reftri(flion, or fo that in fome of

the propofed combinations the fame thing may occur oftener

than it does in the original number of things which are pro-

pofed to be combined together, to wit, by being combined
with itfelf And different fuppofitions may be made, and

different

* I am not quite certain that this lad fentence Is a faithful tranflation

of the original, which I fhall therefore here fubjoln for the reader’s atten-

tive confideratlon. Eaque vel ita combinari debent., ut in nuUd comhinatione

res eademfapiiis contineatur quam ipfa reperitur in toto rerum Aumero
; vel Jicy

ut in cddem combinatione res eadem etiam ftepius recurrere, hoc eji, utfecum ipfd

quoque combinari, pqffit. The meaning of this obfcure fentence (as far as 1

can underHand it) may be illuftrated by the two following examples.

In the firft place, let us fuppofc that the things that are to be combined
together are fix In number, all clearly diftingulfhable from each other, and

denoted by the fix letters a, h, c, d, e, f. And let us fuppofe that thefe

fix letters are to be combined together in quaternions, or quadruplets, or

parcels confiding of four letters each. Then, fays the author, thefe qua-

druplets may be either redrained to thofe only which confid of four diffe-

rent letters, or in which the fame letter does not occur oftener than once, or

than it occurs In the original enumeration of the fix things, a, b, c, d, e, f,
out of which thefe quadruplets are to be formed, fuch as the quadruplets

abed, aede, adef, &c ;
or thefe quadruplets may be formed without this

redriftion, fo as to admit the fame letter to be contained In them, more than

once, or to be, as it were, combined with itfelf, as happens in the quadru-

plets aab c, aac d, a ad e, aaef, a abd, a ab c, aahf, aa c e, aa a b,

a aac, aa a d. See,

In the fecond place, let us fuppofe that the things that arc to be com-
bined together are, as before, fix in number, but that two of them arc cx-

aftly like each other, and are therefore denoted by the fame letter a, and
that three of them are alio exafUy like each other, and therefore denoted by
the fame letter b, and the fixth is different both from thofe of the firft fet,

and fi’om thofe of the fecond fet, and is therefore denoted by the letter c ;

fo that the fix things that are to be combined together, are denoted by the

letters a, a, b, b, b, c. And let it be required to combine thefe fix things,

or letters, together in quaternions, or quadruplets, or parcels confifting of

four letters each. Then, fays the author, thefe quadniplets may be either

fo reftrained that they fiiall not contain either of the three letters a, b, and c

oftener than it is contained in the original enumeration of them, to wit,

a, a, b, b, b, c, that is, that no quadruplet fhall contain the letter a oftener

than twice, or the letter b oftener than three times, or the letter c oftener

than once; as is the cafe with the quadruplets abbe, aabc, a abb, abb by

Ibb c\ or the fald quadruplets may be formed without this reftriftlon, fo

as to admit the letter a to be repeated more than twice, and the letter b to

he repeated more than three times, and the letter c to be repeated more
than
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dliferent queftions confequently may be propofed, concern-

ing the manner in which the quantities are combined toge-

ther. For it may either be required to find the number of

all the poffible combinations of a given number of things,

by taking them fiidb fingly, then in couplets or parcels of

two, and then in triplets or parcels of three, and then in

quadruplets or parcels of four, and fo on according to all

the exponents they will admit of or it may be required only

to find the aumber of all the combinations that may be

made of the fame given number of things according to one,

or more, of their exponents, feparately , as, for inftance,

by difpofing them in parcels of two things, or in parcels of

three things, or in parcels of four things, each. In each of

thefe ways of combining the things under confideration, a

great variety of queftions and problems may be propofed

concerning them, the full difcullion of which would lead us

into a very ample field of fpeculation. But of thefe we fliall

only felect a few of the moft curious and important, which
we conceive to be neceffary to the folution of the queftions

concerning the dodtrine of chances, or the art of forming
reafonable conjedtures concerning future events depending
on chance, which will be confidered in the fubfequent part

of this treatife.

28. Let it then be required, in the firft place, to find the

number of all the poffible combinations that can be formed
of a given number of things according to all the exponents
they will admit of, upon a fuppofition that all the things

that are to be combined together, are unlike to, and clearly

diftinguifliable from, each other, and confequently are de-

noted by different letters.

Let the things that are to be thus combined be denoted
by the feveral fmall letters a, b, c, d, e, &c. Let thefe

than once
; as is the cafe In the quadruplets a a ah, act a c, aaaa^ hhhb^

aacc, acce, Sic.

This Is the only meaning that I can find for the foregoing paffage; but

I cannot help entertaining fome doubt whether it is the true one, Jded

\ letters
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letters be fet down in feparate lines, or rows, one under an^

other, in the manner following.

In the firft line we muft place the firfl letter by itfelf.

In the fecond line we muft place the letter b\ firft, by it-

felf ; and then in conjunftion with a, fo as to form the com-

bination, or couplet, ab, ox b a. For ab and ba are, in

this doftrine of combinations, to be confidered as only one

combination, becaufe in this docftrine no regard is to he had

to the order in which the letters are placed, as there was in

the dodrine of permutations.

In the third line we muft place the third letter c\ firft, by

itfelf; and then in conjundion vvith the proceeding letters a

and b^ fo as to form the binions, or couplets, ac^ be-, and,

laftly, with 'the proceeding couplet a b, fo as to, form the

triplet a b c.

a.

bf ah.

c, ac, be, abc.

d, ad, bd, cd, abd, acd, bed, abed.

e, ae, be, ee, de, abe, aee, bee, ade, bde, ede, abee, abde,acde,bede,abede.

In the fourth line we muft place the fourth letter d ; firft,

by itfelf ; and, adly, in conjundion with each of the three pre-

ceeding letters a, b, and e, fo as to form the three pairs or

couplets of letters, ad, b d, and e d ; and, 3dly, in con-

jundion with each of the three foregoing couplers, a b, a e,

be, fo as to form the three triplets abd, aed, and bed;
and, 4thly, in conjundion with the foregoing triplet, abc^
fo as to form the quadruplet, abed.

And in like manner the fifth letter e muft be placed in

the beginning of the fifth line ; firft, by itfelf; and, adly, in

conjundion with each of the four proceeding letters a, b, e,

d, fo as to form the four pairs, or couplets, ae, be, ce, and

de \ and, sdly, in conjundion with each of the fix foregoing

couplets^
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couplets, ah, ac, he, ad, hd, cd, lb as to form the fix

triplets ah e, ace, bee, a d e, h de, and c de and, 4thly,

in conjundtion with each of the foregoing triplets, abc,
ahd, acd, bed, fo as to form the four quadruplets ahee,
ahde, aede, a-ndhede-, and, ^thly, in conjundtion with

the foregoing quadruplet abed, fo as to form the quintuplet,

abc de.

And in the fame manner muft every following letter, /,

g, h, See, be combined with each of the preceeding letters,

and with every preceeding combination of them, if the num-
ber of things, or letters, to be combined together^ was more
than five.

29. And from this manner of cornbining any given num-;

ber of things, or letters, together, it is plain that we fhall

thereby obtain all the poflible combinations of them, fo that

no combination of them whatfoever can be formed, or con-

ceived, that will not be contained in one or other of the

fucceflive lines, or rows, of quantities fo generated from each

other : and likewife it is plain thai each of the combinations

fo obtained will be different from every other, or that no
combination will occur in the faid lines more than once.

And confequently the fum-total of all the combinations fet

down in the lines, ot rows, of quantities fo formed out of

any given number of quantities, will be the number of all

the poflible combinations which the faid given number of

quantities will admit of. We muft therefore endeavour to

find the number of all the combinations of a given number of

quantities that will be contained in an equal number of lines,

or rows, of quantities formed, or generated, from each other

in the manner above deferibed.

30. Now, in order to difeover the number of the combi-
nations contained in a given number of the foregoing linesj

or rows, of quantities, it will be proper to obferve, that

every new line, or row, muft contain as many combinations

as all the preceeding lines, or rows, added together, and one

combination over ;” and for this reafon, to wit, becaufe the

letter which is at the beginning of every new line, is placed

I 2 there,
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there, firft, by itfelf, and afterwards in conjun<5tion with all

the letters and their feveral combinations in all the preceed-

ing lines. Thus, for example, the letter e is placed in the

beginning of the fifth line, firft by itfelf, and afterwards in

conjunction with each of the foregoing letters a, b, c, d, and
with every combination of them in couplets, triplets, and

quadruplets, contained in all the four foregoing lines ; and

confequently the number of combinations contained in this

' fifth line (reckoning the letter e by itfelf for one of them)
will be equal to the number of all the combinations con-

tained in all the four preceedlng lines, beginning with ^the

letters b, c, and d, and one combination over. This ob-

fervation is of great ufe. For from it we may deduce the

whole number of combinations contained in any given num-
ber of thefe lines, or which may be made with any given

number of letters, by reafoning in the manner following.

A Lemma.

31. If in the increaling geometrical progrelTion i + 2 -f-

4 + 8 -1- 16 + 32-1-64-1-128 + &c, of which the firft

term is i, and the common ratio is that of 1 to 2, we take

any number of terms whatever, as, for example, n terms,

and call the fum of the faid n terms S, and afterwards add
another term to the faid feries, the faid new term will be

equal to S + i, or to the fum of all the former n terms to-

gether with an unit.

Demonstration.

Since the terms in the feries i+2+4+8 + 16-f-
32 + 64-+ 128 -f- &c, increafe continually in the propor-
tion of I to 2, it is evident that all the terms of it after the

firft term i will be the feveral powers of 2 in their natural

z order.
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order, to wit, 2I*, 2l^ 2]^, &c, and confe-

quently that the «th, or laft, term of it will be7|”“‘. If

therefore to thefe n terms we add another term, the faid new

term will be rr 2 x We are therefore to

Ihew that "2)” is n S + i.

Now, fince S 13 = 1-1-2+44-8 + 16 + 32 + 64 +
128 + &c -+ ^,28 will ber: 2+4 + 8+16 + 32

+ 64 + 128 + 256 + &c which ferles confifts of «

terms as well as the feries 1 + 2 + 4 + 8 + 16 + 32 + 64

+ 128+ &-C +"2!””^ or S. Therefore (adding i to both

Tides) 2 S + I will be equal to the feries 1+2 + 4 + 8 +
16 + 32 + 64+ 128 + 256 + &c +"2]”, that is, to the

feries i + 2 + 4 + 8 + 16 + 32 + 64 + 128 + 256 +
&c + ^

together with the new term or to S + T)*.

Therefore (fubtradling the feries S from both lides) the new

term^^^ will be equal to S + i, or to the fum of all the n

terms of the feries 1 + 2 + 4 + 8 + 16 + 32 + 64+128

+ &c +"21*”^, together with i. e. d.

Coroll. i. It follows therefore that the fecond and third

and other following terms of the increaiing geometrical pro-

grelTion 1+2 + 4+ 8 + 16+32 + 64 + 128 + &c,
may be generated, or derived, from the firft term i, not

only by doubling it continually, but by the application of

the property that has juft now been ftiewn to belong to the

terms of fuch a feries, to wit, by adding together all the

preceeding terms, and increafing their fum by an unit. Thus,
I + I will be 2= 2, which is the fecond term; and 1+2
+ 1, will be (“ 3 + 1) = 4, which is the third term ; and
I + 2 + 4 4- I, will be (= 3 + 4 + I — 7 + 1) = 8,

which is the fourth term ; and 1 + 2+ 4 + 8 + 1 will

be (=7 + 8 + i n 15 4 1) — 16, which is the fifth

term ; and i + 2 + 4+ 8 + i6 + i will be (= 15 + 16

+ I =; 31 + i) =s 32, which is the fixth term ; and i +
2 + 4
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2+4 + 8 + 16 + 32 + 1 will be 31 + 32 + I = 63
+ i) = 64, which is the feventh term; and i + 2 + 4 +
8 + 16 +32 + 64+1 will be (= 63 + 64 + I — 127 +
1) rr 128, which is the eighth term. And in the fame
manner may all the following terms of this progreffion, how-
ever numerous, be generated from thofe that preceed them
by means of the aforefaid property.

CoROLL. 2. And hence it follows, e converfo, that, if there

be a feries of terms beginning from i, the terms of which
are generated one from the other by means of the foregoing

property, or by adding together all the preceeding terms,

and increafing their fum by an unit, the faid feries will be
the geometrical progreflion i + 2 + 4 + 8 + 16 + 32 +
64 + 128 + &c.

32. Now it has been fhewn above in art. 28, that the

numbers of quantities, or combinations, contained in the

above-mentioned lines, or rows, beginning with the letters

r, d, e, &c, are generated from the firft quantity a, and
from each other in the manner juft now defcribed, or that

the number of quantities in every new line is equal to the

fum of the numbers of all the quantities in all the preceed-

ing lines, together with an unit. It follows therefore, from
coroll. 2, of the foregoing lemma, that the numbers of

quantities contained in the faid feveral lines muft conftitute

the geometrical progreflion 1 + 2 + 4+ 8 + 16 + 32 +
64 + 128 + &c, or I + ^% + + 2ls, +
2] 6, + + &c +"^” fuppofing the number of lines

to be n. Therefore the fum of the numbers of quantities

contained in all the n lines beginning vvith the letters a, b,

c, d, 63 &c, will be equal to the fum of the firft n terms of

the increafing geometrical progreflion i + 2+ 4 + 8 + 16

+ 32 + 64 + 128 + &c, or to the feries i + 2 + 4 + 8

+ 16 + 32 + 64 + 128 + &c +~2\”~^, or I +
+ 2^h+7l+, + 2]S + +

"

3% + &c + ^”“\ But, by

the foregoing lemma, this feries together with an unit is

equal
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equal toTl". Therefore this feries alone is equal to i.

And confequently the number of all the quantities contained

in all the faid n lines, or the number of all the pofllble com-

binations of the n letters c, d, e, &c, (reckoning the

faid letters, when taken fmgly, among the faid combinations)

will be — i. And hence arifes the following

Rule for finding the number of all the pojfible different combina-

tions of a given number of things according to all their different

exponents.

33. Raife the number 2 to the power of which » or the

given number of things, that are to be combined together,

is the index ; and fubtradt i from the faid power. The re-

mainder"^”— I will be the number of combinations that

was required.

34. Coroll, i. From this rule it follows, in the firft

place, that, if we confider the total omilfion of all the n

letters as one way of combining them, the number of all the

pofllble combinations will be greater than it was before by

an unit, and therefore will be = D '

; and it follows, in the

fecond place, that, if we exclude this cafe of the omiflion of

all the letters (which may be called the nullion, or the

combination of them by nones), and likewife exclude the

feveral letters when taken fingly, or feparately, (which are

not in ftridtnefs combinations of them), the number of the re-

maining combinations of n different things, or letters, in bi-

nions and ternions and quaternions, or in couplets, and
triplets, an^ quadruplets, and in parcels of more than four

Jetters in each, will be^”«— i— or — i.

Thuxj,
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Thus, for example, the number of all the different con-

junftions, or combinations, that may be made of the feven

planets, to wit, Saturn, Jupiter, Mars, Venus, Mercury, the

Earth, and the Moon, (taking the word combinations in the ex-

tent given to it in the foregoing rule) will be — —
i (— 2X

2X2X2X2X2X2 — I — 128— i) rr 127 ;
from which

if we fubtraft 7, which is the number of the planets taken

hngly, or feparately, (in which cafes there are not properly

any conjunftions of them), the remaining number — i

— 7, or 127 — 7, or 120, will be the number of all the

poffible conjundions, or combinations, of them by conjoin-

ing two together, or three together, or four together, or five

together, or fix together, or all the feven together ; or, it

will be the number of all the poffible conjundtions of them

properly fo called. And the twelve regifters, as they are

called, or rows of pipes in a mufical organ, by means of

which the found of it is made to change fo remarkably from

a foft and gentle found to a very loud and folemn one, may

be made to undergo — 1, or 4096 — i, or 4095 com-

binations, or variations.

35. CoRROLL. 2. If we examine the number of combi-

nations of the letters a, b, r, d, and e, in the feveral lines,

or rows of quantities, fet down above in art. 28, we Ihall

lind that the number of combinations that have even num-
bers for their exponents contained in each of the faid lines

after the firft line (which contains only the fingle quantity a)

is equal to the number of combinations that have odd num-
bers for their exponents contained in the fame line. Thus,
in the fecond line, which begins with the letter h, there is

one quantity, namely b^ with an odd number, to wit, i, for

its exponent, and one quantity, namely, ab^ with an even

number, to wit, 2, for its exponent. And in the third line

beginning with the letter c, there are two quantities, name-

ly, c and ab c, with odd numbers, to wit, i and 3, for their

exponents, and two quantities, nameh'’, a c and b c, with

an even number, to wit, 2-, for their exponent. And in the

fourth line beginning with the letter d, there are four quan-

tities, namely, d, abd, acd^ and be dj which have the odd
number
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numbers i and 3 for their exponents ; and there are four

other quantities, namely, <3^, cd, and ahcd^ which

have the even numbers 2 and 4 for their exponents. And
in the fifch line, beginning with the letter <?, there are eight

quantities, namely, e, ahe^ ace, bee, a d e, bde, ede, and
abcdcy which have the odd numbers i, 3, and 5 for their

exponents; and eight other quantities, namely, ae, be, c

de, and ahee, abde, aede, bede, which have the even,

numbers 2 and 4 for their exponents. And the fame thing

muft happen in the fixth line of quantities beginning with

the letter /, and in every following line, becaufe every new
line is formed by fetting down the new letter firft by itfelf,

and then combining it with the firft letter a, and afterwards

with all the quantities contained in the fecond, third, and
other following lines that proceed the new line. Novv the

combination of the new letter with each of the quantities in

the fecond, third, and other following lines, will turn all the

quantities that have odd numbers for their exponents into

quantities that have even numbers for their exponents, and
all the quantities that have even" numbers for their exponents

into quantities that have odd numbers for their exponents.

And therefore, as the number of quantities with odd num-
bers for their exponents in each of the faid fecond, third,

and other following lines, was equal to the number of quan-
tities with even numbers for their exponents, it follows that

of the new quantities in the new line arifing from the com-
bination of the new letter with all the quantities contained in

the fecond, third, and other following lines, there will be as

many that have odd numbers for their exponents as there

will be that have even numbers for their exponents. And,
if we add to thefe quantities the new letter itfelf, which is to

be placed in the beginning of the new line, and of which
the exponent is i, and the combination of the new letter

with the firft letter a, of which combination the exponent is

the even number 2, whereby we Ihall obtain all the quanti-

ties fet down in the new line, it is evident that the addition

of thefe two quantities (of which the firft has the odd num-
ber I, and the fecond has the even number 2, for its ex-

ponent) will not alter the equality of the numbers of com-
K binations.
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binations, or quantities, of each kind, but that the number
of quantities in the new line that have odd numbers for

their exponents will flill be equal to the number of quan-

tities in the fame line that have even numbers for their ex-

ponents.

36. Coroll. 3. If therefore we add all the quantities

contained in all the lines except the firO: line (which con-

tains only the fingle quantity a) together, it is evident that

the number of quantities in fuch fum that will have odd
numbers for their exponents will be equal to the number of

quantities that will have even numbers for their exponents.

37. Coroll. 4. And, if we add together all the quanti-

ties contained in all the lines, including the firfl line, which

contains the fingle quantity a (the exponent of which is the

odd number i), the number of quantities in fuch fum that

will have odd numbers for their exponents will exceed by
an unit the number of quantities that will have even num-
bers for their exponents.

38. CoROLL. 5. And, if to all the quantities contained

in all the lines together we add, as another combination, the

cafe denoted by a cypher o, or the cafe of the omilTion of
all the letters, which we have above in art. 34, called the

combination by nones, or the nullion, and conhder o, or the

exponent of this combination as an even number, the num-
ber of quantities in the faid furn that will have odd num-
bers for their exponents will be exadly equal to the number
of quantities that will have even numbers for their expo-

nents.

30. Coroll. 6. It has been fhewn in Coroll, i, that the

number of all the quantities in all the n lines taken together,

and the cafe of the nullion is equal toT|”. It follows there-

fore from Coroll. 5, that the number of quantities in this

fum that will have odd numbers for their exponents will be
"2!”

equal to half ofTl”, or to —, or
t— 1

3 and the number of

quantities



from Jaynes Bernoulli's Treatife De Arte Conjedlandi. 6'?

quantities in the fame fiim that will have even numbers for

their exponents, including the nullion, will likewife be.

a]’*
'

; and confequently the number of quantities in the

faid fum that will have even numbers for their exponents,

without including the nullion, will be ^— i. The fame
thing will be demonftrated in another manner here below in

the 6th Corollary of Chapter 4.

CHAPTER III.

Of the numbers of combhiations that may be made of a given

number of things in parcels conftjling of two things
^

or of three

things, or offour things, or of any other particular number of
things, each ; and of the numbers known by the nayne of the

figurate numbers, and their properties, with which the invef-

tigation of the Jaid combinations is connedied.

40. I^ROM an attentive confideration of the five lines, or

JP rows, of quantities in art. 28, of the foregoing

chapter, beginning with the letters a, b, c, d, and e, ani
which exhibit all the different combinations that can be

formed out of thofe five letters, it will be evident, that the

bintons, or couplets, or parcels conlifting of two letters, in

every new line of quantities, are formed by combining the

lingle letter which is placed in the beginning of fuch new
line, with each of the fingle letters contained in all the fore-

going lines of quantities ; and that the ternioyts or triplets, or

parcels confifting of three letters, in fuch new line, are

formed by combining the fingle letter which is placed in

the beginning of fuch new line, with each of the binions 01

couplets, contained in all the foregoing lines j and the qua-

Urynons, or quadruplets, or parcels con filling of four letters,

K a in
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in fiich new line, are formed by combining the fingle let-

ter which is placed in the beginning of fuch new line, with

each of the ternions, or tri-plets, contained in all the forego-

ing lines; and, in like manner, in all higher combinations

than quaternions, the combina' ions denoted by anv exponent

m in fuch new line, are formed by combining tlie faid fmgle

letter which is placed in the beginning of fucli new line,

with all the combinations denoted by the next lower expo-

nent

—

I contained in all the foregoing lines. It f)llows

therefore that the number of hinions, or couplets, of letters in

every new line will be equal to the number of all the lingle

letters in all the foregoing lines taken together ; and that the

number of ternions, or triplets, of letters in fuch new line,

will be equal to the number of all the binions, or couplets,

of letters in all the foregoing lines taken together; and the

number of quaternions, or quadruplets, of letters in fuch

new line, will be equal to the number of all the ternions,

or triplets, of letters in all the foregoing lines taken togCr

ther; and in like manner, that the number of combinations

of any higher order than quaternions, denoted by the expo-

nent m, in fuch new line, will be equal to the number of

combinations of the next lower order, which is denoted by
the exponent m — i, in all the foregoing lines taken to-

gether. From thefe obfervations we may derive the follow-

mg conclufions

:

41. Firji Conclufion. As there is only one fingle letter in

each of the faid lines, or rows, of quantities, to wit, the

letter in the beginning of the line, the fingle letters in all

the lines fucceffively will exb.ibit a fet of units, to wit,

I, I, I, T, I, I, I, I, which are the figurate numbers
of the firft order,

42. Second Conclufion. As there is no binion, or couplet,

of letters in the firft line (which contains only the letter a'),

and there is only one binion in the fecond line, to wit, a b ;

and two binions in the third line, to wit, ac, be; and
three binions in the fourth line, to wit, ad, b d, cd; and,

in general, as the number of binions in every new line is

§ equal
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equal 10 the number of the fingle letters in all the preceed-

ing lines taken together ; it follows that the numbers of bi-

nions, or couplets, of letters in the firft, fecond, third, and

fourth, and other following lines, will be o, 1, i + i, i +
i + i, i+i + i + i, i + i+ i + i + i, &c, or o, I,

3» 4> 5j or the feries of numbers i, 2, 3, 4, 5, &c,

in their natural order, with a cypher, o, prefixed to them.

Thefe numbers form an arithmetical progreffion, in which

the common -difference of the terms is i ; and they are of-

ten called the natural numbers, or a feries of lateral num-
bers, or the figurate numbers of the fecond order.

43. Third Conclufion. As there are no ternions, or triplets,

of letters in the two firft lines; and there is one ternion, or

triplet, to wit, a b c, in the third line ; and 1+2, or 3 ter-

nions, to wit, ab d, a c d, and bed, in the fourth line ; and

i+2-f3, or 6 ternions, to wit, a be, ace, bee, ade, bde,

ede, in the fifth line; and, in general, there are as many
ternions in every new line as there are binions in all the

foregoing lines together j it follows that the numbers of ter-

nioiis, or triplets, of letters in the firft, fecond, third,

fourth, fifth, and other following lines, of rows, of quan-

tities, will be o, o, I, 3, 6, 10, 15, 21, 28, &c, which
are formed by the continual addition of the numbers of the

binions contained in the faid lines, or of the terms of the

feries o, 1,2, 3, 4, 5, 6, 7, &c, with a new cypher, o, pre-

fixed to them.

Thefe numbers o, o, i, 3., 6, 10, 15, 21, 28, &c, are

often called the trigonal, or triangular, numbers, or the figu-

rate numbers of the third order.

44. Fourth Conclufion, As there are no quaternions, or

quadruplets, in the three firft lines ; and there is one quater-

nion, or quadruplet, to wit, abed, in the fourth line; and
or 4, quaternions, to wit, abce, abde, aede, and

hede, in the fifth line; and as, in general, there are as

many quaternions in every new line as there are ternions in

all the foregoing lines together ; it follows that the number
pf cjqaternions^ or quadruplets, of letters in the firft, fecond,

third.
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third, fourth, fifth, and other following lines, or rows, of

quantities, will be o, o, o, i, 4, 10, 20, 35, 56, 84, &c,

refpeftivelyj which numbers are formed by the continual

addition of the ternions, or triplets, contained in the faid

lines, or of the terms of the laft proceeding feries 0,0, i,

3, 6, 10, 15, 21, 28, &c, with a new cypher, o, prefixed

to them.

Thefe numbers o, o, o, i, 4, 10, 20, 35, 56, 84, &c,
are often called the -pyramidal numbers, or the figurate num-*
bers of the fourth order.

45. Fifth Conclufion. In like manner the numbers of the

quinions, or quintuplets, of letters contained in the feveral

fuccefllve lines, or rows, of quantities beginning with the

letters a, b, c, d, e, &c, will be o, o, o, o, i, 5, 15, 35^

70, 126, 210, &c, refpedlively ; which are formed by the

continual addition of the quaternions, or quadruplets, con-

tained in the faid lines, or of the terms of the laft proceeding

feries Oj 0,0, i, 4, 10, 20, 35, 56, 84, &c, with anew
cypher, o, prefixed to them.

Thefe numbers o, o, o, o, i, 5, 15, 35, 70, 126, 210,

&c, are often called the trianguto-pyramidal, or trigono-pyrd-

midal, numbers, or the figurate numbers of the fifth order.

And they are alfo fometimes called the triangulo-triangular,

or trigono-trigcnal, numbers,

46. Sixth Conclufion. And, in like manner, the numbers
of the fenions, or fextuplets, of letters contained in the faid

feveral fucceflive lines, or rows, of quantities beginning with

the letters a, b, c, d, e,f, h, &c, will be o, o, o, 0,0, i,

6, 21, 56, 126, 252, 462, &c, refpeftively ; which are

formed by the continual addition of the quinions, or quin-

tuplets, contained in the faid lines, or of the terms of the laft

proceeding feries o, o, 0,0, 1,5, 1 5, 35, 70, 126, 210, &c,
with a new cypher, o, prefixed to them.

Thefe numbers o, o, o, o, o, i, 6, 21, 56, 126, 252,

462, &c, are often called the pyramido-pyramidal numbers,
and fometimes the triangulo-pyramidal, or trigono-pyramidal,

numbers, or the figurate numbers of the fixth order.

‘ 47. And
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47. And in the fame manner the numbers of theJeptma-

ries, or feptuplets^ and oEionartes^ or o5luflets, and other

higher combinations of the letters by c, dy e, f, gy hy

contained in the faid feveral fucceffive lines, or rows, of

quantities beginning with the faid letters refpedively, will

form the feventh and eighth and other following higher or-

ders of the figurate numbers refpcdtively.

48. And thus we have unexpeftedly been led by the con-

fideration of the nature of combinations to the contempla-

tion of the figurate numbers, or of the numbers that are

formed from a feries of equal numbers, or units, to wit,

1, I, I, 1, I, I, I, I, ij I, &c, by the continual addition

of all the terms, and by the like addition of all the terms of

every following feries fo obtained.' For thefe are the num-
bers to which arithmeticians have given the name of the

figurate numbers.

49. In order to reprefent the feveral orders, or feriefes,

of thefe figurate numbers in one view, and thereby to ren-

der what I have further to obferve concerning them more
eafy to be apprehended, I have fubjoined the following

table of them, containing the firft twelve terms of the firlt

twelve orders, or feriefes, of the faid numbers ; which the

reader, if he choofes it, may eafily continue to a greater ex-

tent, both downwards, or towards the bottom of the page,

and fideways towards the right hand. In this table the In-

dian, or Arabian, figures i,' 2, 3, 4, 5, 6, 7, 8, 9, 10, ii,

12 (that are placed on the left fide of the table in a dire<5Hon
parallel to the fide of the page, and feparated from the table

by a double black line) exprefs the places, or numbers, of

the feveral horizontal rows of numbers to which they are ad-

jacent refpedlively, and alfo the numbers of letters, or things

that arc to be combined together. And the capital Roman
figures I, II, III, IV, V, VI, VII, VIII, IX, X, XI, and
XH, (that are placed diredtly over the table, parallel to

the top of the page) exprefs the places, or numbers, of the

feveral vertical columns, and are likewife the exponents of

the combinations of the letters a, by c, dy e, /, gy hy &c,
which
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which are reprefented by the faid vertical columns refpec-

tively. And the faid vertical columns tliemfelves are the fe-

veral orders, or feriefes, of figurate numbers, or of the feve-

ral combinations of the firft, feconcl, third, and other fol-

lowing orders, as far as the twelfth order, of which the Ro-
man numerals I, II, III, IV, V, VI, VII, VlII, IX, X, XI,

and XII, at the top of the table, are the exponents, with

the proper number of cyphers, o, prefixed to them. Thus,

the firft vertical column on the left-hand fide of the table,

under the Roman numeral I, is a feries of units, to wit,

I, I, I, I, I, I, I, I, I, I, I, I, or the firft order of figurate

numbers, which Dr. Wallis calls Monadicks^ and reprefents

the numbers of the letters a, b, c, d, e, /, g, i, k, /, and
in, that occur fingly, or without being joined with any

other letter, in the feveral lines, or rows, of quantities that

are fet down in chap. 2, art. 28, and which are fuppofed

to be continued to the twelfth line ; and the fecond vertical

column on the left-hand fide of the table, under the Ro-
man numeral II, is the feries o, 1,2, 3, 4, 5, 6, 7, 8, 9, 10,

II, or the fecond order of figurate numbers called the na-

tural, or lateral, numbers w'ith a cypher, o, prefixed to

them, and reprefents the numbers of binions, or couplets, of

the letters a, b, c, d, e, f, g, h, i, k, I, and m, or combi-

nations of them by two in a parcel, that occur in the laid

twelve fuccefiive lines, or rows, of quantities; and the third

vertical column, under the Roman numeral III, is the feries

o, o, I, 3, 6, 10, 15, 21, 28, 36, 45, 55, or the third order

of figurate numbers, called the trigonal, or triangular, num-
bers, with two cyphers prefixed to them, and reprefents the

numbers of ternions, or triplets, of the letters a, b, c, d, e,

f> h, i, k, I, and m, or combinations of them by three in

a parcel, that occur in the faid twelve fuccefiive lines : and
the fourth vertical column, under the Roman numeral IV,

is the feries o, o, o, i, 4, 10, 20, 35, 56, 84, 120, 165, or

the fourth order of figurate numbers (called the pyramidal

numbers) with three cyphers prefixed to them, and repre-

* See Dr. John Wallis’s Difeourfe of Comhindtions, Alterations, and Ali-

quot Farts, bound up with his Algebra, page 109,
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Tents the numbers of quaternions, or quadruplets, of the let-

ters c, e, f h, k, I, and or combinations of

them by four in a parcel, that occur in the faid twelve fuc-

celTive lines : and the fifth vertical column, under the Ro-
man numeral V, is the feries o, o, o, o, i. 5, 15, 35, 70,

126, 252, 462, ar the fifth order of figurate numbers'

(called the iriangula-fyramidal^ or trigono-pyramidal
,

numbers')

with four cyphers prehxed to them, and reprefents the num-
bers of quintuplets, or quinions, of the letters h, c, d, <?,

/, g^ b, /, /, and m, or combinations of them by five in

a parcel, that occur in the faid twelve fucceflive lines ; and
the fixth vertical column, under the Roman numeral VI, is

the feries o, o, o, o, o, i, 6, 21, 36, 126, 252, 462, or

the fixth order of figurate numbers (called the pyramido-

pyramidal numbers) with five cyphers prefixed to them, and
reprefents the numbers of fextuplets, or fenions, of the let-

ters a^ b, c, d, e, f g, h, z, /f, /, and w, or combinations

of them by fix in a parcel, that occur in the faid twelve

fucceffive lines And, in like manner, the fix following

vertical columns, under the Roman numerals Vll, VIII, IX,
X, XI, and XII, contain the fevemh, eighth, ninth, tenth,

eleventh, and twelfth orders of figurate numbers, with fix,

feven, eight, nine, ten, and eleven, cyphers prefixed to

them refpedtively, and reprefent the numbers of feptuplets.

* Dr. John Wallis, in his Difeourfe of Combinations, Alternations, and
Aliquot Parts, bound up with his Alpfebra, page 109, and Mr. Nicholas
Mercator, in his Logarithmotechnia, publifhed in the firft volume of this col-

lodion of trads, called Scriptores Logarithmici, page 178, call the 5th order
of figurate numbers, to wit, o, 0,0, o, 1, 5, 15, 35, 70, 126, 210, 330,
&c, the triangiilo-triangular, or trigono-trigonal, numbers, and the 6th order
of figurate numbers, to wit, 0,0, o, o, o, i, 6, 21, 36, 126, 252, 462, &c,
the triangulo-pyramidal, or trigono-pyramidal, numbers, inllead of calling the
iormtr the triangvlo-pyramidal, ox trigono-pyramidal, numbers, and the latf'er

the pyramido pyramidal numbers, as our author calls them. So that there
appears to be a variation amongft different writers on this fubjed with refped
to the names to be given to the figurate numbers of the cth and 6th, and
other higher orders. And therefore, to avoid ambiguity, it feems to be
mod convenient to denote the figurate numbers of the 5th and 6th, and all

higher, orders, only by the numbers or exponents, of their orders, calling

them the figurate numbers of the fifth, and the 6th, and the 71 h, and the
Sth, and other following higher orders.

IV ci(fi;uplet 3#
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ofluplets, noncnplets, dcciiplers, undecuplets, and duode-

cuplets, or of feptenions, o6fonions, novenions, denions,

undenions, and duodenions, of the letters by c, dy e^ /,

gy hy /, ky ly aod Wy refpedlvcly, or combinations of them

by feven in a parcel, and by eight in a parcel, and by nine

in a parcel, and by ten in a parcel, and by eleven in a par-

cel, and by twelve in a parcel, that occur in the faid twelve

luccefllve lines.

A "Table of the firft twelve orders
y
orferiefes, offigurate numbers

y

or of all the different combinalions that may be made of twelve

different letters a, b, c, d, e, f, g, h, i, k, 1, and m, by

taking them, firft, finglyy and then combining them with each

ether in farcels confifting of two letters, of three letters, offour
letters, of five letters, offix letters, offeven letters, of eight

letters, of nine letters, of ten letters, of eleven letters, and of

twelve letters.

The Roman numerals at the top of the table are the exponents of
the combinations of the letters a, b, c, d, e, f, g, h, i, k, 1, m,
exhibited by thefeveral vertical columns in it.

lett. nutn II
I. II. I III. 1 IV.

1
V. VI.

1
VII. I viri.

I
IX. 1 X. I

XT. I XII.]

a. I-
1

I o
1

o
1 °l 0

1
0 1 0 1 0

1 0 1 0 1 0 1
0

h . 2 . Ih I
1

o
1

o| 0
1

0 I 0 1 0
1 0 1 0 1 0 1 0

c * 3 - II 1 2
1

I
f °l 0

I
0

1
0 1 0

I 0

1

0 1 0 1 0

T. 4 - II

I

>>

1 3 1
I

!
0

1 0
1

0 1 0 1 0

1

0 1 0 1
0

5 - II

I

4 1

6
1 4 l

I
1 0

1
0 1 0 1 0

1

0 1 0 i
0

6. 1' I
1
lO

1

JO
1 5 1

I
1 0 1

0
1 0

1

0 1 0 1 0

7 -
11

' 6
1
15

1
20

1
15

1
6

1 '
1

0
1

0

1

0 1 0 1 0

b . 8 . II
I 7 1

21
1 35 1 35 1

21
1 7 1

I
1

o| 0 1 0 1 0

i. 9- II

I

8
1
28

1
56 1

70
1

56
1

28
1

8
1

I
1

0
1

0 1 0

T lO. II
I 9 1

36
1

«4 1
126

1
126

1 84 1 36
1 9 1

I

!

0
1

0

II. 11

1

lO
1 4S I

'20
1
210

1 252
1
210

1
120

I 45 1
10

i '
1

0

m. 12. 11

'

1

1

1 ss 1
'65 1 330

1
462

1
462

1 330
1 '65

1 55 1
I

The
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The firft vertical column on the left hand contains the

letters that are to be combined together.

The fecond column exprdfes the numbers of letters that

are to be combined together.

50. The properties of the numbers exhibited in the fore-

going table are truly curious and furprifing. For it not

only contains in it (as we have feen in the foregoing pages)

the clue to the myfterious dodrine of combinations, but it

is alfo the ground, or foundarioft, of moft of the important

and abftrule difcoveries that have been made in the other

branches of the mathematicks, as is well known to thofci

perfons who are Ikilled in the higher parts of geometry. We
lhall here give a flight fketch, and but a flight one, of fome
of the faid properties, without a formal demonftration of any
of them except the twelfth and laft, which is that which is

moft immediately connedted with the fubjedt of combinar
tions which we are here inquiring into ; the other eleven

properties being either eafy confequences of the faid 12th

property, or being fufficiently evident from the manner in

•which the foregoing table was conftrudVed, or the feveral or-

ders of figurate numbers were generated from each other.O O

Some uoonJerful properties of the foregoing table cf combinations,-

51. The firft property. The fecond of the vertical co-

lumns of numbers in the faid table, or that which is placed

under the exponent II, begins with one cypher; the third

column begins with two cyphers ; the fourth column with

diree cyphers ; and, in general, every column with as many
cyphers, wanting one, as there are units in the exponent of

the combinations reprefented by it, Co that, if the exponent

L ^ of
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,of the column is c, the number^of cyphers in the beginning

,of the column will be c— i.

This property is too evident to need, or, perhaps, to ad-'

niic of, any proof.

52. The fecond property. The firft fignificant terms of

the feveral vertical columns, taken in their order in a flant-

ing line downwa'^ds from the top of the table on the left

hand to the botton/ of it on the right hand, are the fame

with tp.e fignificant terms of the firft vertical column ; and

the fecond fignificant terms of the feveral vertical columns,

taken in the fame manner, are the fime with the fignificant

terms of the fecond vertical column ; and the third fignificant

terms of the feveral vertical columns, taken in the lame

manner, are the fiime with the fignificant terms of the third

vertical column ; and, in like manner, the fourth, filth,

fixth, and other following, fignificant terms of the feveral

vertical columns are the fame with the fignificant terms of

the fourth, fifth, fixth, and other following, vertical columns,

refpecbvely : lo that the firft of thofe oblique lines of terms

conftitutes a feries of units, or i, i, i, i, i, 1, i, i, 1, 1, i,

I, pr the fiuft order of figurate numbers; and the fecond of

th )fe oblique lines of terms conftitutes a feries of the natural,

or lateral, numbers, or 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, or

the fecond order of figurate numbers; and the third of thofe

oblique lines of terms conftitutes a feries of the trigonal or

triangular numbers, to wit, i, 3, 6, 10, 15, 21, 28, 36, 45,
or the third order of figurate numbers ; and, in like

manner, the fourth, fifth, fixth, and other following oblique

lines of terms, conftitute the fourth, fifth, fixth, and other

following orders of figurate numbers refpectively.

53. The third property. The fecond term in every ver-

tical column, beginning from i, is the fame number as the

exponent of the combinations exhibited by the faid column,

pr as the nuinber denoted by a Roman numeral at the top

of fhe column, which denotes its place or order in the table,

d hus, the fecond term of the fourth vertical column i, 4,

JO, 20, 35, 36, 84, 120, 165, reckoning from i, is 4;
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and the fecond term of the fifth vertical cokimn is 5, and
the fecond term of the fixth vertical column is 6 ; and the

fame thing may be obferved in all the following columns.

This property is too evident to need a proof.

C4. The fourth property. Every term in the foregoing

table is equal to the fum of all the terms that ftand above it

in the next preceeding vertical column. Thus, for example,

56 (which is the fixth fignificant term in the fourth vertical

column) is equal to the fum of i, 3, 6, 10, 15, and 21,

which are the firfl; fix fignificant terms of the next preceed-

ing, or third, vertical column, and which all ftand above

the faid term 56, or above the term 28 in the third vertical

column, which ftands even with the faid term 56 in the

fourth column.

This property is manifeft from art. 40, 41, 42, &c. —
— 4^*

155. The fifth property. Every term in the table, after the

firft term 1 in each horizontal row of terms, is equal to the

fum of the two terms that ftand immediately above it in

the fame vertical column and in the next preceeding vertical

column. Thus, for example, 56 (which is the 9th term in

the fourth vertical column, including the cyphers, or the

fixth term exclufive of the cyphers) is equal to the funi of

35, which is the term next above 56 in the fame vertical

column, and 21, which is the term next above 56 in the

next preceeding or third vertical column. And, from the

manner in which the table is formed, the fame thing is

dent of every other term in the table.

56. The fixth property. The terms of every tranfverfe,

or horizontal, column increafe gradually from i to a certain

magnitude, and then decreafe again by the fame degrees to

1, fo as to make the terms that are equidiftant from the

beginning and the end of the column be equal to each other.

Thus, for example, the terms of the yth tranfverfe, or ho-
rizontal columnare i, 6, 15, 20, 15, 6, i, in which the

firft and the laft term arc, both of them, i, the fecond

' term
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term and the laft term but one, are, both of them, 6, the

third term and the laft term but two are, both of them,

1 5, and the middle term is 20, which is greater than any ot

the others. And the fame thing may be obferved in all the

other tranfverfe or horizontal columns.

57. This property may be fliewn to be general or to ex-

tend to all the tranfverfe, or horizontal columns, how nu-

merous foever, to which we may fuppofe the table to be

continued, as well as to the twelve columns fet down in the

foregoing table, by proving that, if it is true in any one

horizontal column, (as we have feen that it is in all the ho-

rizontal columns let down in the foregoing table), it will

alfo be true in the next following horizontal column. Now
this may be proved in the rnanner following.

It appears from the fifth property already mentioned,, that

the fccond and other following terms of every new iranf-

verfe, or horizontal, column are equal to the fnms of the

two terms that (land imnaediately above them in the fame

vertical column, and in the next preceeding vertical column,

rerpebtively, or to the fuccelTive fums of the terms of the

next preceeding horizontal column, taken two by two.

Thus, for cxamtrle, the fecond, third, and other following

terms of the 8th horizontal column are 7, 21, 35, 35, 21,

7, and I ; of which 7 is — 1 -f 6, or the fum of the firft;

^id fecond term of the next preceeding, or 7th horizontal

column 1,6, 15, 20, 13, 6, i ; and 21 is “ 6 -f- 1 5, or

the fum of the lecond and third terms of the faid feventh

liorizontal column; and 35 is — 13 -p 20, or the fum of

the third and fourth terms of the faid feventh horizontal

column; and the lecond 33 is = 20+ 15, or the fum of

the fourth and fitih terms of the laid feventh horizontal co-

lumn ; and the fecond 21 is ~ 15 -f- 6, or the fum of the

lilth and lixth terms of the faid feventh horizontal column ;

and the fecond 7 is = 6 -p i, or the fum of the fixth and
leventh terms of the fiiid leventh horizontal column ; and
tlie fecond i is zr i + o, or the fum of the feventh and
eighth terms of the laid 7th horizontal column. So that

the terms of the faid 8th horizontal column^ i, 7, 21, 33,
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35, 21, 7, I, may be derived from tht'^crms of the next

preceeding, or 7th, horizlonral column, i, 6, 15, ic, 1 q,

6, I, by fetdng down the latter terms rwice following in

two parallel horizontal rows, with the terms in the lower

row advanced one ftep to the right hand beyond thofe in the

upper row, fo that the firft term of the lecond row lliall be

immediately under the fecond term of the firlt row, an i the

fecond term of the lecond row under' the third term of tlie

Itrll row, and the third term of the fecond row under the

fourth term of the firft row, and every following term of the

fecond row under the next higher term of the tirft row, and

then adding the correfpondent terms, or the terms which

ftand in the fame vertical lines, together, in the manner
following.

h, 20, 6, I

I, 6, 15, 20, 15, 6, I

I» V 35^ 35» 21, 7, I

Now from this manner of deriving the terms of the 8th ho-

rizontal row of numbers from the yih horizontal row of

numbers, it is manifeft that, fince the terms of the feventh

row that are equidiftant from the two extreme terms i and i,

are equal to each other, the terms of the 8ih row which are

equidiftant from the two extreme terms i and i, muft like-

wtfe be equal to each other, being the fums of equal num-
bers that are added together in an oppofite order, to wit,

6 + I and 1+6, 15 + 6 and 6 4- 15, and 20 4- 1 5 and

15 + 10. And this method of reafoning will prove in like

manner that, fince the terms of tte 8th horizontal row of

numbers that are equidiftant from the two extreme terms i

and I are equal to each other, the terms of the 9th hori-

zontal row of numbers that are equidiftant from the two ex-

treme terms i and i will alfo be equal to each other; and
confequcntly that, to whatever extent the table be fuppofed

to be coiltinued, the terms of every following horizontal

row of numbers that are equidiftant from the two extreme
terms I and i will be equal to eaph other.r

q. E. i>.

58. The
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58. The feventh property. If we take a certain number

of vertical columns of numbers *in the foregoing table, and

continue the terms in each column till they are as many as

there are columns, and then add up the fevcral numbers in

each column, and place the fums thereby obtained in a new

horizontal line, or row, at the bottom of the faid columns,

the fird; of thefe fums will be equal to the laft but one, the

fecond of them to the laft but two, the third of them to the

laft but three, and in general, the mt\\ term to the laft but

m. Thus, for example, if we take the firft eight vertical

columns, and continue them to eight terms each (including

the cyphers in the beginning of all but the firft column),

and then add the numbers in each feparate column into one

fum, the fums thereby obtained will be 8, 28, 56, 70, 56,

28, 8, and 1 ; of which the firft fum 8 is equal to the laft

but one, the fecond fum 28 is equal to the laft but two, and

the third fum 56 is equal to the laft but three, and the fourth

term 70 is itfelf the laft term but four.

I 0 0 0 0 0 0 0

I I 0 0 0 0 0 0

I 2 I 0 0 0 0 0

I 3 I 0 0 0 0

I 4 6 4 I 0 0 0

I 5 10 10 5 I 0 0

1 6 15 20 15 6 I 0

I 7 2 1 35 35 21 7
I

28 5 ^ 70 5 ^> 28 8 1

59. This property follows from the fourth property, which

is mentioned above in arrl 54. For, by that property, each

of the faid fums is equal to the next following term of the

next horizontal row of numbers, that is, in the example
here given, of the ninth horizontal row of numbers in the

foregoing table, which is i, 8, 28, 56, 70, 56, 28, 8, and
I j to wit, the fum of the units in the firft vertical column
is equal to the fecond term 8 of the faid ninth horizontal

row of numbers, and the fum of the numbers i, 2, 3, 4,

5, 6, 7, in the fecond vertical column is equal to the third

S teri»
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term 28 of the faid ninth horizontal row of numbers
; and the

fum of the numbers i, 3, 6, 10, 15, 21, in the third vertical

column is equal to the fourth term 56 of the faid ninth hori-

zontal row of numbers ; and in like manner^ the fums of the
numbers i, 4, 10, 20, 35, in the fourth vertical column, and
of the numbers i, 5, 15, 35, in the fifth vertical column,
and of the numbers in the fixth, feventh, and eighth verti-

cal columns, are refpedlively equal to the numbers 70, 56,
28, 8, and i, or the fifth, fixth, feventh, eighth, and ninth,

terms of the faid ninth horizontal row of numbers. But, by
the fixth property (which has been mentioned above in art.

56, and demonftrated in art. 57) the terms of the faid ninth

horizontal row of numbers, i, 8, 28, 56, 70, 56, 28, 8,

and I, that are equidiftant from the two extreme terms i and
I, are equal to each other, and muft be fo from the man-
ner in which they are generated. Therefore the faid fums
of the numbers contained in the faid eight vertical columns,
being equal to the fecond, third, fourth, and other follow-

ing terms of the faid ninth horizontal row of numbers, muft
be fuch that, if an unit be prefixed to them (whereby their

number will be increafed to nine terms), the terms that

are equidiftant from the two extreme terms i and i will be
equal to each other. And confequently, if an unit be not
prefixed to them, the firft of thofe fums will be equal to

the laft of them but one, and the fecond of them will be
equal to the laft but two, and the third of them will be
equal to the laft but three, and the mt\\ of them will be
equal to the laft but m. And this, it is evident, will be true,

if inftead of eight vertical columns continued to eight terms

each, we were to take any other number of vertical co-

lumns, how great foever, and continue them till the num-
ber of the terms in each column (including the cyphers) was
equal to the number of the columns. And therefore it is

true univerfally. e. d.

60. The eighth property. The horizontal rows of num-
bers in the foregoing table of combinations, beginning with

the fecond row, exhibit the co-efficients of the feveral fuc-

ceffive powers of a binomial quantity, as « -J- Thus, the

M numbers
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numbers in the fecond horizontal row, to wit, i and i, arc

the co-efficients of the two members a and h of the faid bi-

nomial quantity a b itfelf, or (as it is fometimes called)

of the firft, or fimple, power of the faid binomial quantity.

The numbers in the third horizontal row, to wit, i, 2,

and 1, are the co> efficients of the feveral terms aa, 2ab,

and bbi of the compound quantity aa + lab bb, which is

the fquare, or fecond power, of the faid binomial quantity.

The numbers in the 4th horizontal row, to wit, i, 3, 3,

and I, are the co- efficients of the feveral terms of the com-
pound quantity -+- 3«"^^ + ^ab^ 4- ^ 3

,
which is the cube,

or third power, of the faid binomial quantity. The num-
bers in the 5th horizontal row, to wit, i, 4, 6, 4, and i,

are the co-efficients of the feveral terms of the compound
quantity 4- 6a^b* + /\.ab^ + b*y which is the 4th

power of the faid binomial quantity. And, in like man-
ner, the numbers in the 6th, 7th, 8th, 9th, and every fol-

lowing horizontal row to the «th row [n being any whole

number whatfoever) will be the co-efficients of the terms

of the 5th, 6th, yth, 8th, and every following power of

the faid binomial quantity a -f- b, to the «— i^th power,

rcfpedlively ; and the numbers in the n + flth horizontal

row of terms in the faid table will be the co-efficients of

the terms of the «th power of the faid binomial quantity.

61. This property will appear from the manner in which
the powers of the binomial quantity a + b are generated

from each other by multiplication, which is as follow's

:
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a-\-h

a-\-b

aa+ab
-\-ab -\-bb

aa-^zab +bb — a-^bY
'h a-{- b

a} + zd"b -\-abb

+ a^b -\-zahb

a-\-b

a‘^ + Z^^b + 3
«®^»* -\-ab^

+ a^b 2^ah^ -\-b^

Or, if, for brevity’s fake, we fubftitute i + i inffead of

a -\- by the multiplication will be as follows ;

I + I

I +

1

I +

1

+

1

+i

I

+

2 + I

=

i+ii*
I + I

I+2+I
+I +2+1

1+3+3+I = 1 +
i + i

I+ 3 + 3 +I
+ 1 + 3 + 3 +I

\
_

^ I +4+ 6+4+ I = i + il'J'.

M z Here

I
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Here we fee that every new power of the binomial quan-

tity I -}- I is formed by adding together the terms of the

next preceeding power of it by two at a time, or in fetting

down the terms of the preceeding power twice following in

two parallel horizontal rows, with the terms in the lower

row advanced one fbep to the right hand beyond thofe in

the upper row; which is the manner in which the feveral

horizontal rows of numbers in the foregoing table of combi-

nations are, or may be, derived from each other, as appears

from the 5th and 6th properties above-mentioned in art. 55,

56, and 57. Therefore, fince thefe co-efficients of the terms

of the powers of the binomial quantity i-j-i are generated

from i + i, in the fame manner as the 3d, 4th, 5th, and
other following rows of numbers in the foregoing table of

combinations are generated from the fame numbers i and i

in the fecond horizontal row, it follows that the numbers
contained in the 3d, 4th, 5th, and other fubfequent hori-

zontal rows muft coincide with, or be the fame with, the

co-efficients of the terms of the fquaie, cube, fourth power,

and other following correfpondpnt powers of the faid binor

mial quantity. q^. e. d.

62. The ninth property. The fums of the numbers
contained in the feveral fucceffive horizontal rows in the

foregoing table of combinations increafe continually in the

proportion of i to 2 j or the fum of the numbers in every

new horizontal row is double of the fum of the numbers in

the next preceeding horizontal row. Thefe fums are as

follows

:

In the I ft horizontal row i -f-o-|-o &c are i.

In the 2d horizontal row i -f- 1 -Ho + o &c are = 2.

In the 3d row i -f z -f i -f 0+ 0 &c are “ 4.

In the 4th row 1 +3+3+ ^ +0+ 0 are = 8.

In the 5 th row i-j-4+ 6+4+i+o-t-o&c are rz 16.

In the 6th row i +5 + 10+ 10+ 5+ 1 &c are z: 32.

|n the 7th row i +6+ 1 5 + 20+ 15 + 6+ i are zz 64.

Ip the 8th row i + 7 + 21 + 35

+

35 + 2

1

+ 7 + i are iz 1 28.

.
‘ I^ach
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Each of thefe fums is double of the fum Immediately
prececding it. And the fame thing is true of the fums of
the terms of the four following horizontal rows in the fore-

going table, and of the fums of the terms of all the follow-

ing horizontal rows that would belong to it, if it were con-
tinued to any greater number of vertical columns and hori-

zontal rows whatfoever.

63. This property follows from what has been flievvn

above in art. 57, to wit, that every new horizontal row of

numbers in the faid table may he derived from the next

proceeding horizontal row of numbers by fetting down the

numbers of the faid preceeding row twice following in two
parallel horizontal rows, with the terms in the lower row
advanced one fhep further to the right hand than the terms

in the upper row, and then adding the terms of the two rows

that ftand in the fame vertical lines together. For the fum
of the numbers contained in the new horizontal line arif-

ing from the addition of the faid two lines together, mull
evidently be double of the fum of the numbers in only one
of the lines fo added. Thus, if we fet down the numbers
of the 7th horizontal row of numbers, to wit, i, 6, 15, 20,

15, 6, I, twice following in tvvo parallel rows one under
the other, as follows,

I, 6, 15, 20, 15, 6, I

I, 6, 15, 20, 15, 6, I,

and then add the two rows together, fo as to make a new
line of numbers, to wit,

ij 7> 21, 35, 35, 21, 7, I,

it is evident that the fum of the numbers contained in this

new line muft be double of the fum of the numbers con-

tained in either of the two former lines. e. d,

64. This property may alfo be derived from the laft or

8th property, fet forth ajid proved in art. 60 and 61. For,

fince every new power of the binomial quantity i + i muft
be greater than the next preceeding power of it in the pro-

portion of I d- I, or 2, to I ; and it has been fhewn in art.

61, that the feveral horizontal rows of numbers in the fore-

5
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going table exhibit the members of the feveral fucceffivc

powers of the binomial quantity i + i ; it follows that the

faid horizontal rows of numbers mull be greater, one than

the other, in the fame proportion of i + 1, or 2, to i.

0^ E. D.

65. The tenth property. If the fiims of the numbers

contained in the feveral horizontal rows of the foregoing

table of combinations be continually added to each other,

the new fums thence arifing, or the fums of the former fums,

will form a feries of numbers, which will be equal to the

feveral powers of 2, with an unit fubtradled from them, or to

2,— I, — I, — t’

&c, or to 2 — I, 4

—

I, 8 — I, 16

—

I, 32— I, 64 — 1»

128— 1, &c, or I, 3, 7, 15, 31, 63, 127, &c.

Thus, for example, the Turns of the eight firft horizontal

rows of numbers are i, 2, 4, 8, 16, 32, 64, and 128, re-

fpedlively, as we have feen in art. 62. Now, if thefe fums
are added together, we Qiall have

i~ I— 2—

I

I + 2= 3 =4— I — I,

i + 2 + 4 = 7 =z 8— 1 = 2!^— I,

1 + 2+ 4 + 8=15— 16— I—

T

1
+— I,

1 + 2 + 4+ 8 + 16=31=32— 1="^*— I,

1 + 2 + 4+ 8 + 16 + 32 = 63= 64— 1= 2^^— I,

1+2+4 + 8 + 16 + 32 + 64= 127= 128— I =T)^— I, and

1 + 2 +4+8 + 16 + 32 + 64+128= 235= 256— I ="2]®— I,

And univerfally, if the number of the horizontal rows be n»

the fum of the fums of all the numbers contained in them

will be — I

.

66. This is evident from art. 33. For the fum of all thefe

fums is the number of all the poffible combinations of n

letters j which is fhewn in art. 33 to be = "2)”— i. There-

fore the fuccelTive fums of the fums of ail the numbers con-

tained
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tained in the faid horizontal rows will form the feries i

2— 1, 2]*— I, 2]' — I,

I, &C . . .

.'
2l”*”^ Qi E. D.

67. The eleventh property. If we divide the terms of
the lecond, or any other of the vertical columns of the fore-

going table of combinations by the correfponding terms (or

terms fituated in the fame horizontal line) of the next pre-

ceeding vertical column, the feveral quotients thence arifing

will be equal to the terms of an arithmetical progreffion con-

fifting of fradlions, of which the common difference is a frac-

tion of which an unit is the numerator, and the number
which is the exponent of the firfl: of the faid vertical columns

(by the terms of which the terms of the other vertical column
are divided) is the denominator.

Thus, for example, if we divide each of the terms of the

fecond vertical column 0,1, 2, 3, 4, 5, 6, 7, 8, c, 10, ii

(omitting the firft term, which is a cypher, or o), by the

correfponding term of the firft vertical column i, i, i, i,

I, I, I, I, I, I, I, I, the quotients will be
Y? q-j

,
which differ from each other byIII'

the common difference —

.

And, if we divide each of the terms of the third vertical

column**s, o, i, 3, 6, 10, 15, 21, 28, 36, 45, 55 (omit-

ting the two cyphers) by the correfponding term of the fe-

the quotients will be y, ^3
10 15

6, 7 » ^3 9 y 10, II,

21

T
28 36 —

,
and

10

2 ± i:
7 ’

2 ’ 2
’

2 ’ 2
’

—, — , — , and — ,
which differ from each by the fradlion

of which I is the numerator, and 2, or the exponent of

the fecond vertical column o, i, 2, 3, 4, 5, 6, 7, 8, 9,

10,
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lo, II, (by the terms of which the terms of the third verti*

cal column are divided), is the denominator.

If we divide the terms of the fourth vertical column

(omitting the cyphers at the beginning) by the correfpond-

ing terms of the third column, the quotients will be as fol-

lows ; to wit,

I I

T 3

4 _ 2

6 3

22. ~ _3

lO 3

20 4^

T

= i-
3

S6 _ 6

28 3

84 _ 7

3

120 8

45
~

3

and — = which differ from each other
55 3

by the fra<5lion —
,
of which i is the numerator, and 3 , or

the exponent of the third vertical column (by the terms of

which the terms of the fourth vertical column are divided),

is the denominator.

In like manner the quotients that arife by dividing the

terms of the fifth vertical column by the correfponding

terms of the fourth vertical column are the following, to wit,

2. , i.
'15 35 7^5 126 210 330

4.’ 10’ 20 35 5(5

equal to — ,
—

.

126 210 j

,
—

,
and

84 120' 165
, which are refpedtively

^ i- — nnd
T’ A ^ 7“’ A

*

4 4 4 4

, 8
_

4

And the quotients that arife by dividing the terms of the

fixth vertical column by the correfponding terms of the

fifth
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fifth vertical coUimn are — ,
— ,
—

,
—

, ~y and —
S 1 $ 3 S 70 210’ 330’

whicli are refpedively equal to —, — , — , — , ,i j '1
S 5 S 5 S S

and —

.

S

The quotients that arife by dividing the terms of the fe-

venth vertical column by the correfponding terms of the
'

fixth column are 4-» “> which are
6’ 21 56 126 252 462’

refpedtively equal to -i, and

The quotients that arife by dividing the terms of the

eighth vertical column by the correfpondent terms of the fe-

venth column are —
, -4, ,

and -4^, which are re-
7 28 84 210’ . 462'

fpedively equal to —j and

The quotients that arife by dividing the terms of the ninth

vertical column by the correfponding terms of the eighth

column are ^ and which are refpedfively

equal to
-f,

and

The quotients that arife by dividing the terms of the tenth

vertical column by the correfpondent terms of the ninth

column are which are refpeftively equal to-^.

And the quotients that arife by dividing the terms of the

eleventh vertical column by the correfpondent terms of the

tenth column are ^ and — , which are refpedively equal to

-^and-^,
lO 10

68. This property of thefe numbers might, if k were he-

ceflary to the main object of this Treatife, be derived front

N the
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the following, or 12th, property of the fald numbers, which

vve will now proceed to fet forth and to demonllrate.

69. The twelfth property. The fum of all the numbers

contained in any one of the vertical columns of the forego-

ing table of combinations, is to the fum of the like number
of terms that fliould be all equal to the lad term of the

column, in the fame proportion as 1 to the exponent of the

column, or the number which denotes the place of the co-

lumn, and which is marked by a Roman numeral figure at

the top of it.

Thus, in col.imn ifl, which confifls entirely of units, the

fum of all the twelve terms is 12, which is to the fum of

twelve terms all equal to the laft term as 1 to i, or the ex-

po’nent of the firft column. This propofition is felf-evident.

In the 2d column the twelve terms are o, i, 2, 3, 4,

6, 7, 8, 9, 10, and ii ; the fum of which is 66. And
the fum of twelve terms equal to the lad, or greated, term

1 1, is 132. Now 66 is to 132 as I is to 2, or the exponent

of this fecond column.

In the 3d column the twelve terms are o, o, i, 3, 6, 10,

15, 2T, 28, 36, 45, and 55 ; the fum of which is 220. And
the fum of twelve terms equal to the lad, or greated, term

55, is 660. Now 220 is to 660 as i is to 3, or the expo-

nent of the third column.

In the 4th column the twelve terms are o, 0,0, i, 4,

10, 20, 35, 56, 84, 120, and 165 ; the fum of which is 495.
And the fum of twelve terms equal to the lad, or greated,

term 165, is 1980. Now 495 is to 1980 as i is to 4, or the

exponent of the fourth column.

In the 5th column the twelve terms are o, o, 0,0, 1, 5,

15, 35, 70, 126, 210, and 330 j the fum of which is 792.
And the fum of twelve terms equal to the lad, or greated,

term 330, is 3960. Now 792 is to 3960 as i is to 5, or the

exponent of the fifth column.

In the 6th column the twelve terms are o, o, o, 0,0, ij

6, 21, 56, 126, 252, and 462; the fum of which is 924.

And
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And the fum of twelve terms equal to the laO:, or greatefl:,

term 462, is 5544* Now 924 is to 5544 as i is to 6, or the
exponent of the fixth column.

In the 7th column the twelve terms are o, o, o, o, o, o,

I, 7, 28, 84, 2io, and 462 ; the fum of which is 792. And
tlie fum of twelve terms equal to the laR, or greateft, term

462, is 5544. Now 792 is to 5544 as i is to 7, or the expo-

nent of the fevenih column.

In the 8th column the twelve terms are o, o, o, o, o, o,

Oj I, 8, 36, 120, and 330 ; the fum of which is 495. And
the fum of twelve terms equal to the laft, or greateft, term

330, is 3960. Now 493 is to 3960 as 1 is to 8, or the expo-

nent of the eighth column.

In the 9th column the twelve terms are o, o, o, o, o, o,

o, o, I, 9, 45, and 165; the fum of which is 220. And
the fum of twelve terms equal to the laft, or greateft, term

165, is 1980. Now 220 is to 1980 as 1 is to 9, or the expo-

nent of the faid ninth column.

In the loth column the twelve terms are o, o, o, o, o, o,

o, o, o, I, 10, and 55 ; the fum of which is 66. And the

fum of twelve terms all equal to the laft, or greateft, term 55,
is 660. Now 66 is to 660 as i is to 10, or the exponent
of the faid tenth column.

In the I ith column the twelve terms are o, o, o, o, o, o,

o, o, o, o, I, and ii ;
the fum of which is 12. And the

fum of twelve terms all equal to the laft, or greateft, term
I I, is 1 32. Now 12 is to 132 as I is to ii, or the exponent
of the faid eleventh column.

In the 121I1 column the twelve terms are o, o, o, o, o, o,

o, o, o, o, o, and i ; the fum of which is i. And the fum
of twelve terms all equal to the laft, or greateft, term i, is

12. Now I is to 12 as 1 is to the exponent of the faid

twelfth column, that exponent being 12.

And the fame thing will be found to be true, if, inftead

of taking twelve terms in each of the faid vertical columns,

we were to take any lelfer number, as five, or fix, or feven,

terms, or any greater number of terms whatfoever, as fif-

N 2 teen
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teen, or t\vent3r, or a hundred terms, continuing the table

both downwards and fideways for that purpolc, namely, that,

if the exponent of any one.of the vertical columns be called

Cy the ium of all the terms in the faid column, continued

to any number of terms whatlbever, will be to the lum of as

many terms all equal to the la(l, or greateft, term of the

faid column, as 1 is to c

70. This

* The attentive reader may perhaps have obferved, in reading the foregoing

tranflatioti of the twelve furprifing properties of the numbers contamed in the

table of combinations, exhibited in page 74, (which properties are fet forth in

pages 75, 76, 77, 78, 79, 80, 81, 83, 83, 84, 85, 86, 87, 88, 89, 90, and

91) that the 7th property (which is fet forth in art. 58, page 80) is not the

fame with the 7th property in the author’s original, (which is contained in

page 19b but anfwers to the^ 8th property fet foith in the faid original ; and

that there Is no property in the tranflatlon that exadUy anfwers to the faid

7th property in the original. The reafon of this omillion Is, that the

7th property fet forth in the author’s original, feemed to me to be the

fame with the next preceeding, or 6th, property, and therefore to be an un-

neceffary repetition. But, whether It Is fo, or not, mull be referred to the

reader’s judgment. And tliercfore I will here fet down both the 6th and

the 7th property, as they are expreffed In the original.

The fixth property is expreffed in thefc words. Columtia cujufvis tranf^

•verfa termini ab unitate aUquoufque crefeunt, deinJe per eofJem gradus rursum

dccrejcunt. Idem intdUge de jummis columnarum verticalium aquc-altarumy

ceu terminis /equentis alumna tranfverja
y
per quartum proprietatem.

And the feventh property is expreffed In thefe words. Columnarum ver-

ticalium aque-altarum bafes, five termini columna tranjvcrfa cnjujlibet, primus

quidem et ultimus fgnificativus perpetuo interfe aquantur, ut et jecundus et pe-

nultimus, tertius et antepenultimus, atque ita porro, fi columna pluribus termi-

nis fignificativis confiet.

Now this 7th property feems to me to be a mere repetition of tlie foregoing

6th property, and particularly of the firfl fentence of it, to wit, Columna
cujufv.is tranfverfa ter?nini ab unitate aliquoulque crefeunt, deinde per eofdcm

gradus rursum decrefeunt. Thefe words, “ ab unitate crefeunt, deinde per eof-

dem gradus rursiim decrefeund' feem only to be paraplirafed, or more fully

explained, by the w'ords of the 7th property, to wit, primus quidem et ulti-

mus perpetuo inter fc aquantur, ut et jeeundus et penultimus, tertius et ante-

penultimus, atque ita porro. Therefore, as I could find no new meaning to

the word* ot the 7th property, whereby it could be dlftinguiflred from the

6th property, I thought it better to omit it.

Yet we may obferve that there are twelve properties of the figurate numbers,

or numbers contained in the foregoing table of combinations, fet down in

the tranflation as well as in the author’s original. This is owing to my hav-

ing divided the icth property of thefe numbers mentioned in the author’s

01 iginal
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70. This Is the mofl; Important property belonging to the

figurate numbers, and that which will be of moft ufe to us

in treating of the doctrine of chances, or the arc of forming
probable conjectures concerning events that depend on
chance, which is the fubjeCt of this treatife. I fhall there-

fore now endeavour to demonftrate this property of the faid

numbei-s In a fcientific and fluisfaCtory manner, and fo as to

convince my readers that it muft be true in all cafes whatfo-

ever (however great the number of vertical columns, and
that of the terms in each vertical column, may be fuppofed

to be taken) as well as in the fmall number of cafes exhibited

in the foregoing table of combinations. And in order to this

1 Ihall proceed to lay down the four following preliminary

propolitions, or lemmas, as the ground-work ot the follow-,

ino; demonflration.O

Lemma I.

71. The fum of any number of terms whatfoever in the

firll vertical column in the foregoing table of combinations, is

equal to the fum of an equal number of terms that are all

equal to the laft term.

original (which confifts of two branches) into two feparate properties, call-

ing the firfl branch of the faid 16th property In the original (which is ex-

prefled in thefe words, “ Sutnma ferierum tran/verfarum progrediuntur in.

coatinud ratione dupld'^) the 9th property In the tranflation; and the fecond

branch of It (which Is exprelTed in thefe words, “ Summarum mero fummee^
ab initio collegia, terminos conflituunt prcgrejflonis dupla unitate multatos”)

the lOth property in the tranflation.

The differences therefore between the properties of thefe numbers, as ex-

prefled In the tranflation, and as exprefltd In the original, are as follows.

The lix firft properties of thefe numbers in the tranflation anfwer to the fix

firll properties of them in the original refpeAIvely ; the 7th property in

the tranflation anfwers to the 8th property in the original : the 8th pro-

perty in the tranflation anfwers to the 9th properly in the original : the 9th

and lOth properties in the tranflation anfwer to the firft and fecond branches

of the lOth property in the original : and the 1 ith and 12th properties in

tin.' tranflation anfwer to the nth and 12th properties in the original, re-

fpcAivcly.

Demon-
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> Demonstration.

This is evident, becaufe all the terms in the firft column

are units, or equal to the laft term. Therefore the lum of

all the faid terms is the fum of the fame number of terms

equal to the hift term. e. d.

Lemma II.

72. If in any one of the vertical columns of numbers in

the foregoing table of combinations, after the firft column,

we take as many terms (including the cyphers in the begin-

ning of the column) as there are units in the exponent of

the column, the fum of all the faid terms will be to the

fum of the fame number of terms that are all equal to the

laft of them in the fame proportion as i is to the exponent

of the faid column.

Demons TRATioN.

By the firft property of thefe figurate numbers, fet forth

in art. 31-, the number of cyphers at the beginning of each

of the faid vertical columns is lefs by an unit than the ex-

ponent of the faid column. And, by the fecond property of

thefe numbers, fet forth in art. 52, the firft term in every

column after the cyphers is an unit. Therefore the fum of

all the terms of the vertical column that are fuppofed in this

lemma to be taken (which are only as many as there are

units in the exponent of the column) will be the fum of fome
cyphers and an unit, and confequently will be equal only to

an unit. And the fum of the fame number of terms all

equal to the laft will be ecjual to the fum of the fame num-
ber of terms all equal to an unit, or will be equal to the ex-

ponent of the column. Therefore the fum of all the terms

in the faid vertical column will be to the fum of as many
terms
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terms all equal to the laft term (which is an unit) in the fame
proportion as i is to the exponent of the column.

Qj E. D.

Thus, for example, in the 4th vertical column, if we take
only the four firft terms o, o, o, i, the fum of thefe terms
will be I, and the fum of four terms all equal to the lafb

term, which is i, will be (“ 14-14-14-1) — And
therefore the former fum is to the latter as i is to 4, which
is the exponent of the faid column. And, in general, if

the exponent of the column be r, and we take c terms in it,

the c— I terms will be all cyphers, and the rth term will

be I. Therefore the fum of the faid c terms will be i.

And the fum of c terms all equal to the laft term (which is

1) will be c. Therefore the former fum will be to the latter

fum as I is to c.

This lemma is the fame with the general propofition here-

after to be proved, or the 12th property of the figurate

numbers, in the cafe of taking only the firft fignificant term
in each of ftie vertical columns, which firft term is always
an unit.

Lemma III.
I

73. If the above defcribed 12th property of the figurate

numbers (which we are preparing to dernonftrate the truth

of) fhould be found to be true in any one of the vertical

columns of numbers contained in the foregoing table of

combinations, or the fum of any number of terms taken in

the faid column fhould be to the fum of the fame number
of terms all equal to the laft, or greateft, term, always in

the fame conftant proportion, whatever be the number of

terms fo taken ; and this proportion be that of i ^o a cer-

tain number denoted by r, fo that the fum of the terms fo

taken fhall always be equal to the quotient that arifes by di-

viding the latter fum (or the fum of the fame number of

terms all equal to the laft term) by the number r ; the excefs
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of the number of the terms fo taken above the number r

will be to the oxcefs of the number of terms fo taken above

1 in the fame proportion as the laft term but one of the terms

fo taken to the laft term of all.

Demonstration.

Let the terms fuppofed to be taken in the faid vertical co-

lumn be A, B, C, D, &c . . . . K, L, of which L is the

laft, and K the laft but one. And let the number of the

terms fo taken be n. We are then to prove that n—r will

be to n— I as K is to L.

Now, fince the fum of all the 7i terms A, B, C, D, &c
. . . . K, L is fuppofed to be to the fum of n terms all equal

to the laft term L, or to « X L, in the proportion of i to r j

and the fum of all the terms A, B, C, D, &c . . . . K, L,
except the laft term L, or the fum of all the n — i terms

A, B, C, D, &c . . . . K, is alfo fuppofed to be to the fum

of «—I terms all equal to the laft term K, or ^o n—
7) X

K, in the fame proportion of i to r; it follows that the lum
of all the n terms A, B, C, D, &c . . . . K, L will be zr

’-f-i and the fum of all the n— i terms A, B, C, D, &c,

K, will be rrr But this latter fum, or A ft- B C
r

4- D ft- See + K, is lefs than the former fum, or Aft-Bft-

C ft- D ft- &c K ft- L, by L. Therefore is —
r r

I-
«XL—rXL K—rXL , r i ^ tr— i-. z= = , and coniequently »— ij X K

is = X L. Therefore « — r is to »— i as K is to L.
E« D*

#

Lemma
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Lemma IV.

74. If in the foregoing table of combinations, or figurate

numbers, we take two contiguous vertical columns ; and
the numbers in the firll of the two columns are found to

have the twelfth property above- defcribed, or the fum of

any number of terms of it is to the lum ol as many terms

all equal to the lafl, or greateft, term, in the fame propor-

tion as the fum of any other number of its terms is to the

fum of as many terms all equal to the laft, or greateft, of

this latter number of terms ; and the faid proportion is thac

of I to the number r; and in the 'fecond of the faid two
contiguous vertical columns it be found that for a certain

number of terms the numbers in the faid column are like-

wife poflelfed of the fame 12th property, and that the fum
of the faid number of terms is to the fum of as many terms

all equal to the laft, or greateft, term in the proportion of

I to r-f- I, and that the fum of any lefler number of its

terms is to the fum of as many terms all equal to the laft,

or greateft, of the faid lefler number of terms, in the fame
proportion of i to r + i ; I fay, then, that, if we take an-

other term in the faid fecond vertical column above the

number before taken, and in which the faid i2th property

has been, found to take place, the faid 12th property will

take place likewife with refpecft to the numbers in the faid

fecond column, when increafed by the faid new term, and
the fum of all the terms in the faid column, including the

faid new term, will be to the fum of as many terms all equal

to the faid new term, in the fame proportion of 1 to r-\ i.

Demonstration.

Let n be the number of terms that are taken in the fecond
of the two vertical columns ; and let the fame number of
terms be taken in the firft of them. Let the terms in the

faid firft column be A, B, C, D, &c . . . . K, L, and thofe

in the lecond column be a, b, r, rf', ^ k, 1. Then,
by the fuppofition, the fum of the n terms A, B, C, D, &c

O • • » •
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. . . . K, Lj will be to the fimi of »,terms, all equal to the

laft term L, or to « X L, in the proportion of i to r; and
the fum of all the « terms b, .... ky I, will be
to the fum of n terms all equal to /, or to n X in the

proportion of i to r-|- t. Now let another term m be added
to the former terms b, d, .... ly of the fecond

of the faid two vertical columns. We are then to prove

that the fum of all the terms by r, d,^^c . . . . k, I, and
m (the number of which is«+i) will be to the fum of as

many terms all equal to the lad term m, or to « +1 X
' in the fame proportion of i to r+ i*

Now, by the 4th property of the figurate numbers above
fet forth in art. 54, it is manifeft that /, or the «th term of

the fecond of the two vertical columns, will be equal to the

fum of all the terms in the proceeding vertical column ex-

cept the laft term .JL, or to the fum ot the n— i terms A,
B, C, D, &c . . . . K. But, by the fuppofition, the fum of

thefe terms is lefs than the fum of as many terms equal to

the laft term K in the proportion of i to r, or is equal to

Therefore / is
X K

r r

But, becaufe the above-deferibed 12th property is fup-

pofed to belong to the numbers of the firft of the faid two
vertical columns, to wit. A, B, C, D, &c . . . . K, L, and
the fum of any number of terms in the faid column is fup-

pofed to be to the fum of as many terms all equal to its laft

term in the conftant proportion of i to r, it follows from-

lemma 3d, art. 73, that «—r will be to «— i.as K is to L.

Therefore n-— X K will be ~ «—; | x L.; and confequently

will be =
r r

Therefore / (which has been fltewn to be rr
^ will

be n j and confequently n— r will be to / as r is

to L.
'

'

But, by the fuppofition, the fum of the terms A, B, C,

D, &c . . . K, L, is to the fum of the fame number of terms

all



99
Mr. James Bernoulli^ De Arte C,onje<flandi.

I all equal to the laft term L, or to « X L, in the proportion

i of I to r. Therefore rxA+B + Cq-D-t-&:c + K
5 is = « X L ; and confequently r is to L. as 7? is to A -i- B
: C+ D+Scc+K-hL.

Therefore n — r will be to / as is to A+ B d- C + D -|-

! &C+K + L.

' Bur, by the 4th property of the figurate numbers above
i fet forth in art. 54, m (which is the 77 -j-ith term of the fe-

cond vertical column) is equal to the fum of A, B, C, D,
&c, K,.L, or the n firft terms of the preceeding column.
Therefore n— r will be to I as n is to m ; and confequently

n— 7^ X tn will be =: tz X /•

But, by the fuppofition concerning the numbers in the

fecond vertical column, the fum of the firft n terms of it,

to wit, + + + &‘c 4- is to the fum
of as many terms all equal to the lift term or to n

X A in the proportion of i to 1 • Therefore

X a + c d 6cc k I — n X I

;

and con-

fequently n— r) X m Twhich is, equal^to nxl) will be ~
T^-ri <^'c' + -r Therefore n— 71

;r-{- 1 \\ a h c ^ d^ Uz k I \ m. * Therefore,

componendo, we Iball have (tz — r + r + i, or) tz -f i : r-f-

I a b c

d

&c + -f- / -i-- 77Z ! 77Z ; and permu-
tando, tz-4-1 \ a-\-h-s^c^d-^ &c + /^ + / + 77? i

. I 77Z
;
and, invertendo, a-\-b-\-C’\-d^ &c k I m Z

7z + I :: 77Z : r + I. But 7z 4- i is to tz + i] X tn :: r 4 i|

: 7
- 4- 1 ] X w. Therefore, ex aq^uo, a b + ^4^4-&c

->r k + I m : 7Z 4 1] X rn m \ r 4 X zzz ; : i : 7-4 i j

that is, the fum of the firft n 4 1 terms of the fecond verti-

cal column will be to tz 4 1 times the laft, or n -4^ch, term,

777, of the faid column in the fame proportion of i to 7^4

1

in

which the fum of the firft n terms of it was to n times the
laft, or Tzth, term. . e. d.

\

Coroll. It follows from this lemma, that, if the num-
ber of terms in the fecond of the two vertical columns be

O a increafed

•f

r
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increafed from n terms to any other number of terms what-

foever denoted by n + y>, it will be true with refpedt to the

column, when fo increafed, that the fum of all its terms

will be to » + ^ times the laft, or greateft, term of it in the

fame proportion of i to r + i. For the lemma may be

fucceffively extended from a column conlifting of « + i

terms, to a column confifting of « + 2 terms, and to a co-

lumn confifting of n 2 terms, and to a column confifting

of « + 4 terms, and fo on till we come to the column ot

n + p terms ; the reafonings being exa6lly the fame in this

extenlion of it to thefe feveral columns of + 2 terms,

«4-3 terms, « ft- 4 terms, &c, as in the lemma itfelf, in

which, upon a fuppofition that the fum of n terms of the

column is to n times the laft, or greateft, or «th, term of it

in the proportion of 1 to r ft- i, it is Ihewn that the fum
of n -1- I terms of it will be to k ft- i times the laft, or

greateft, or n ft- ilth, term of it in the fame proportion of

3 to r ft- I.

A demonfration of the id^ ^d, and ^th foregoing Lemmas, con-

tained in art. 72, 73, and hy Mr. John Bernoulli, the

author's brother.

75. Many years ago, when I communicated the foregoing

propoficions concerning the figurate numbers to my brother,

Mr. John Bernoulli, he obferved to me that the demonftra-

tions of them might be made Ihorter and more elegant by
uniting the three laft of the four preceeding lemmas into

one, in the manner following.

A Lemma.
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A Lemma.

If in a table of the fignrate numbers (fuch as the foregoing

table of combinations, in page 71, art. 49), it be the pro-

perty of the terms of any one of the vertical columns that,

if we take, ift, any number of fucceffive terms in it, and,

2dly, the fame number of terms, all equal to the laid, or

greateft, of the faid fucceffive terms, the fum of the faid

fucceffive terms fhall be to the fum of the fame number of

terms, all equal to their laft, or greateft, term, in the conftant

proportion of i to a certain number denoted by the letter r;

then it will follow that, if in the next higher vertical column
of the faid table of figurate numbers we take a number of

fucceffive terms greater by an unit than the number of fuc-

ceffive terms taken in the former vertical column, the fum
of thefe fucceffive terms in this fecond column will be to the

fum of the fame number of terms, all equal to the laft, or

greateft, of the faid fucceffive terms, in the proportion of i

to r -j- I

.

Demonstration^

Let the terms of the former of the two vertical columns

be a, r, d, f, and /, of which the number is 6, or in

general, n ; and let the terms of the next higher vertical co-

lumn be o, gi hj i, /, p, q, of which the number is n + I.

The upper term of this fecond column is a cypher, o,

becaufe every new vertical column of terms muft have one

more cypher preceeding its fignificant terms than the column
immediately preceeding it.

Thefe two vertical columns of terms will be as follows :

a 0

b g
c h

d i

e 1

f P

If
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If thefe columns are the ift and 2d columns of the table,

the terms b, c, e, and/ will, each of them, be equal

to I, and g, /, /, p, q, will be i, 2, 3, 4, 5, 6. If

thefe columns are the 2d and 3d columns, a will be o, and
h, c, d, e, f will be i, 2, 3, 4, 5, and h, i, /, p, q will

be o, I, 3, 6, 10, 15. If thefe columns are the 3d and
4th columns, a will be o, and b will alfo be o, and c, d^

f will be I, 3, 6, 10, and g, h, i, k, />, q will be o, o,

1, 4, 10, 20. And in like manner more of the upper terms

of both thefe vertical columns will be cyphers, or o, the

farther the columns are taken to the right hand in the table

in page 71. But, wherever the columns are taken, the

number of terms in them muft be fo great as to reach below

the cyphers, and take in fome of the fignificant terms. Thefe
things being premifed, the demonftration of this lemma will

be as follows.

By the 4th property of the figurate numbers fet forth above

in art. 54, we fliall have q
— a + b + c-jrd-]^e-^fy

and p — a + b-\-c-^d-\-e,

and / — d b c dy

and i ~ a-\-b-{-c,

and h n a-\-by

and g — a.

And, by the fuppofition, the fum of the n terms a, by c,

dy e, f will be to n times the laft, or greateft, term /, as i

is to r

;

and the fum of the n — i terms b, c, dy e will

be to 7/— I times the laft, or greateft, term Oy in the fame
proportion of 1 to r j and the fum of the n—2 terms <2, by

€y d will be to n— 2 times the laft, or greateft, term dy iit

the fame proportion of i to r; and,- in like manner, a b

+ c will be to n— 3 times £• as i to r ; and a b will

be to n—

t

4 times ^ as i to r ; and a will be to n—5 times a

as I to r. -

Therefore a-\-b-\-c-^d-^e+f will be zz and
*—

^

a-\-b + c-\-d-\-e will be zz
”— and a + b c

d will be zz and a b c will be zz
2' r

and
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and a b will be rr "Eilili and a will be rz
r r *

Therefore j (which is equal toa + b + c + d-\-e+f)
will be zr and p (which is equal x.oa + b-^c + d-\-e)

will be = -—^7-^ ; and / (which is equal X.o a b -{ c d')

w'ill be zz - -

y-— ; and i (which is equal to a b + c")

will be rz -—

;

and h (which is equal to a b) will

be = ; and g (which is equal to a) will be =z

K— ^ Xa

Therefore cr-{-^+/+/+^+^ will be zz — + ^—iliif q-
r r

T— 2] y //
^

h~ 3] X c
,
V— 4I X h

^
Xrt nf

^
ne — e

,— + —T“ + T~ + T~ - 7 + ~T~ +
nd—id wc— 3<r nb— \h ?;a— 5« nf-\-ne-\-nd-\-nc-^nl-^ntt

r + “T —
r r r r r

— ^ ^id — 3^ —5^ n Xf-^ e d e -{ b

a

r r r r r r

~e—zd—ic— ^h—:;a nXq — f— 2V — 3c —

4

^~ _ ”Xq
r r r

—e—d—c— I— a —d— e— l— a -^c— h— a —h— a —a
r r r r r

~

— p —I — i — h g nXq -p— l—i—h—g
r

,
r r r r r r

nq-p-l-t-h-g
r

r

nXf

Therefore (if we multiply both fides by r) we fhall have r

g = nq—p— /— /— h— ov-rq + r X
p-rl-\- i-\- h+g zz nq—p— /

—

i—h— g. And cbnfequently

(adding: p + / + /+ h -\-g to both fides) we fhall have rq

r X f+ I i b +Y+P + I + i If + g ~ nqj pr rq +
r-p il Xp + l + i-{‘h-\-gzz:nq; and (fubtra(5ling rq from

both fides) 7+7] xp + l + i-^-h+gzznq— rq.

Therefore
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Therefore (dividing both fides by r+i) we fliall havd

p+l-\-i-\-h-\-gzz
;
and (adding q to both fides)

q + P A- 1 i + h -{ g

itq—rq
,

+ ? _ nq-^q
_^ .TTl X q

-\.'q — 4-
^

r+ I
^ '

r+i + r+ 1 r+ I r+ I

r+ 1 I

And confequently

^ ^ + / + / + or ^ + /&-+-/ + I + p + q, or o +
^ ^ -b i + / + y> d- will be to «d-i X y as i is to r+i,
or the fum of the n + i fuccelTive terms o*g, hy i, /, p, q,

of the fecond vertical column of terms will be to the fum of

n-\-\ times the laft term q, or the fame number of terms, all

equal to the laft, or greateft, term in the proportion of i

to r + I 0^ E, D.

The principal Propofitiony or the \ xth property above-deferibed

of the figurate numbers
y

or numbers contained in the foregoing

table of combinations y is as follows.

76. The fum of any number of terms in any of the ver-

tical columns contained in the foregoing table of combina-

tions is to the fum of the fame number of terms all equal to

the laft term of them, in the proportion of i to the expo-

nent of the faid column, or to the number which denotes, or

exprefles, its place in the faid table.

Thus, in the firft column, of which the exponent is i,

the fum of any number of terms of it denoted by n will be

to n times the laft term of it in the proportion of i to i, or

a proportion of equality. In the fecond column, of which

* Sef upon this fubjefl the works of Mr. John Bernoulli himfelf, pub-

lifhed at Laufanne, in Switzerland, in the year 1742, in four volumes,

quarto, vol. iii. page 521, in the 47th ledlure on the dodlrine of the In-

tegration of infinitely fmail differer.ees, or the Inverfe method of differences.

the
/
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the exponent is 2, the fiim of n terms of it will be to the

fum of n terms all equal to the laft or greateft term, in the

proportion of 1 to 2. In the third column, of which the

exponent is o,, the fum of n terms of it will be to the fum
of n terms all equal to the laft, or greateft, term, in the pro-

portion of I to 3. In the fourth column, of which the ex-

ponent is 4, the fum of n terms of it will be to the fum of

?i terms all equal to the laft, or greateft, term, in the pro-

portion of I to 4. And, in general, in the cth column, or

that of which the exponent is c, the fum of n terms of it

will be to the fum of n terms all equal to the laft, or greateft,

or »th, term, in the proportion of i to c.

Demonstration*

77. The truth of this propofition with refped to the iff

vertical column (which confifts wholly, of units) is fliewn

above in lemma i, drt* 71, and indeed is almoft; felf- evi-

dent. And with refpeft to the terms of the fecond vertical

column, to wit, o, i, 2, 3, 4, 5, 6, 7, 8, 9, 10, and ii,

&c, it may be proved by means of the fecond and fourth

of the foregoing lemmas in the manner following. Since

in the firfl; vertical column the fum of any number of terms

I, I, I, I, I, &c. denoted by n, is to the fum of as many
terms, all equal to the laft term i, as i is to i j and in the

fecond vertical column the fum of the two firft terms o and
I is to the fum of two terms, both equal to the laft term i,

as I is to I + 1
,

as is fliewn in lemma 2, art. 72 ; it follows

from lemma 4, art. 74, that in the fame fecond vertical co-

lumn the fum of the three lirfl; terms o, i, and 2, will be

to the fum of three terms all equal to the laft term 2, in

the fame proportion of i to i + i, 01*2, and confequently

that the fum of the four firft terms o, 1,2, and 3, will be

to the fum of four terms all equal to the laft term 3, and
the fum of the five firft terms ©, 1, 2, 3, and 4, will be

to the fum of five terms all equal to the laft term 4, and,

in general^ the fum of any number of its terms denoted
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by n will be to the funi of n terms all equal to the laft of

them, in the fame proportion of i to i -{- i, or 2.

, E. D.

78. This may likewife be proved of the numbers con-

tained in the faid fecond vertical column, independently of

the foregoing lemmas, in the manner following.

The numbers contained in the faid fecond vertical column

are 0,1, 2, 3, 4, 5, 6, 7, 8, 9, 10, ii, &c. Now, if we
fet down thefe numbers twice over in two horizontal lines,

one under the other, but in contrary orders, fo that in the

fecond line the laft term of the fiift line fliall be placed firft,

and the laft term but one of the firft line fliall be placed

fecond, and fo on, as in thefe two lines,

o, I, 2, 3 j 4> 5’ 7’ 9’

II, 10, 9 j 7’ 5’ 4’ 3’

it is evident that the fum of every two numbers ftanding in

the fame vertical line, will be equal to 11, or, in general,

to the laft, or greateft, term of the feries, or (if the feries

confill of n terms, and confequently the laft term be n— 1)

to n—\. Therefore the lum of both feriefes will be equal

to a feries conlifting of the fame number of terms, or n

terms, all equal to the greateft terhi «— i ; and confequently

the upper feries o + 14-24-3 + 4 + 5 “b 6 "f" 7 ’b^'b
9 4- 10 + II 4- &c . . «— I alone will be equal to only

half of the feries of n terms all equal to n— i, or will be to

It in the proportion of i to 2. q^. e. d.

79. To demonftme the faid J2th property with refpedl to

the numbers contained ia the third and fourth and other

following vertical columns of the foregoing table of combi-
nations, we niuft have rccourfe 10 the fecond and fourth

lemmas, as in the firft demonftration juft rrow given of the faid

property with refpefl to the numbers in the fecond vertical

column. This may be done in the manner following.

By lemma 2d it appears that this property takes place in

all the vertical columns, if \vc continue the terms of each

column only till their number is equal to the exponent of

the
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the column, or fo as to take in onlv the firft fignificant term

ot' the column, wliich is always an unit. Therefore in the

third vertical column, continued only to the three terms o, o,

I, the fum of the faid three terms is to the fum of three

terms all equal to the lad term i, in the proportion of i to

3, or I to 2 + 1. But it has been fliewn that in the fecond

vertical .column o, 1, 2, 3, 4, 5, 6, 7, &c. it is true uni-

verlally that, whatever be the number we take of its terms,

the fum of the faid terms will be to the lum of as many
terms all equal to the lall term in the proportion of i to 2.

Here thereiore we have the cafe of lemma 4, to wit, that

of two contiguous vertical columns, the fecond and the

third, in the former of which the fum of any number of

terms denoted by n is to the fum of the fame number of

terms all equal to the laft term in the proportion of i to a

certain number, which we there denoted by r, and which
here is 2, and in the latter of which the fum of the .three

firft terms 0,0, i, is to the fum of three terms all equal to

the laft term i as i is to r-f i, or 2 + i. It follows there-

fore from lemma 4th, that, if we take the next term 3 of

the faid latter vertical column, or continue the faid column
to tour terms, the fum of the faid four terms 0,0, i, 3,
will alfo be to the fum of four terms all equal to the laft

term 3 in the fame proportion of i to 2-}- i. And, for the

fame reafon, the fum of the five firft terms of the faid third

vertical column will be to the fum of five terms all equal

to the fifth term of it, and the fum of the fix firft terms of

it will be to the fum of fix terms all equal to the fixth term
of it, and, in general, the fum of any greater number of its

terms, denoted by », will be to the fum of terms all

equal to the »th term of it, in the fauie proportion of 1 to

+ I, or of I to 3. c. n.

In like manner we may prove that in the 4th vertical co-

lumn the fum of any number ?i of its terms is to the fum of

n terms all equal to its nih term in the propmrtiou of i to

3-i-r, or I to 4. For, fince we have proved that ihe pro-

portion of thefe two fums in the third column is that of i

3 ; and by lemma z it appears that, if we fake only the

? 2 four
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four firO; terms of the 4th column, to wit, o, o, 0,1, the

proportion of thefe fums will be that of i to 3+ i, or 4 ; it

follows from lemma 4th and its corollary, that, if we take

five terms of this fourth column, or fix terms of it, or feven

terms of it, or, in general, n terms of it, the proportion of

the fum of the terms fo taken to the fum of the fame number
of terms all equal to the laft term will always be the fame

proportion of i to 3+ i, or of i to 4. • cu e. d.

And by proceeding to apply lemma 2 and lemma 4 in

the fame manner to the filth, and fixth, and feventh, and

other following vertical columns, it may be fhewn that the

proportion of the fum of any number of terms denoted by

71 to the fum of n terms all equal to the laft, or greateft

term, will be in the fifth column that of i to 4. + i, or 5,

and in the fixth column that of i to 5+ 1, or 6, and, in the

feventh column that of i to 6+ 1, or 7, and, in general, in

the rth column that of 1 to e, e. d.

So. CogOLL. I. In each of the aforefaid vertical columns
of numbers the fum of any number of the terms beginning

with I, or the firft fignificant term 9f the column, and not

reckoning the cyphers that prececd it, as we have hitherto

done. Will be to the fum of the fame number of terms all

equal to the next term in the faid colqmn after the terms fo

fummed, in the proportion of i to c, or the exponent of

the column.

Let the terms in the propofed vertical column, whereof
we are to fum up the fignificant terms be c, &c,
h, and /, including the cyphers, fo that forae of the firft

letters n, h, &c, fhall ftand for cyphers, agreeabjy to the

notation in lemma 4; and let the whole number of thefe

terms, including the cyphers, be », agreeably to the fame
notation. And let m be the term that comes immediately

after/ the laft term of the let whofe fum we are to examine

i

or, in other words, let m be the n -h ]]th term of the pro-

pofed vertical column, including the cyphers, Alfo let c be

die exponent of the faid column, and r be zz c— 1. Then
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by the firft property of the figurate numl:>ers fet forth above
in art. 51, r will be the nuprber of cyphers in the begin-

jiing of the faid vertical column, and confequently n—

r

will be the number of fignificant terms in the faid co-

lumn, without the cyphers. We are therefore to prove that

the fum of all the 71— r fignificant terms of the faid co-

lumn a, c, d, &c, k and / is to the fum oi n — r terms

all equal to the next term in the proportion of i to c or

of I to r -h I

.

Now the fum of all the w — r fignificant terms of the faid

vertical column is equal to the fum of all the ft terms of

the faid column, including the cyphers, becaufe the cyphers

are all equal to nothing. And it is (hewn in the latter part

of the demonftration of lemma 4, that the fum of the n

terms r, &c, k and / is to the next term m in the

fame proportion as n— r is to r-f- i. Therefore the fum
pf all the 11— r fignificant terms of the faid column will be

to the next term in the fame proportion of n—r to r-f i.

But m is to «— r] X m in the fame proportion as r + i is

Therefore, ex aquo, the fum of all theto 71 r X r -f I.

fi— r fignificant terms of the faid column will be to

X m, or to the fum of « — r terms all equal to the next

term w, as 71— r is to a— r] x r+i, and confequently as

j is to r-f- r, or as i is to c, e. d.

81. Coroll. 2. By the help of the foregoing corollary

we may find the fum of any given number of terms in any

of the vertical columns of the foregoing table of combina-

tions, without aftually adding the terms together, by pro

ceeding in the following manner.

Let the number of terms to which the feveral vertical co-

lumns are continued, be 71. Then, as there is one cypher

prefixed to the fignificant terms in the fecond column, and

two cyphers in the third column, and three cyphers in the

fourth column, and, in general, c — i cyphers in the rth

column ; it is evident that the number of terms in the fe^

cond column, without the cyphers, will be »— i •, and that
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of the terms in the third column, without the cyphers, will

be n— 2 ; and that of the terms in the fourth column, with-

out the cyphers, will be « — 3 ;
and, in general, that of the

terms in the rth column, without the cyphers, will be n—
or 7/— c + i. The fums of the terms in thefe fe-

veral columns may therefore be thus determined.

In the firfl place, the fum of the n fignificant terms in

the firft column, which are all units, will be 77 X i, or 7/.

adly. The fum of the n— i fignificant terms in the fe-

cond column will, by the foregoing corollary, be to 77—1

times the next following, or n -4- I'jth, term of the fecond

column as i is to 2. But, by the 4th property of the figu-

rate numbers above fet forth in art. 54, the 77+ilth term of

the fecond column is equal to the fum of the firfb n terms of

the firfb column, that is, to 77, Therefore the fum of the

n— I fignificant terms of the fecond column will be to n—

i

times 77, or to 77 X n— i, as i is to 2
,
and confequently

will be equal to
” ^ ”-1-5. e. i.

3dly, The fum of the n— 2 fignificant terms in the third

column will, by the foregoing corollary, be to n— 2 times

the next following, or n +~7^th, term of the fame third co-

lumn as I is to 3. But, by the 4th property of the figurate

numbers above fet forth, the n -f- i)ch term of the third co-

lumn is equal to the fum of the firft n terms of the fecond

column, including the cyphers, or (which comes to the fame
thing) to the fum of the firft 77—1 fignificant terms of the

faid fecond column ; which has juft now been fliewn to be

equal to ——j—-• Therefore the fum of the 77— 2 figni-

ficant terms in the 3d column will be to n— 2 times

or to ^ is to 3, and confequemly

will be equal to
«X n— I X 71— 2.

2X3 Cti E. I.
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4thly, The fum of the n— 3 fignificant terms in the

fouith column will, by the foregoing corollary, be to w— 3

times the next following, or « + i [th, term of the fame

fourth column as i is to 4. But, by the fourth property of

the figurate numbers, the n -j-^th term of the fourth co-

lumn is equal to the fum of the firfl: n terms of the third

column, including the cyphers, or of the firft n— 2 figni-

ficant terms of the faid third column : which has juft now

been fliewn to be equal to
iXw— 2

2X
. Therefore the

fum of the n— 3 fignificant terms in the 4th column

will be to n 3 times
w X n—\ X n—z

2x3
or to

VLl— as I is to 4, and confequently will

«X«— IX« — 2X«— 3
be = 2x3x4

E. I.

5thly, In like manner the fum of the n— 4 fignificant

terms in the fifth column will, by. the foregoing corollary,

be to n— 4 times the next following, or n ijth, terrn of

the lame column as i is to. 3. But, by the 4tl] property of

the figurate numbers above fet forth, the th term of

the fifth column is equal to the fum of the firft n terms of

the fourth column, including the cyphers, or to the firft

7/ — 3 fignificant terms of it ; which has juft now been fhewn

to be —z2L2.—1
, Therefore the fum of the

2x3x4
n— 4 fignificant terms in the fifth column will be to n—

4

times or to
2x3x4 2x3x4

•SI is to 5, and confequently will be

7iX //— I X n — 2 X n — 2) ^ «—4
2 X 3 X 4X 5

0.. E. I.

And in like manner it is evident that the fum of the n

firft terms of the ah column, including the c— i cyphers in

the beginning of it,, or the fum of the n—(r— i, or n—c-r i.
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firft fignificant terms of the faidfth column, wil l be cqvial ta

the fraftion
"x x

i„ the
2X3X4X5X &• Xf

numerator of which the laft faftor is «— fc— i, or n — c

4-1, and in the denominator of which the laft faffor is c.

E. I.

S2. Coroll. 3. Since, by the 4th property of the figu-

rate numbers above fet forth in art. 54, the n -h i]ch terms

of the fecond, third, fourth, and other following vertical

columns of numbers in the foregoing table ol combina-

tions, are refpe(ftively equal to the fums of the n firft terms

of the firft, fecond, third, and other following vertical co-

lumns, which fums Jiave been fliewn to be, refpe£tively,

equal to n,
” ^ ”

,1.

^
&c, it follows that the

^ ^ 2 ' 2x3

n q- i|th terms of the fecond, third, fourth, fifth, fixth, and

other following vertical columns will be n.
n X »

nX «—IX n — Z «X«— I X n —ZX «— 3

2X3 2 X 3 X 4

«X«— 1 X 71— 2 X M— 3 X «— 4

, and

2X3X4X 5
, &c ; and confequently, as every

term in the firft vertical column is =r i, the n i |tli terms

of the firft, fecond, third, fourth, fifth, fixth, and other fol-

, • *11 * 1 1 1
fl X 71— I fi X 71 I X « 2

lowing vertical columns will be i, «, ,
-— ,° ' 2 ’ 2x3

lX« — IX n— 2X n— 3 «X « — IXw — 2 X «—3X «— 4

2X3X4 2 X 3 X 4 X 5
, &c, and, in

general, the w + i] th term of the rth column will be

nx 7i—ixn— 2 X «— 3X «— 4 X &Q X ti — c-\-2 •

2X3 X4X5 &c X c—i

83. Coroll. 4, Since the « -j- i}th terms of the firft,

fecond, third, fourth, fifth, fixth, and other following ver-

tical columns of the foregoing table of combinations are i.
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«X«— I «X«—iXa— 2 « Xm— I X « — 2

X

»—
3

I j rm j ^ > >2x3 2x3x4

»Xa— rXa— 2Xa— 3 X«—

4

2X3X4X J
, &C,

it follows that the »th
2X3X4XSX &c xc—

I

terms of the faid vertical columns will be fuch as arife by
fubflituting n— i inftead of n in the foregoing values of the

n 4- i]th terms, and confequently will be as follows, to wit, i,

»— iXa— 2 a— IX«— 2 X«— 3 a— IXa — 2Xa— 3 Xa— 4»—I, ^ ,
^

2x3 2X3X4
a— I X a—

2

Xa — 3Xa—4Xa — y

2X3X4X5 , &C,

a— I Xa— 2Xa— 3Xa—4Xa— 5 X &ca—f+i

2X3X4X5 X 8cc Xc— i

T

Example of the truth of Coroil. 4,

84. As an example of the truth of this corollary we will

derive in this manner the numbers that form the lowed;
horizontal row of terms in the foregoing table of combina-
tions, or the twelfth terms of the feveral vertical columns
of the faid table.

Now in this cafe «, or the number of terrqs in the feveral

vertical columns, is n 12. Therefore n—\^ n—2, «—3,
w—4, »—5» 6, «— 7, K—-8, »—9, «— 10, and n—\\,
are refpeftively equal to ii, 10, 9, 8, 7, 6, 5, 4, 3, 2,

and I. Therefore n— i, or the twelfth term of the fecond

vertical column will be z: 1 1 ; and or the 12th

QL ternt
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term of the third vertical column, will be (“ «— 1 5^— = Jt X — = II X -^) = II X 5 = 55 ; and

” or the 1 2th term of the fourth vertical co-

«--3

2x3

lumn, will be (rr:
n— I X «— z

X = 55 X ^ = X

J — 55 X 3) = 165; and
n — i Xn — 2X« — 3X«—

4

or the
2x3x4

12th term of the 5th vertical column, will be (~
«-412—1 X«— 2 X«— 3

2X3 X 165 X
8 X= 165 X - 165

M— I X«— 2 Xk— 3X« — 4 X «—

5

X 2) zr '520 i and
' ^ 2X3X4XS

term of the 6th vertical column. Will be (~

or the 1 2th

«— IX« —2X«—3X«— 4 ? «“'> 7X — =r 330 X ^ = 330 X -=
2x3x4 j 5 5

66 X 7) = 462 ;
and, in like manner, the 12th term of the

feventh vertical column will be (= 462 x = 462 X

= 462 X i) = 462 ; and the 12th term of the eighth ver-

tical column will be (— 462 x ^ — 462 x
y
— 66 X 5)

r: 330; and the 12th term of the ninth vertical column

will be (= 330 X 7^ = 330 X i = 330 x -) =i65j

and the 12th term of the tenth vertical column will be
(
=

165 X n 165 X

5 _

3. —
9

165 X j = -y) “ 55 ; and

the 1 2th term of the eleventh vertical column will be
(
=

55 X —— = i;‘iX~ = c;i;x — — n; and the
10 55 X — = 55 X - zz ii) —

1 2th term of the twelfth, or laft, vertical column will be

(= II X
1

1

II X —
)
= I. Therefore the 12th terms

II II

of the faid twelve vertical columns will be as follows, to

wit, I, II, 55, 165, 330, 462, 462, 330, 165, 55, II,

and I ; which are the numbers fet down in the foregoing

table.
, ;

85. CoROLL.
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85. Coroll. 5. It has been flievvn above in art. 60 and
61, that the horizontal rows of numbers in the foregoino-

table of combinations, beginning with the fecond row, ex-
hibit the co-efficients of the terms of the feveral fucceffive

powers of a binomial quantity, fuch as a-^b, every m\\ ho-
rizontal row of numbers being the co-efficients of the terms

of the n— i^th power of the faid binomial quantity ; whence

it follows that the numbers contained in every n + i]th ho-

rizontal row of numbers in the faid table will be the co-effi-

cients of the terms of the «th power of the faid' binomial

quantity. But it is evident that the numbers contained in

every «-|- i]th horizontal row df terms in the faid table are

the n -f i^ch terms of the firft, fecond, third, fourth, fifthj

fixth, and other following vertical columns of terms in the

faid table, reckoning the terms from the top of the faid ta-

ble, and including the cyphers at the tops of ail the feveral

vertical columns, except the firft. Therefore the n -f fjrli

terms of the firft, fecond, third, fourth, fifth, fixth, and
other following vertical columns of terms in the faid table

will be the co-efficients of the terms of the ;zth power of the

faid binomial quantity. But it has been fhewn above in art.

82, coroll. 5, that the n + th terms of the firft, fecond,

third, fourth, fifth, and fixth, and other following vertical

columns of terms in the faid table are i, « x n x
«— r «— 2 n—i M — 2 n — 'i , ^ n — i n— z

X , n X X X —-y and n X X23 234 23
X X ^ &c. Therefore the co-efficients of the

4 5

terms of the »th power of the faid binomial quantity a b

•ti I
® ^ ^ ^ n~z n—

i

Will alio be I, «, «X , n X x , n x — X

«— 2 n— x , n — i n— 2 n— x n — ± „ ,

X — and n X x X —

-

X — &c ; and
3 4 2 3 4 5

confequently the quantity a +/)”, or the faid «th power it-

felf of the faid binomial quantity a-^b, will be equal to the

2 feries
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feries a na h -h n X a b n X X
2 23

a '^b^ nx X x a ^b^ + « X -—^ X234 2

X X d^~^b^ + &:c, or (if we put A for i,345
and B for n and C for X and D for n + X—

2 23'
and E for « x X X and F for « X

* ~~

-

X X X and G, H, I, K, L, &c, for the345
numeral co-efficients of the feventh, eighth, ninth, tenth,

eleventh, and other following terms of the feries refpedtively)

to the feries
n

a 1 A ”
-j- — A Cl -^b

«—I
g

n —
a +

n — 2

I 2 3

+ 1-3

4
+

«-4

5

E/“Hs +
n—
"6 ¥a

n —•V + iz?
7

G, +
«-7
8

+ n— 8

9
I

«
a
-9

+
10

71—
4.

- 10 T «•
-— V-.a
1

1

+ &c. > which

feries will continue till the numerator of the generating frac-

tion becomes », or o, and confequently the faid fraction

itfelf becomes equal to o likewife, and therefore the term in

which the faid fradlion enters as a faftor, will alfo be equal

to o, as will alfo all the following terms of the feries, which
would be derived from the faid term by continual multi-

plications. The feries therefore will break off, or end with

the term next preceeding the faid term which is equal

to O

We will now proceed to illuftrate and confirm, the truth

of this corollary, by applying the foregoing feries to the

* This Is the famous binomial theorem Invented by Sir Ifaac Newton, but

of which he has no where g;Ivcn a demonftratlon. And the demonftration

here given of it by Mr. James Bernoulli, Is that to which I alluded in the

firft volume of the Coll^ftlon of Tracts, in two volumes, quarto, called

Scriptores Logarithmicl, page 349, art. 4, and in the fecond volume of the

fame Collection, page 157, art. 9.

com-
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computation of the terms of fome of the loweft powers of
the binomial quantity a-\-by fo as to produce by means of it

all the numbers contained in the foregoing table of combi-
nations, in page 74.

Examples of the application of the foregoing Jeries to the compu-

tation of the terms of the powers of the binomial quantity

a -f b.

S6. In the firft place let us fuppofe « to be ~ r. Then

we fliall have the feries + — Ka ^b -{-
I 2

4. Ca^'^b^ + &c, (= + - X I X a'^'b + l=i
3 * a

Ba^'^'b^ + — X Ca'~^b^ -i- 8ic, =z X b °

3 2.

X Ba^ ^b^ -f ^ ^ X C X ^b^ + &c, — a^ i X b
3

+ o -j- o 4- &c,) ~ a + b ; or the faid feries is in this

cafe equal to the binomial quantity a b itfelf ; as it ought
to be.

87. Now let « be = 2.

Then we fhall have the feries — Aa’^ ^b 4- -—

-

I 2

B a”~~^b^ -f- Ca^ ^b^ 4- &c, (~ — X i X

4-— Ba'~^h^ 4- — Ca^~^P 4- &c, = 4-
^ 3

2a^b + — X 2 X 4- — X Ca^~^b^ 4- &c, = 4-
2 3

lab + -jXiX-^*4-o4- 2>cc) — + 2ab + b^ ; or the

faid feries will in this cafe be equal to the trinomial quan-
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tity + ^ah + ; as it ought to be, becaufe that quantity

is the fquare of the binomial quantity a b.

88. If «is r: 3, we fliall have the feries

+ + 1ZJD/-V +
2 ‘3 4

&c (— a* 4-
*f

X I X ^ X “ X I X

4- Tia^^^b* 4- &c, = ^34- 3«*^ 4-
3 4

• - X 3 X a'b* 4- - C X a°b^ 4- — D X - ai
2 ^ . 3 4

4- 3«*^ 4- 3«^* 4-j X3X1 X^^ + o + &c) ± 4-

3«®^ "b 3<3i>® 4- P. Therefore a 4- or ^ or the

cube of the binomial quantity a bj will be equal to the

quadrinomial quantity 4- H” 3^^* + ; as it will be

found to be upon trial.

89. If n is = 4, we (hall have the feries a" +

. 4- — B/~> 4-— 4- D/”V +
2 - 3 4 '5

4- &c 4- 7 X I X

4- + iZi 4. 1z4 e/”>^s 4-
3 4.5

&c — + /^a^b + — X 4 X 4- — X C X 4- —^34
D X X ^4 4- y

E X ^^5 4- &c zz ^4 4- /^a^b 4- 6a*b*

+ — X 6 X aP + - Dxi X^4-po + &c. zz «4 4-
3 4

j\.Pb 4- 6«®^* + 4-ab^ 4-— X4X^4 4-o4- &c) z=: a* {
4*

^Pb + 6^2® i'® 4“ A-^P H" Therefore <3 4- or « + 4,

or the fourth power of the binomial quantity a -{• b, .will be

equal
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.equal to the quinquinomial quantity ait + /i^aib q- +
4^3’ + i as it will be found to be upon trial.

90. If «is — 5, we fliall have ^
+ "-Hi Ca~^b^ + ^ ^ E

3 4 5

F«”“V + &c, (= a» + -5- X I X

+ i:=lc^5-3^3 ^ in? D^5-4^4^ir4
^ ^3 4 ' S

+ &€=«*+ <a4^ 4-i:. -

6 -^2
+ i-

-h -i + - Y.aPb^ + -| X _,.

3 4 5 6

zr «* + + 2 B a^b"^ + C -f-
— D a^h^t + — E x
^ 5

I X ^* + o + &c) iz «* + + 10^3^* -j*. xod^y^ -4-

^ahi + h^. Therefore , or a + or the fifth power
of the binomial quantity a+b, will be equal to the fexti-

nomial quantity <2* + ^a^b + loa^b'^ + q- $abit + ;

as, upon trial, it will be found to be.

‘91. If « is zz 6, we fhall have the feries q- A«”

+ B/-

V

+ ^ ^ D/-^M + IZ±
2 3 4 5

+ ^F/“V + ^G/“V + &c (zz a''

+ y X I X ^ +
tzl^a^-^'bA- + + ^f/^V + —
4 5 6 7

Ga^'~h'’ + &c = a® + 6«’^ + ^ ^ C^3^3 q. 1^34
Da’M + i- 'Ea'h + ^ F«V + j Ga~\i + &c) = a*

-f q- i^aib'' + loa^b^ + i^a'^'b^ q- 6ah^ q- There-
' -

/ *
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fore ^4^”, or a 4- ^"1^, or the fixth power of the binomial

quantity a-\-b^ will be equal to the feptinomial quantity

4 6^ 5^ 4 \^a*th^ 4- 4- 4 6«^* 4- And
foj upon trial, it will be found to be.

92. If » is = 7, we fhall have the feries a E a b

+ 4 4 4234
—

4

-F ^S±Ga~U-’ 4
5 6 '7 ‘8
H a~^l>’+ &c (= <!’ + -2- X I X + -1

I 2 3

4. ± 4 L Ea ^
b ^ + 4- Fa 'b

^ + i- 4.
°4567 8

H 4- &c — 4 7<3®^ 4 4 35^^^^+

4- iia^b^ 4- 7«^® + I X -f- o + &c) — o’ 'ja^b 4
2.1 a^b"^ 4 35^4/^»^ + 35^3M 4 zia^b^ 4 ^ab^ 4 b'’. There-

fore <74!^”, or ^4 ^
1% the feventh power of the binomial

quantity a b, will be equal to the o6tinomial quantity

4 ’]a^b 4 i\a^b^ 4 4 4 iia^b^ 4 4
h'’. And fo, upon trial, it will be found to be.

93. If » is ~ 8, we fhall have the feries 4 ka^~'h

4”JZiB/“V 4 —Ca~^b^ 4 2h1 d/"V4^
2 3 4 5

E/”.V 4 4 —Ga^’^b’’ 4 H

/-V + 2:::? i«”"V + &c (= «• + 1 x i x «’i +
9 I

^ B/3" 4 - 4 — 4 -1 4 Ftf*^® 4 -
2 3 4 5 6 ^7

4 4 4 - 4 &c = 4 8^’/^ 4
8 9

28«®^* 4 56«*/^^ 4 qoa'^b"' 4 56^7^^® 4 ^Za^b^ 4 8^7^»^ 4 i

X 4 o 4 &c) zz 4 877’^» 4 4 4 ^oa^b^

2 ^(io^b*
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+ 28rt*Z'6 M -I- Therefore or

or the eighth power of the binomial quantity a+ l?, will be

equal to the compound quantity 2>a'’b-\~

+ 'joa‘^b'^ + 56^^^* + 28«*^® + ^ab’’ + b^. And fo, upon

trial, it will be found to be.

94. If n is zr 9, we (liall have the feries aJ + ^Ka

+ ^ Y>a~~b'^ + — Ca~'^b^ + —^ D/“V +234
+ ~Ga~h'< + 24-?

5 6 7 8

H/“V + — l/“V + —’ K/“'V+ &c(=«’

+ i X I X «V + + 7 + 7
i

+ 4- + a Ga*^’ + 4 Ha'^’ + — la^i^ + —
6 ,7 8 9 10

K^9-io^.o &c = «’ + 9«"^ + 36«’^* + S^a^b^ +'

I26a'^b* + izSa^b^ + 84^3’^® + + gab^ + i X b^ +
o + &c) = -i- 9 (2®^ + ^6a'’b^ 4- 84«®^'^ + iz6a^b^ 4*

ii 6a*l^ 4- ^i\.a^b^ 4- 2)^a^b'’ + gab^ 4- b^. Therefore

a 4- Sf y
or rt4-Z’l®, or the ninth power of the binomial quan-

tity a -\-b, will be equal to the compound quantity 4-

ga^b 4- 36/37^® _j_ 4- 126^3*^“^ + iz 6a*b^ 4- 84^^^® +
2,(>a^b'' -{- gab^ 4- b^. And fo, upon trial, it will be found

to be.

95. IF n is iz 10, we fhall have the feries «” 4- ^ Ka~^b

4- 'LzIb/-^^* 4- — C/ 4- 4.23 4
'

W —
“ 4 p' ^ ? 7 5 I

72 C Ti 6 t g /2— 6 72 7 7 - 22 — 7
•—a E« 4- a b^ 4- ‘b^ 4-

S 6 ^7 8

H 22— 8;J
1

72— 8 1 22 — 9i9 i
tl~g ^ 72 — IO.jq 72 — lO

a b + la ^b^ + —- Ka b 4-
9

‘ lo ' ^ li

R.
1.23

72—11

lO
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-f &c (= +^ X I X +-7 + j
' + -j

Ea^}f + 7 + -|-

+ i- Uh^ + — Y.a^b'^ + - =
-\-ioa9b + + \2oa'h'^ + xioa^h*' + 2^iaih +
moO^b^ + 1200^

b"^ + 45 ^^^* + loa^b'* + i X + o +
&c) =r a'° + loa’^b + ‘45«*^* + 1200’b^ + 2ioa^b^ -f*

252^*^* + 2 ioa*b^ + i 2 oa^b'^ + 45^^^^* + loab'^ +
Therefore a 4-^”> or a + />V°j or the tenth power of the

binomial quantity a -p b, will be equal to the compound

quantity «*° -|- 10«’^ + + I'^oa’b^ + 2ioa^l* +
2^2a^b^ 4* 2-ioa*b^ + 1200 ^

b"^
-p 45<**^* “b loab^ + b^°.

And fo, upon trial, it will be found to be.

96. Laftly, let « be ~ 1 1 . Then will the feries + --

+— + —Ca~'^b^ + !iZi D
2 3 4

/“V ^ :l1z ^ F/“V + — Ga~h-^
5 6 7

4.'8 9 10

4 !L=Ll? -P + &c be (= +

- X I X a^’^b + - BaV + ± Ca^P + - D + -1
I ^34 5

+ i 4- Ga^^b'’ 4- 4- 4- 4- -

4- — Lrt°^" 4-- 4- he — 4- 11«*°-^
II 13 ‘

4“
55 t^ 9^*4" 4- 330«’^'^+ 4^ 2 ***^^ + af>2a^b^{ 3301?'^^'^

4- i 6 ^a-ib^ 4- 55«*^^ 4- + I X 4- O 4- &c) r=: 4“

4-iirt‘°i5' 4-

55 <*’^* 4- i(>$a^b^ +330«’^'^ 4-462«^/^^ 4- 462(i*^*

4- 4- 165^2’^® 4- SS^^'* + 4- i»”. There-
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fore or^T+71", or the eleventh power of the bino-

mial quantity a -{-by will be equal to the compound quan-

tity + 55«’^*+ \ 6 ^a^b^ + 330«’^* + A(iia^bi

+ 330«^^’ + \^^a}b^ + 55 «*^’ + i\ah^^ + /»“,

And lb, upon trial, it will be found to be.

97. It appears therefore that the feries + -p

4.
2'a .

n—Z^ ^ — 7% , ”~3t\ 4 7 a. .
« — 4+ —- Ca ^b^ -{ —^ Da i

3 4 5

-f- &c, which has been obtained

in the foregoing 5th corollary for the value of' the quantity

a or the «th power of the binomial quantity a b,

does truly exhibit the value of the faid power when the in-

dex n is equal to either i, or 2, or 3, or 4, or 5; or 6, or 7,

or 8, or 9, or 10, or 1 1 ; in which cafes the co-efficients of

the terms of the faid feries are equal to the numbers contained

in the feveral fucceffive horizontal rows of terms in the fore-

going table of combinations, in page 74, beginning with

the fecond row.

Additional Corollaries, not contained in the original text of

Mr. James Bernoulli,

98. To thefe five corollaries, which are contained in Mr.
James Bernoulli’s original text, it may not be amifs to add
the following corollaries, which are eafily deducible from
Mr. Bernoulli’s propofitions, and which will enable us to

find a general expreffion fpr the terms of any of the verti-

R 2 cal
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cal columns in the foregoing table of combinations, or, in

other words, for the figurate numbers of any propofed order.

99. Coroll. 6. It has been Ihevvn in art. 82, corol. 3,

page 112, that the n + ilth terms of the firft, fecond, third,

fourth, fifth, fixth, and other following vertical columns of

terms in the foregoing table of combinations are 1, « x
n~\

n X
«— I n— 2

n X
« — r

2
X

n—Z
X n X

n — I

X ”—

-

X —- X -— &c. But the «-1- i^h terms of the
3 4 5

firft, fecond, third, fourth, fifth, fixth, and other following

vertical columns of terms in the faid table are the firft, fe-

cond, third, fourth, fifth, fixth, and other following terms

of the K -j- 1 1th horizontal row of terms in the faid table.

Therefore the firft, fecond, third, fourth, fifth, fixth, and

other following terms of the «+i|th horizontal row of terms’

in the faid table are i, w, n X ~~~ i ^ X
«— I

W— I

Z

&c.

«—2 «—2 j «—I «—2
X —-i and n x X

3 4 23
X

n —

4

, n X

« - 4

5
'

100. Coroll. 7. Since the feveral terms of the n +T]th

horizontal row are i , » X ~

n

x X , n x
^ ^3

» — I « — 2

X
2

X ^—
-i and n X

3 4

«— « — 2 «—2 11 —

X

X X X y
^ 3 4^5’

&c, it follows that, if p be any whole number greater than

», as, for example, or or or « + 4, &c,

the feveral terms of the p -t- ijth horizontal row will be i,p,

, and p
3 X ^

And confequently the

third term of the p -f .]th horizontal row of terms, when p
is equal to n h i, or the third term of the » + 2lth horizontal

row

P X P X — X p X'~ X^ X ^ ^

X til X X X &c.,2 3 4 S
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row of terms, will be the quantity which arifes by fubfti-

tuting «+I inftead of p in the third term, p of the

laft-mentioned feries, that is, X or » -}-

1

x
‘ 2

,
or » X ; and the fourth term of the /+ ilth horizon-

tal row of terms when is “ « + 2, or the fourth term of

the « 3] th horizontal row of terms will be that which

arifes by fubftituting » + 2 inltead of p in the fourth term,

p X X > of the laft feries, that is, »+ 2 X^ z
2>

^

H + 2 —

2

«+I « «4-1 B+2
X , or «-h 2 X X — > or » X X .

3 23 23
And, in like manner, if we fubftitute « + 3 inftead of p

in the 5th term p X X ^—

~

X ^ of the iaft feries, we234-
(hall have « -f- 3 X ^ x or « -h 3

2 3 4
^ ^

«+2 «-j-i n «+I n -\-2 « + ? r iX X X — ,
or n X X X — for the

5th term of the n -f 4]th horizontal row of terms
;
and, if

we fubftitute «4-4 inftead of p in the 6th term, p x
-—

^ X X X of die laft feries, we (hall have2345
»+ 4— I « + 4— 2 «4"4— «4-4— 4

» -
4- 4 X X -did X -Id—d X -d-d_+ or « 4- 4

2 3 4 5

X d±i X l±i X d±i X -d-, or « X ^ X X d±i X2345 ^2 3 4

for the 6th term of the « 4- ildi horizontal row of

terms. So that the 3d term of the n 4- 2]th horizontal row

of terms, and the 4th term of the w+^ch horizontal row,

and the 5th term of the M-^th horizontal row, and the 6th

term of the »4- 51th horizontal row, will be » X , n x
2
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^ X ^±-^ « X
Z 3

^ 2

^
»+ 3 X

• 4 5

« + 2
”±I X — X — and » X— X

3 4 ^3
,

refpedlively.

loi. Coroll. 8. Thefe four terms n x j n x —— X

, X X X and « X

2

W+ I «4-2 «+ %.
X -^X—

^

3 43 ' 2 3 4

X — are derived from the number n by the continual

\ and
5

multiplication of the fraclions ”_±i, «_±1, ^3 the
2 3 4 5

numerators and denominators of which both increafe con-

tinually by an unit. Therefore, it we put C for the firft,

D for the fecond, E for the third, and F for the fourth of

thefe terms, we fliall have C = « 4* I

X n, and D — n+ 2

X C, and E _ « + 3 X D, and F
«4-4

X E.

And, from the manner in which thefe four terms were

derived from the 3d, 4th, 5th, and 6th terms of the feries

I. P. ? X V> f X ^ p~
X f X

p-x
X /-3

P X. P-K X X ' X

3
" 2 3 4

, &c, in the lafl corollarj'-,,

3 4 5

to wit, by fubfbtuting k + i, «+3, and « + 4, in-

ftead of p in the faid 3d, 4th, 5th, and 6ih terms, refpec-

tively, it is eafy to fee that the 7th term of the n~-\- 6lth ho^

rizontal row of terms, and the 8th term of the n 4- ylth ho-

rizontal row, and the 9th term of the ;z+^th horizontal

row, and the 1 oth term of the n 4- ^th horizontal row, and
the nth, i2th, 13th, 14th, 15th, and other following terms

of the n-\' io)th, n 1 r)th, «+T^th, «rT^th, n + I4|th,

and other following horizontal rows of terms in the faid table.

refpeiflively, will be equal to X F, x G,
«4-6 «4-7

8

X H,
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__ K+8 y « + 9 .. «+IO -r «+II iv/r «+I 2
X H,— X I, X K.— X L.— X M,— X

N, UlLii X O, &c, ill which the capital letters G, H, I,
* 4

K, I-j M, N, O, &Cj denote the yth, 8th, 9th, loth, nth,
1 2th, 13th, 14th, 15th, and other next following terms, of

the n 4- 6kh, n + ylth, n + 8)th, n + 9]th, n + io)th, and

other following horizontal rows of terms, refpedively, as

they arife, and the generating fradlions^^,

" + TO
&c, are a continuation of

10 ’ II ’ 12 ’ ij ’ 14

, f.
. . rn‘ n-4'T/j4*2« + 'Jn4'4

the foregoing generating rradtions —
-j-, — -j- >

and are derived from them by the continual addition of an

unit to both their numerators and denominators.

102. Coroll. 9. It is fliewn above in the. 6th property of

the numbers contained in the foregoing table of combina-

tions, art. 56 and 57, pages 77 and 78, that in every hori-

zontal row of terms in the faid table of combinations, the

fird and laft term are, each of them, an unit, and the terms

that are equidiftant from the firft and lall terms are equal

to each other. It follows therefore that the 3d term of the

n + 'ilth horizontal row, reckoned from the end of it, or

from the right hand to the left, will be equal to the 3d term

of it reckoned from the beginning, or from the left hand

to the right j and that the 4th term of the w^^P^th horizon-

tal row, reckoned from the end of it, or from the right

hand to the left, will be equal to the 4th term of it reckoned

from the beginning, or from the left hand to the right ; and ’

that the 5th term of the n 4- 4V: h horizontal row, reckoned
from the end of it, or from the right hand to the left, will

be equal to the 5th term of it, reckoned from the begin-

ning, or from the left hand to the right ; and that the 6th

term of the n 4- ^Ith horizontal row, reckoned from the end
of itj or from the right hand to the left, will be equal to the

6th term of it, reckoned from the beginning, or from
the left hand to the right ; and, in like manner, that the

5 7‘1>>
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7th, and 8thj and 9th, and loth, and other following terms

of the «-l^di, «4^th, n H-^Vh, n f 9]th, and other fol-

lowing horizontal rows of terms, refpeftively, reckoned from
the ends of the faid rows, or from the right hand to the left,

will be equal to the 7th, and 8th, and 9th, and loth, and
other following correfponding terms of the fame horizontal

rows, refpedlively, reckoned from the beginnings of the faid

rows, or from the left hand to the right. But i t was (hewn

in corollary 7th, that the 3d term of the « -f- i]th horizon-

tal row of terms, reckoned from the beginning of it, or
n “f" I

from the left hand to the right, is n x -j— ; and that the

4th term of the «-f-3lth horizontal row of terms, reckoned
from the beginning of it, or from the left hand to the right,

is n X X ; and that the. 5th term of the » + 4lth

horizontal row of terms, reckoned from the beginning of, it,

or from the left hand to the right, is « X X Xo 33
; and that the fixth term of the «+cUh horizontal

J.

row of terms, reckoned from the beginning of it, or from

the left hand to the right, is n x X X X

—^ : or that, if the faid third term of the «+Tlth hori-

zontal row of terms, reckoned from the beginning of it, be

called C, and the faid 4th term of the « -f ^th horizontal
row of terms, reckoned from the beginning of it, be called

D, and the faid 5th term of the n -f- 4lfh horizontal rovv

of terms, reckoned from the beginning of it, be called E,

and the faid 6th term of the n 4- 5lth horizontal row of
terms, reckoned from the beginning of it, be called F, we

fliall have C =: n x —^ and D zz^ x C, and E=
^

2 3 ’ 4

X D, -and F zz x E. And it is obferved in the laft.

or 8th, corollary, that, if the 7th term of the » + 6) h ho-

rizontal
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rizontal row of terms be called G, and the 8 th term of the

horizontal row be called H, and the 9th term of

the « + ^th horizontal row, and the loth term of the

n -i-^th horizontal row, and the iith term of the « 4- 7^th

horizontal row, and the 12th term of the n + i ilih hori-

zontal row, and the next following terms of the next fol-

lowing horizontal rows, all reckoned from the beginnings

of thofe feveral horizontal rows, or from the left . hand to

the right, be called I, K, L, and M, &c, refpeftively, we

fliall have G'=: X F, and H iz X G, and I
~

X H, and K =— X I, and L = ^±2 X K, and M
o 9

=r X L, and confequently that the 3d term of the

n -4- 2 I th horizontal row of terms, and the 4th term of the

w+^th horizontal row of terms, and the 5th, 6th, 7th, 8th,

9th, 10th, nth, and 12th, and other nex t following terms

of the »+ 4\ch, n + 5]th, n +^|th, w-f-yl h, ^ h,

K+ io\h, and n+i i\th, and other next following horizontal

rows of terms, reckoned from the beginnings of thofe fe-

veral horizontal rows, or from the left hand to the right,

will be equal to » X or C, and —^ X C,
^ 2 3 4

X E,^ X F, X G, X H,^ X I,

X D,

n 4 9

10

X K, and X L, &c, refpedtively. It follows there-

fore that the 3d term of the n horizontal row of

terms, and the 4th term of the n + 3|th horizontal row of

terms, and the 5th, 6th, 7th, 8th, 9th, loth, nth, and 12th,

and other next following terms of the « + 4jLh, «+^:h,
« + 6)'h, «4*7th, « + 8l'.h, K-f-9lth, »+ io]th, and « -}- i ihh,

and other next following horizontal rows of terms, reckoned

from the ends of thofe feveral horizontal rows, or from the

S right
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t

right hand to the left, will alfo be refpeftively equal to « x

or C, and X C, X D, ”-|i X E,^ X F,

^'xG,^xH/-±ixI,:^xK, and:±f“x L.

&c.

Of the figurate numbers, or the fignificant terms of the vertical

columns of terms in the foregoing table of combinations, page

74.

103. Coroll. 10. We come now to confider the vertical

columns of terms in the foregoing table of combinations.

Now it is evident, in the firft place, that the firft fignifi-

cant term in every vertical column of terms in the faid table

is an unit, and that the fecond fignificant term is the num-
ber which is the exponent of the column ; as has been ob-

ferved above in art. 53, page 76. So that, if the whole

number n be the exponent of the column, the two firft fig-

nificant terms of the faid column, immediately following the

cyphers at the top of it, will be i and «. It remains that

we find the values of the following terms in the faid co-

lumn, after the terms 1 and «. Now this may be done by

means of the foregoing corollaries, in the manner following.

In the foregoing table of combinations the number of

cyphers at the top of the vertical column of which the ex-

ponent is n, is n— i ; as is obferved above in art. 51, page

7^. And confequently the firft fignificant term in the laid

vertical column, to wit, 1, will be^he »th term of it, and

confequently will be fituated in the «th horizontal row of

terms in the faid table; and the fecond fignificant .terrn in

the faid vertical column of terms, to wit, n, will be fituated
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in the «+ i^ch horizontal row of terms; and the 3d fignifi-

canc term in the faid vertical column will be fituated in the

n-\- zUh horizontal row of terms ; and the 4th fignificant

figure in the faid vertical column will be fituated in the

«4-3lth horizontal row of terms; and, in like manner, the

5th, and 6th, and 7th, and 8th, and 9th, and loth, and
other following fignificant terms in the faid Mh vertical co-

lumn will be fituated in the« -f^th, and n -f- /jlth, and

??-(-6\h, and w + y.th, and «+ 8lch, and »+^th, and other

following horizontal rows of terms refpeftively.

And, further, the firft fignificant term, to wit, i, in the

faid «th vertical column of terms, is likewife the firft term,

reckoned from the right hand to the left, of the horizontal

row in which it is fituated ; and the fecond fignificant term
in the faid »th vertical column of terms, to wit, is like-

wife the feconil term, reckoned from the right hand to the

left, of the horizontal row in which it is fituated ; and the

3d fignificant term in the faid nxh. vertical column is like-

wife the third term, reckoned from the right hand to the

left, of the horizontal row in which it is fituated ; and the

4th fignificant term of the faid »th vertical column is like-

wife the 4th term, reckoned from the right hand to the left,

of the horizontal row in which it is fituated ; and, in like

manner, the 5th, 6th, 7th, 8th, and other following figni-

ficant terms of the faid «th vertical column of terms, are

likewife the 5th, 6th, 7th, 8th, and other following terms,

reckoned from the right hand to the left, of the feveral ho-

rizontal rows of terms in which they are fituated, refpec-

tively.

But it has been fliewn that the ift, 2d, 3d, 4th, 5th, 6th,

and other following fignificant terms in the «th vertical co-

lumn of terms are fituated in the »th, «-fTldi, »+T|[h,

« -b ^th, » + 4^11, n -j-^th, and other next following hori-

zontal rows of terms, re(pe6tively.

Therefore the ift, 2d, 3d, 4th, 5th, 6th, and other fol-

lowing lignificant terms of the «th vertical column of terms

S 2 are
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are likewife the ift, 2d, 3d, 4th, 5th, 6th, and other next

following terms, reckoned from the right hand to the left,

of the »th, K-f^th, n + zlth, n 3')ch, n -f- i|]ch, n 4- ^th,

and other next following horizontal rows of terms, refpec-

tively.

But it has been (hewn in coroll. 9, that the 3d term of

the » -p 2hh horizontal row of terms, reckoned from the

right hand to the left, is equal to » X or X or

X B ; and that the 4th term of the horizontal

row of terms, reckoned from the right hand to the left, is

n X X — or^i^ X C; and that the 5th term of the

n+ qlth horizontal row of terms, and the 6th term of the

»-r^th horizontal row of terms, and the 7th, 8th, 9th,

icth, and other next following terms of the n

» + 8ith, n + vj:h, and other next following hori-

zontal rows of terms, refpedively, all reckoned from the

right hand to the left, are equal to X

L+
s X F, X G, &c.

6 ’7

D,
« + 4

S

X E,

Therefore the 3d (ignificant term of the »th vertical co-

lumn of terms will be equal to « X X or

X B ; and the 4th (ignificant term of the fame verti-

cal column will be equal to » x ”-r— X or x C ;
2 3 5

and the 5th, and 6th, and 7th, and Sth, and 9th, and 10th,

and other following (ignificant terms of the lame vertical

« 4 ^
- X 1-.,—^ X r,

s

column will ^be equal to x D, x E, X F,

fj *
1” y n 8

X G, —g— X H, X I, &c. ; and confequently the

whole
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whole of the faid «ch vertical column of terms, including

the two firft fignificanc terms i and w, or, in other words,

the whole feries of figurate numbers of the «th order, will

B, C,
2 3

be I, ti, or — A,
” ~h 3 ” ~h 4 ^ ~1~

^

p «+6

4 ’
S

’6 ' 7

G,
« + 7lj-« + 8t «4.g^^» + iOy «+iiiy4-«+i2^^ «+ 1?H, I,

10
K,

11
L,

12

O, P, &c, ad injinitum.

*3

Qc E. r.

Examples, of the application of the foregoingferies to the compu-

tation of the figurate numbers offeveral fuccejjive orders.

104.- In the firfl; place we will fuppofe the letter n to de-

note i.

Then we fhall have «+i(=:i + i)~2, and « + 2.

(= 1+2) 3, and » + 3 (zz I + 3) rr 4, and « + 4
(::= 1 4- 4) = 5, and n + « + 6, -f 7, « -f 8, « + 9,

«4-10, &c, zz 6, 7, 8, 9, 10, II, &c, rerpeftively.

Therefore the feveral terms i, — A, B, C,
” ^ ^

D,^ E,^ F, G, H, I,
10

4

»410
11S

' 0 '7 '8 '9
L, &c, will, in this cafe, be equal to i,

^
A, B, C,

6 ^ *7 ^ 8
JH,

9f D, -i E, A F, 1 G, -i H,4 I, K, U L, &c, refpec-

tively, or to I, i A, i B, i C, 1 D, 1 E, i F, i G, i H,
I I, i K, i L, &c, or to i, i, I, I, I, I, I, I, I, I, I, I,

&c ; and therefore the twelve firft terms in the firft ver-

tical column in the foregoing table of combinations, or the

twelve firft figurate numbers of the ift order, obtained by
means
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means of the foregoing feries, will be i, i, i, i, i, i, i,

1, I, I, I, and I, or a fet of units; as they ought to be,

and as they are in the foregoing table of combinations.

105. In the next place we will fuppofe the exponent n to

be equal to 2, in order to obtain, by means of the foregoing

feries, the fignificant terms in the fecond vertical column in

the foregoing table of combinations, or the figurate numbers

of the fecond order.

Now, if is = 2, the terms of the feries i, y

&c. Therefore the firft eleven fignificant terms in the fe-

cond vertical column of terms in the foregoing table of com-
binations, or the firft eleven figurate numbers of the fecond

order, obtained by means of the foregoing feries, will be

the natural numbers i, 2, 3, 4, 5, 6, 7, 8, 9, 10, and ii ;

as they ought to be.

106. In the 3d place we will fuppofe the exponent n to

be equal to 3, in order to obtain, by means ot the foregoing

feries, the fignificant terms in the 3d vertical column ot terms

in the foregoing table of combinations, or the figurate num-
bers of the third order, or (as they are often called) the

triangular numbers.

Now, if is = 3, the terms of the feries i, A, B,

« + 2

Q ” + 3 Tk ” + 4 £
3 5

b 9
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&c, will be refpedively equal to i, — C,

3 + 3 D, 3+4 E, i+i F, 3:^ G,4-’ I, &c, or i, i
4 - 5

- 6 7 8

A, 4 B, 4 C, 4 D, E, I- F, 4g,

3 + 8

I, &c, or
3 '4 '5 '7

I, 3, 6j 10, 15, 21, 28, 36, 45, 55, &c. Therefore the

firft ten fignificanc terms in the third vertical column of

terms in the foregoing table of combinations, or the firft

ten figurate numbers of the third order, or the firft tea

triangular numbers, obtained by means of the foregoing

feries, are i, 3, 6, 10, 15, 21, 28, 36, 45, and 55 ; whicli

are the fame numbers with thofe fet down above in page 74,
in the third vertical column of the foregoing table of com-
binations.

107. In the 4th place we will fuppofe the exponent n to

be — 4, in order to obtain, by means of the foregoing fe-

ries, the fignificant terms in the 4th vertical column in the

foregoing table of combinations, or the figurate numbers of

the 4th order, or (as they are often called) the -pyramidal

numbers.

Now, if « is — 4, the terms of the feries i, — A,
n 4* *

B,
«4-2 C4 + ’ D,

K 4- 4 + 5 F,
* + 6

G,
» + 7

3 4 5
' 6 7 8

will be refpedively equal to I
4

’ I

A/- +
I

2
B,

4 + 2

3

D, 4+ 4

5

E F 4 6 G ^ H ,
&c

,
or

c, 4D,iE,fF,4G,.1

1

T H, &c. or I, 4 > 10

C, 4+3
4

56, 84, 120, 165, &c. Therefore the firft nine fignificant

terms in the fourth vertical column of terms in the fore-

going table of combinations, or the firft nine figurate num-
bers of the 4th order, or the firft nine pyramidal numbers,

obtained by means of the foregoing feries, are i, 4, 10,

20, 35, 56, 84, 120, and 165 j which are the fame num-

7
' bers
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bers with thofe fet down above in page in the fourth

vertical column of the foregoing table of combinations.

io8. In the 5th place we will fuppofe the exponent » to

be IT 5, in order to obtain, by means of the foregoing.fe-

ries, the fignificant terms in the 5th vertical column of terms

in the foregoing table of combinations, or the figurate num-
ber of the 5 th order.

Now, if « is — 5, the terms of the feries i, ^ A, B,

»-f

2

^ «+ 3 p « + 4 £ »+? p
«4-6

3 '4 ' S
'6 » 7

lively equal to i, ~ A, B,

G, &c, will be refpec-

^ 54-3 T-k 5 + 4 17 5 +5

F, G, &c, or I, -C A, i B, i- C, - D, E, ^ F,

11

7
G, &c, or I, 5, 15, 35, 70, 126, 210, 330, &c. There-

fore the firft eight fignificant terms in the 5th vertical co-

lumn of terms in the foregoing table of combinations, or

the firft eight figurate numbers of the 5th order, are i, 5,

15, 35, 70, 126, 210, and 330 i which are the fame num-
bers with thofe fet'down above in page 74 in the 5th verti-

cal column of the foregoing table of combinations.

109. In like manner, if the exponent « is == 6, the terms

of the feries i ,
— A, B, C,
^ 2 3

” + 3r\ " + 4 t7 « + 5

F, &c, will be refpeflively equal to i, — A, — B, — C,

D, ^ 5^y ^2.6, 252, 462, &c.

and confequently the firft feven fignificant terms of the 6th

vertical column of terms in .the foregoing table, or the firft

feven figurate numbers of the 6th order, will be i, 6, 21,

56, 126, 252, and 462 ; which are the fame numbers with

thofe fet down above in page 74 in the 6th vertical column

of the foregoing table of combinations.

. no. And,
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no. And, if the exponent n is 7, the terms of the

feries i,
j
A, B,^ C, D, E, &c, will be

refpeaively equal to t, i A, — B, — Cj — D, — E, &c, or

I, 7, 28, 84, 210, 462, &Ci and confequently the firft fix

fignificant terms of the 7th vertical column of terms in the

foregoing table of combinations, or the firfl; fix figurate

numbers of the 7th order, will be i, 7, 28, 84, 210, and

462 ; which are the fame numbers with thofe fet down above
in page 74, in the 7 th vertical column of the foregoing table

of combinations.

III. And, if the exponent « is = 8, the terms of the

feries i, — A,
*‘-
1̂ B, llLi C, D, &c, will be refpec-

tively equal to i, — A, — B, — C, — D, &c, or i, 8, 36,1234
120, 330, &c ; and confequently the firfl; five fignificant

terms of the 8th vertical column of terms in the foregoing

table of combinations, or the firfl five figurate numbers of

the 8th order, vvill be i, 8, 36, 120, and 330; which are

the fame numbers with thofe fet down above in, page 74,
in the 8th vertical column of the foregoing table of combi-
nations.

1 12. And, if the exponent is 9, the terms of the

feries i, ~ A,
'

B, C, &c, will be refpeftively equal

to I. ^A.
I

10

2
B,
Y Ci or I, 9, 45, 165, &c ; and

confequently the firfl four fignificant terms in the 9th ver-

tical column of terms in the foregoing table of combinations,

or the firfl four figurate numbers of the 9th order, will be

I, 9, 45, and 165 ; which are the fame numbers with thofe

fet down above in page 74, in the 9th vertical column of the

foregoing table of combinations.

T 1 13. And,
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1 13. And, if the exponent « is == 10, the terms i,
^ A,

B, &c, will be refpeftively equal to i, — A, — B, &c,

or I, 10, 55, &c; and confequently the three firft figni-

ficant terms of the loth vertical column of terms in the

foregoing table of combinations, or the three firft figurate

numbers of the loth order, will be i, 10, and 55 j which
are the fame numbers with thofe fet down above in page

74, in the 10th vertical column of the faid table of com-
binations.

1 14. It appears, therefore, that all the numbers fet down
above in page 74, in the ten firft vertical columns of the

foregoing table of combinations, may be obtained by the ap-

plication of the general feries i, -^A,

« + 4 T? ” + ? T? «+6^ » + 7n « +D, — — F,— G, -^H,— 1,

B,
« 4* 2

3
c, 1+3

4
«+ 9 n+xo ^
10 ’ II

*

&c ; which is a confirmation of the truth of the faid feries,

and of the reafonings by which it was obtained.

A general]o ^
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I

jA general exprejjion of the value of thefration , or the re^
a +b)n

ciprocal of any integral power of the binomial quantity a + b,

in an infime feries.

1 15. Coroll. II. From the foregoing corollary we may
derive a general expreffion for the value of the quantity

, in an infinite feries of terms, when the
a+ bY

index n is any whole number whatfoever.

For the quantity
1

is equal to the feries which refults

from the divifion of the numerator i by the binomial quan-

tity a b 2i% many times as there are units in the index n.

And the quotients that arife from thefe divifiohs are a fet of

infinite feriefes confifling of terms marked alternately with

the fign — and the fign +, and of which the numeral co-

efficients will be the figurate numbers of the feveral fucceffive

orders. This will appear by making a few of thefe divi-

fions ; which I fhall therefore now proceed to make : but,

in order to render the operations fomewhat fhorter and eafier

than they otherwife would be, I fhall fubftitute the binomial

quantity i + inftead of the binomial quantity a + b^

W'hich will make no change whatever in the numeral co-

efficients of the terms of the feveral quotients that will re-

fult from thefe divifions : and I fliall fuppofe the quantity

X to be lefs than i, to the end that the powers of x in the

terms of the feveral quotients may be decreafmg quantities.

T 2 116. The
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1 1 6. The firft of thefe divifions will be as follows :

Divifor. Quotient.

1+^) (i—

Dividend.
j * yt * * ¥/ * « *

I +w

—x—x“^

+ X*+ A-5

' * -x3

-X^-X*
* +x*

*-;cS

—x^—x^
* +a:*

' * -;c7

-xT-x*
* +A*
+X^+X9

* —at’
-a;9 -a-‘»

* +x'~^

+ a-*°+a:»»

* -a:“

* +;c”

By this divifion it appears that the fraftion is equal

to the infinite feries i— x + — x^ x*— 4-x®— x^-^
«*— X* -\-x

^°—

+

&c, in which the fecond, fourth, fixth,

eighth, tenth, and twelfth terms are marked with the fign

— , or are to be fubtradted from the firft term ij and the

third, fifth, feventh, ninth, and eleventh terms are marked
with the fign +, or are to be added to the firft term i.

And it is eafy to fee, from the manner of making this divi-

fion, that, if the operation was to be continued to any

greater

/
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greater number of terms vvhatfoever, the 14th, and i6th,

and 18th terms, and all the following even terms in the quo-
tient would alfo be marked with the fign — ; and thaD the

13th, and 15th, and 17th terms, and all the following odd
terms in the quotient would be marked with the fign -f

.

And the numeral co-efficients of all the terms in this quo-
tient are units, or are the terms of the firft vertical column
of terms in the foregoing table of combinations, or the figu-

rate numbers of the firft order j agreeably to what has been

juft now aflerted.

1
1
7. The next divifion vvill be as follows

:

Divifor. Quotient.

I-J-A') (l— 24T-t- 3A*
- 4.^34- 5^4— 6x5 4- 7Af®

— 8at’4- 9
^^®— lox® 4- I lA'**—

12AT** -H &C.

Dividend.

I —x4*A*— a3 4'A'*— x5 4-A®— — A** 4“ &C.

i4-a

* — 2a4-A*
— 2A— 2A*

* + 3A*— A®

-f3x*4-3-y^
' ''

* — 4a34-a*
— 4a

3 — 4A^

* +-5a‘*-x5

4-$a‘*4-;x 5

* -6x5 4- A®

—6a5— 6a®

*
-J- 7x®— a“^

4- 7A® 4- Tx’

* - 8a’ 4- A»

-8a? -8a®

* 4“ 9A®-"A*

4- 9A® 4- 9A^

* — I oa® 4* A*°

— ioa^— ioa*°

«"TTiT^-x»
4- I IA*°-f I ia‘*

* — I 2a‘‘ 4-&C.
— I2A^*

By
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By this divifion 'it appears that the fraction is equal

to the infinite feries i — ix — 4a:’ + ^x*— + "jx*— 8x^ + 9X®

—

loA® + iix^^— I2A?" + &c, in which, as

in the former quotient, the fecond, fourth, fixth, eighth,

tenth, twelfth, and other following even terms have the fign

— prefixed to them, or are to be fubtradled from the firft

term i •, and the third, fifth, feventh, ninth, eleventh, and
other following odd terms are marked with the fign +, or

are to be added to the faid firft term. And the numeral co-

efficients of the feveral terms of this quotient are the natural

numbers i, 2, -i?, 4, 5, 6, 7, 8, 9, 10, ii, 12, &c, or the

terms of the fecond vertical column of terms in the forego-

ing table of combinations, or the figurate numbers of the

fecond order.

ii8. The
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1 1 8. The third divifion will be as follows

:

H5

Divifor. Quotient.

J+;r) (l — + — IOM3+ I5;V+_2I;tS + 28 v®— 36a;7 -
1
-
45x*_£ 5 ;1

-9^
66;c*°-7S;c^‘ + &c.

Dividend.

I — 2^+3*»—-4x*4- 5x^--6a.'* + 7A-*— 8^’+ gA®— ioa’ -f i ia*°— i2a*’^+

&

c.

1 + A
*—

3A+ 3A*— "A— 3A*

* +6a*— 4A*

+^a*+ ^a5

* — IOA^+ 5A^
— lOA^— I0A*

* +I5a‘’^— 6a*

+ i5a^+xsa5
* — 2IaS + 7A®
— 2 I A* — 2 I A*

* +28a®- 8a7

+ 2 8x^ + 2 8x7

* — 36a7 + 9a®

— 36a7 — 36A*

* + 45A®— lOA®

+ 4 ^)X® +4S‘*'^

' * — 55A^+IIA*'’
— c;9A® — 5CA^°

* +66a*^- 1 2a”
' 4-66a"°+ 66a“

* — 78a** 4-&c.
-78a» -&c.

* +
'

By this divifion it appears that the fraflion is equal

to the infinite feries i — 3x + 6 x'' — lox* + — 2i;c’ +
28;?^ — 36;^’+ 45X® — 55^® -f 66a;‘° — 78;^“ + &c, in which,

as in the two former quotients, the fecond, fourth, fixth,

eighth, tenth, twelfth, and other following even terms have

the fign — prefixed to them, or are to be fubtrafled from
the firft term 1; and the third, fifth, feventh, ninth, eleventh,

and other following odd terms have the fign + prefixed to

them.
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them, or are ro be added to the faid firft term. And the

numeral co-efficients of the feveral terms of this quotient are.

the terms of the third vertical column in the aforefaid table

of combinations,, or the figurate numbers of the third order,

or the triangular numbers.

no. The fourth divifion will be as follows :

Divifor.
.

Quotient.

(i— 4.V+ lOA* — 20.v’-1-35a‘*— 56.s;54.84^«— I20a’-J-i65.v*—

&

c.

Dividend.

I — 3a + 6a'— ioa^ 4- i5A‘^— 2US4-38A®— 36a’+ 45 a'*— &c.

» +A-

— 4A— 4A-^

*
-f lOA*— lOA*

-f lOA-^-t- lOA^

* — 20A'^ + I

— 20X^ — 20X*

* +39^“^— 2Ia*

±15T!±liif

— 56x5 — 56.x*

* +84I«-36a-^'
84A® "i" 84'*^

' * — I20JC^4-45A*

— 120x7 — 120a®~
-I-I65A-»- &c.
-fi65x®+&c.~ - &7.

By this divilion it appears that the fra(flion is equal
I +a]

to the infinite feries i — 4A' + ioa:*— lox^ -b — ^6 x

4- 844-6 — I 20.V’ + 1654*— &c, ad infinitunii in which, as

in the three former quotients, the fecond, fourth, fixth, and
eighth, and other following even terms have the fign — pre-

fixed to them, or ^'e to be fuotraded from the firll term i ;

and the third, fift-li, feventh, ninth, and other following

odd terms liavc the- fign 4- prefixed to them, or are to be

,v added
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added to the faid firft term. And the. numeral co-efficients

of the feveral terms of this quotient are the terms of the

fourth vertical column in the aforefaid table of combina-

tions, or the hgurate numbers of the fourth order, or the

pyramidal numbers.

120. The fifth divifion will be as follows :

Divifor. Quotient.

*+*’) (1—5.^ + 15^*— + — — &c.

Dividend.
\

I — IO.-C*— 20;t^-}-33.¥^— 56x*-1-84;v®— I20;v7-|- &c.'

I -t-AT

* — JaH- ioa*

* +I5A*— 20A'*

+ 1 1 5»^

* +70A^— 56^*

70a'^ -{- 70A*

* — I26v*-1- 84X® .

— I 26x5 1 26x®

*
-f 2I0A^— &c.
-}-2IOX®+ &C.

* iT&ci

By this divifion it appears that the fraftion - is equal

to the infinite feries i — 5x + 15^;* — 35^:* + yox^— 126^;*

+ 210.V® — &c, ad infinitum, in which, as in the four pro-

ceeding quotients, the fecond, fourth, fixth, and other fol-

lowing even terms have the fign — prefixed to them, or are

to be fubtraded from the firft term i ;
and the third, fifth,

feventh, and other following odd terms have the fign -j- pre-

fixed to them, or are to be added to the faid firfl term.

And the numeral co-efficients of the feveral terms of this

quotient are the terms of the fifth vertical column in the

foregoing table of combinations, or the figurate numbers of

the fifth order.

U 121 .
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1 2 1. The fixth divifion will be as follows :

Divifor. Qiiotient.

1 +^) (i-6Ar+2ix*-56A* + i26A-^— 252^ 5 ^. &c.

Dividend.

I _ 5A-+ I S
A-* - 3 5

A- J + 70A*-

1

26a*+ &c.

i±f
64f+i5'*^*

— 6at—

* +2IA-*— 35A-’

-4-2IA-®+ 2I*'«^

* -,'6aJ+ 70a*

— 56a-^— 56a*

* +I26a^— I26a'S

• + I26a*4-I26a*

* i^2 52A*+ 5iC,

— 2 52a* — &C.

* + &c.

By this divifion it appears that the fradtion
I

I + a1
^ is equal

e

to tlie infinite feries i — 6x 21 a;* — 56:^* + i26a 4 —
252X* + &c; in which, as in the five former quotients, the

fecond, fourth, fixth, and other following even terms have

the fign — prefixed to them, or are to be fubtraded from

the firfl term i ; and the third, and fifth, and other follow-

ing odd terms have the fign + prefixed to them, or are to

be added to the faid firfl term. And the numeral co- efficients

of the feveral terms of this quotient are the terms of the fixth

vertical column in the foregoing table of combinations, or

the figurate numbers of the fixth order.

Conclufms
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Concluftons from the foregoing Operations of Bivifion.

111. From the operations of fhe foregoing fix divifions with
the fame divifor i + I prefume that it will be evident to

the reader, that, if we were to continue each of the fore-

going quotients to any number of terms, how great foever,

the faid terms would continue to be marked with the figns

+ and — alternately, and that the co- efficients of the fol-

lowing terms after thofe that have been above computed,
would be the following numbefs of the fame order of figu-

rate numbers to which the co-efficients of the terms above
computed in the faid quotients, belonged, refpedrively. And
I likewife prefume that it will be evident to him, that, if

we were to divide the laft, or fixth, quotient by i x,

and the next, or feventh, quotient, by the fame quantity

I .V, and the feveral next following, or the eighth, ninth,

tenth, and eleventh, &c, quotients, continued to any num-
ber whatfoever, by the fame quantity i -|- a; (whereby we
fhoLild obtain feveral infinite feriefes that would be equal to

,

the fraftions
+ x)

7 >

1 + **
I * + 1 + ]

were to continue each of the faid divifions till we had ob-
tained any number of terms in the quotient, how great fo-

ever, the feveral even terms in every quotient would be
marked with the fign —, or fubtracfed from the firfl term
I

; and the third, fifth, feventh, and other following odd
terms in every quotient would be marked with the fign -f-,

or added to the laid firft term j and alfo, that the co-efficients

of the terms of the faid 7th quotient (that would be equal

to the fradlion _V -^) would be the figurate numbers of the

7th order, and the co-efficients of the terms of the faid 8th

U 2 quotient

11^
&c), and
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quotient (that would be equal to the fra(51:ion ===rt )
would

be the figurate numbers of the 8th order, and that the co-

efficients of the terms of the 9th, loth, nth, and other fol-

lowing quotients (which would be equal to the fraftions

I I I

14-^1’* 1+ I 4- A-1

of the 9th, loth, nth, and other following orders, refpec-

tively.

-
, &c) would be the figurate numbers

Ohfervations on the foregoing Operations of Divijion, tending to

ejlahlifh theforegoing Concluftons,

123. The foregoing conclufions may be derived from the
following obfervations, which cannot but occur to every
perfon who fiiall go through the foregoing operations of
algebra’ick divifion with attention, namely,

ifl. That in every feparate operation of divifion, by
which a new term in the quotient is to be obtained, the di-

vidend will always confift of two terms which will have dif-

ferent figns -f and — prefixed to them ; fo that, when the
firft of the two has the fign -f prefixed to it, the fecond
will be marked with the fign — ; and when the firft has
the fign — prefixed to it, the fecond will be marked with
the fign +

.

2dly, Ihat the fubtrahend, or quantity which is to be
fubtradfed from the faid dividend, will always confift of two
terms, which will be both marked with the fame fign 4- or

which fign will alfo be the fame with that of the firft of
the two terms of the dividend from which the (aid fubtra-
hend is to be fubtradled j and therefore the fio'n which is&

prefixed
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prefixed to the fecond term of the faid fubtrahend will be
contrary to that which is prefixed to the fecond term of the
faid dividend, from which it is to be ftibtraded

; whence it

follows that when, in order to fubtrad; the faid fecond term
of the fubtrahend from the fecond term of the dividend
which is placed juft above it, we fhall (according to the rules

of algebraick fubtradion) have changed its fign into the
contrary fign, and have added it, with its fign fo changed,
to the fecond term of the dividend, the refidue thence re-

fulting (which will be the firft term of the next dividend)
will have the fame fign prefixed to it as is prefixed to the
fecond term of the former dividend, or the contrary fign to

that which is prefixed to the firft term of the former divi-

dend ; fo that the firft terms of every two contiguous divi-

dends throughout the w'hole divifion will be marked witli

contrary figns, and confequently every two contiguous terms
in the quotient (which have always the fame figns with the

firft terms of the two dividends from which they are derived)

will alfo be marked with contrary figns.

3dly, Since the two terms of the divifor i + at, to wit,

1 and X, have the fame numeral co-efficient i, and every

new fubtrahend is produced by multiplying the divifor

1 into the laft-found term of the quotient, it follows

that the numeral co-efficient of the fecond term of every

new fubtrahend muft be the fame with the numeral co-effi-

cient of the firft term of the fame fubtrahend. And con-

fequently, when the fign of the fecond term of the fubtra-

hend is changed, and thereby become the fame with the

fign of the fecond term of the dividend, which is juft above
it, and it is added, with its fign fo changed, to the faid fe-

cond term of the dividend, the co-efficient of the quantity

refulting from this addition, or algebraical fubtradlion (which

is evidently the fum of the co-efficient of the fecond term of

the fubtrahend and of the co-efficient of the fecond term of

the dividend) will alfo be the fum of the co-efficient of the

firft term of the fubtrahend and of the co-efficient of the

fecond term of the dividend, and confequently (becaule

the firft term of the fubtrahend is always equal to, or the

fame
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fame with, the firft term of the dividend) will alfo be the

film of the co-efficient of the firfl; term of the dividend and

the co-efficient of the fecond term of the dividend ;
that is,

the co-efficient of the firft term of every new dividend will

be the fum of the co- efficients of the firft and fecond terms

of the next preceeding dividend. And confequently the co-

efficient of every new term in the quotient (which is the

fame with the co-efficient of the firft term of the dividend

from which it is derived) will be the fum of the two co-

efficients of the two terms of the next pieceeding dividend.

But the fecond term of the next preceeding dividend is a

term of the laft preceeding feries, or quotient obtained by

the divifion by i -f- ‘V ;
and the co-efficient of the firft teim

of the faid next preceeding dividend is equal to the fum of

the co-efficients of all the preceeding terms of the faid laft

preceeding feries, or quotient obtained by the divifion by

I + X. Therefore the co- efficient of every new term in the

quotient arifing from the prefent divifion by i + .v will be

equal to the fum of all the co-efficients of the terms in the

foregoing feries, or quotient, as far as the correfponding

term, or term involving the fame power of x^ and includ-

ing the faid term. Thus, if the former feries, or quotient,

be called A, and the prefent quotient, now arifing from the

divifion of the feries A by i -j- a', be called B, and tn be

a whole number denoting the place of any term in the

quotient B, the co-efficient of the mth. term of the feries,

or quotient, B, will be equal to the fum of the co-efficients

of all the terms of the preceeding feries, or quotient. A, as

far as the mih. term of the faid feries, and including the faid

m\h. term.

And therefore, 4thly, that the co-efficients of the terms of

the feveral feriefes, or quotients, arifing by the continual

divifion of 1 by the binomial quantity i q- x will be the

feveral orders of figurate numbers, or the terms of the feve-

ral vertical columns of terms in the foregoing table of com-
binations ; fince both the faid co-efficients of the terms of

the faid feriefes, or quotients, and the faid figurate num-
bers, or terms of the feveral vertical columns of terms in the

faid
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faid table of combinationsj arife in the fame manner from a
feries of units, i, 1,1, i, i, i, i, i, i, i, i, &c, to wit,
by the continual addition of them to each other, and by the
like continual addition of the terms of every feries generated
from them to each other.

application of theforegoing reajonings to the finding of a general

expreffion of the value of the fradlion in an infiniteJe-

ries of fimple terms.

124. It having been now proved that the terms of the fe-

veral feriefes, or quotients, that are equal to the fradtions

* ^ ^ ^ ^
^ &c, ad infinitum^1+^’ 1+^)^’ 1+^^’ 1+^^

(beginning with the fecond term in each feries), are to be
marked with the hgn and the fign + alternately, and
that the co-efficients of the terms of the faid feriefes will be
the figurate numbers of the correfponding orders ; and it

having been proved above in coroll. 10, that the figurate

numbers of the wth order, or the fignificant terms of the

»th vertical column of terms in the foregoing table of com-
binations (n being put for any whole number whatfoever)

are equal to the terms of the following feries, to wit, i.

n . n+l

n+8
j n+g

9

fradlion

n + 6 ^ n^ -‘

3
'4 '5 '8

n + 10
I, —

-

K, L, &c, ad infinitum j
it follows that the

will be equal to the infinite feries i — — Aa?

4
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+ IL' B *• — ^Cx' + ^±1 Dx4
2 I 4

F;c«-

«4-10

II

i±« G *’ + Ha-‘ - +
7 8 I 9

^E*’ +^
w + 9
lO

L.v“ + &c, infinitum,

h
125. Now let -j be fubftituted inftead of x. And the

fradion —^ will then be = — and the feries i — —
I +x b I

a

*•_ l^+Tc AT> + D A.-4
—

I 3 4
+ I±i B Ea?* -b

« + 5

F;e6 —

K — |l

Gx’ 4. 1±Z H*’
^ o

a + 8

+ 10

— +
a 2

a+ 5

II

«+I T, a+2^^5
,

»+ '^

^ "3
“
7
“

F — —

.

6 a®

«4-6
3 «

p 37 «4-7 TT
^ flT + 3

FI ^8

a‘^

a«

« +4
5

E

6

« 4 9

10

— -^A
I

Ts- +

1- +
« •f 9
10

K ^ ^ ^ infinitum. Therefore the

fraflion

1 4-

F— will be equal to the feries i — ~ A — 4*
b”- 1 a

»+i
B

a» 1

«4-2 ^ b*

a*

3® «4-6 Gil + ’4?H4-
8 fl®

”+ 3

4
3 »

« 4-4

a* ~5~

a 4 8
I

9 o9

E — 4- ^5
/^s ^ 6
i!

» + g
JO

10

— I—

—

L~ -f &c; and confequently (dividing both

lides of this equation by a”) we lhall have
(
— ^

I +
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I

or -
,

b «
I + *—

a
X a”-

or

-1_+ 'i±I B
«+1 2

«+ 4

” + 5
+

ir
I X a

a

f
a + 2

n+ 2
1 3

+ 5 p

, or) = -i ^ A

h-i

«4-6

«” + 3

rK+

6

+ ^3 jD ^

7

G ^7

^«+7
+

,/ + 4

«4-7 H

^ G+8
«+ 8 IQ I

3^ «+9 __l
« + 9 10 ^«4a

r«+id

l-IO I II ^«+11

+ &c, ad infinitum \ or, according to Sir Ifaac Newton^s
notation with negative indexes of powers,' we (hall have

a -If’ S\ ” zz the feries a ”— — A b + :-±-L

»+2 ^ „—”—3

3

O

” + 3

4

4- 6

^3 4_ 'LlAEa
4

“«“ 4^4 |«+4
5

«+.7

8

i 9 10

p

n 4- 10 T —«—I i

I r
-p &c, ad i/nfinitum. Qj E. t.

126- This laft feries is the farhe with that which would

refult from Sir Ifaac Newton’s original feries for expreffing

the value of the quantity a-\-S^

^

or the «th power of the

binomial quantity a-\-b, to wit, the feries «” + -p ^ 4-

Hn— i «— 2 72 .
" n—x n — 2 n— %1, , »

X — « ^ + -7 X X a ^ -r Y.
I 1 I 2 1

h^\ «-^2 »— 2 ^— 4X X —^ a234
*~4 n -^5

3

j. .
n a — I a— 2 a— !

^‘+tx — x-T
a ^ &c, by fuppofing the index n of the faid

power to be negative, or by fubftituting — n inftead of n

in the terms of the faid feries,

X For,
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For, if this fubflitution be made in the terms of the faid
*

feries, it will become equal lo a ^ ^
— « — n —n—

I

a

—n— I —n— z ,, —

n

—n—i
b^ - X X

I 22
a

n— I

X
2

— n-
Z.3

-n — 2 —n— Z

a

1

— n

X

i'

~r +
—n— I . —n—z— n— 2 —n— z — n— 4 — n

X —- X a ^ — X X
3 4 J 2 3

X a~^~^ bs — &c, and confequently,
4 5

•

, and X
2 3

r *“ » —«—I . + «
(becaufe — X >s

“ — X
' 12 1

- «-3
IS

+ »
X + «+ 3

), equal to a
—n— n — n— i ,,— a b

I

12 123
-|-n +n-4-l 4-«4*2 4 w4"3 “ W“~4 74.4**- X X X —^ (I ^b'^ — X X12,3 4 12

^-«.-5 ^ «

3 4 5 I

— n— I .
n .

n + x —n— z,^
,

w
^

n -^-

1

f«+

2

« 4— X . a b^ ^—x X12 12 '3
—n— z ,, ,

n n+i « + 2 «+3 —n — A,, ,
n k+i

I 2 3
• 4

73+ 2 a+ 3 l’?+ 4 — 7i — C , „X X —^ X — a ^ 5s + &C, rr: a
3 4 I 5

K a b B a ,,-EI Qa

I 2

— n — n

I

“"-3
q. 1+ 3

D b* — a ” ^ 5 * 4- &c; which is the feries

we juft now derived from Mr. James Bernoulli’s doflrine of

combinations for the value of the quantity a 4-^~”, or

“4^”
Cii E. D,

A general
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of the value of the fracHou 7=^
a —

reciprocal of any integral power of the rejidual quantity a— by

in an infinite feries.

or of theA general expreffion

I'll.' Coroll. 12. The fradion C.! will be equal to the

leries ! A B C b
71 I n+ 1 2 «+ 2 2 ^ \n /1 ' /T * /7 * ->

” + 3 D E —- ,
«+ 4 ^« + 5

« + 8

1. l±i F
a-}" 6

+
a + 6

b9n ,
”+7 LJ I T^—

7
+— “ TTs + V ,+9

+
a

a+ 10

1

1

«4-9

10
K

a-r 10

L
a+ U + &c, ad infinitum, which confifls of the

very fame terms as the feries obtained in the foregoing co-

rollary for the value of the fradlnn
,
but with the fign

+ prefixed to all the terms after the firft term —, inftead of
a

being prefixed only to the 3d, 5th, 7th, 9th, and other fol-

lowing odd terms of it, as in the former leries.

128. This will appear by dividing i two or three times

following, by the refidual quantity i —

x

inftead of the bi-

nomial quantity i 4- x. For we fliall eafily perceive that all

the terms, alter the firft terms, in the quotients arifing from

thole divifions will be matked with the fign -f-, or inuft be

added to the firft terms. The three firft of thefe divifions

will be as follows

;
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^he firjl Divifion,

Divifor. Quotient.

1-^) (I+A:+ A•*•-f-x3+ x4^-^S+A•®+ A7+ X®+^t’f &c,

Dividend.

I —X
*

+ A— A^

‘ r + x^ *

+ .r*^—

^-A^-A-^^

* 4-jr'»
*

+ A^—A^

" »+A? »

+aS— A®

' * +A* *

+ a®-a-7
- * +A'^ *

+ A 7— A*

- * +A-« *

+ A®--A^
'

* +A» *

-f A«— a'9.-

- *
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The Jecond Divifion,

Pivifor. Quotient.

J — A-) ( I + 2X+ + 6.\S + 7a'6 + 8;f7+ gjp« + ioa:^+ &c.

Dividend,

I —X
+ 2X+ X^

+ 2X— 2X‘^

+^x'^ + x^

_ +^X^— ‘^X^
.

* +^X^+X*
+ 4A'^ —

f 5^+ .v5

+ — l^x^

* + 6a’S + x^

+ — 6x^

* +']^+x’^

+ yx^— yx'^

* +8a-7+^®
4* — 8;f*

“in^‘
+ 9‘^'®

7'he
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fhe third Eivifon.

Divifor. Quotient.

I-^) (I + 3X + 6a-®+IO;c5+ I5A*2I^5_|.36^6+ &c.

Dividend.

1 ^. 2X+ + 4A
*3 + 6a-5 + 7A®+ 8a’+ QA* + &C.

-1 —X
+ 3A+3A*
+ 3a-- 3a^

* +bx'^ + 4x'^

+ 6a®— 6a^

* +ioa5+ 5a^'
4-IOA'^— ioa*

* + 1 5 A'^+ 6a*

+ 1 5A‘*— I 5A*

* +21A*+ 7a*

+ 2 Ia* —

2

1 A*

* •4-2bA*'f" 8a^

• +28a*— 28a^

* + 36a’

129. It is eafy to fee that, both in thefe three divifions,

and in all the following divifions that may be made of the

laft quotient- hereby obtained, by the fame divifor 1 —x, all

the terms of the feveral quotients, after the firft terms, will

be marked with the fign +, or be added to the firft terms,

and that the co- efficients of the feveral terms will be the very

fame numbers as the co-efficien:s of the correfponding terms

in the former quotients which refulted from the divifions by
the binomial quantity It follows therefore that the

fradion =7 will be eoual to the infinite feries i -4- —

Ax + ^ Cx^ +- D^4 + l±i Ea;*

-h Fx^ + G x7 + H +— I +
»

— K ^ ad infuitumj and confe-

quently
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qiiently (fubflituting inftead of x in this equation) that

the fradbion —L— will be equal to the infinite feries i 4- —
b

I
a

A i + ^±lB— +
a z a^'

3
C^+l±iD— +”±iE

+
«4-?

I
» + « + «+F — 4-

6 fl® ^ 7
+ 8o a3 +

5

I

a*

+
K+ 9

/10 fj - I-

K — rf L. — + &c, ad infinitum^ and confe-
jo a}° II a*

quently (dividing both Tides of the laft equation by that

the fraftion (
I «

I —
a

n

, or
n
a XI

<21

or -> or)

a X I
a

will be equal to the infinite feries —4- - A —^
f-

E
” 4 1

g
« + 2

+ i±f c

«+ 6
a

«49

4-
« + 6~
b‘°

^3

+ ”43 D ~h
,«43 4 ”44a ^

^7
!

” 47 t4
” »”+7

i 8 71 4 8
a

« 4 4 -n

a

K + 8

« 4 s

I J!_ + K
«49 10 a+lO

q_ fii? L —^— .+ &c, infini-

a

turn.

1 1 «4"i-^

0^ E. D.

130. If we make ufe of Sir Ifaac Newton’s notation with

negative indexes of powers, the laft equation will be as fol-

lows, to wit, a~— — the infinite feries a
"
~h Y

A a a + — Ba h ^ C ^ —7-‘2 3 4

4 * 4 ^ 4

Ĝ ^
5
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Ga~"-' f + ’‘±1 a a-"-^ h’ + +'8 9

K 4- + &c, ad infinitum,
1

1

But the other way of expreffing this equation feems to be

clearer and more natural than this way, and, for ordinary

purpofes, preferable to it.

131. This laft feries is the fame with that which would re-

fult from Sir Ifaac Newton’s original feries for expreffing the

value of the quantity a— ^1”, or the «th power of the re-

lidual quantity a — h, to wit, the feries a * h'

n n—\ «—2
- X a
1 2

7, « «—I «— 2 «— 3
IP’ X —“ X a,

^ j, n n ~ I

A X
I 2

n— 2 n~~% n—4 n
X — a ^ ~ X

n— I ti~ 2 n — x n— 4— X — X X2345
+ &c, by fuppofing the index n of the faid power

to be negative, or by fubftituting — n inftcad of n in tire

terms of the faid feries.

For, if this fubftitution be made in the terms of the faid

—

n

4- n — n— 171“«
- a b —
1 1

feries, it will become equal to ^2 ” ^ ^2

“
‘

Z»" ~ X

-n— I — n— z 7, 4- M —

I

a X
2 12 — n— z —n — x 7 , — «

X a ^ b^ — X
3 *

—n— i —n— z —n — x —n— x +n —n— i —n— Z— X —X— ^b^^—x X X234 123
— « + « —«->-"1

7 - + »— — <2 ^ r
I I

*— «— 3 —

n

— 4 — 71— 5 7. „ —n-fn — iL— I 7.—ix —-a ^b^-^h.z, — a — a b^
4 5

+»+ i —71— z,, -f« +«4-i +«+2 —n— x 7,

X a b^^—x —1- X ^ ^ b^
2 123 + «

+»+t +« + : + « + 3 ~n— x 7. 4- « 4 n + I

X X X — a b‘^ X —^ X
2

— fi. n

234 I

A-n A- z +« + 3 +«+ 4 —« — 5X X a b^ 4- &c, zz a 4-

—n— I
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— n — I

-«-3

i' +"- y, ”Jli a~“~^ b‘ + ^ y l±i « + 2

+ 4- X
K + I

X
n + 2

X ’t±l a~ "

n

+ ;l

X l±-i X^ X X i' + &CC, = «-*
2 3 4 5

— n-r I « + I T) —n— z

+

2

4
^~5

2 3

^D^-”-n4 + n±i £«-”-« + &c ; which is the

feries we juft now derived in art. 130, from Mr. James Ber-

noulli’s docftrine of combinations for the value of the quantity

“n— « I

a— b\
,
or E. D.

132. We have now feen how from Mr. James Bernoulli’s

doftrine of combinations, and his explanation of the pro-

perties of the figurate numbers derived from it, may be de-

duced juft and regular demonftrations of Sir Ifaac Newton’s
famous binomial and refidual theorems in the cafe of the

integral and negative powers of a binomial and a refidual

quantity, or of the reciprocals of their integral and affirma-

tive powers, as well as in the cafe of their integral and af-

firmative powers themfelves, in which Mr. Bernoulli him-
felf has demonftrated them above in coroll. 5. And I doubt
whether any other method of demonftrating thefe two famous

theorems in the cafe of the integral and negative powers of

a binomial and a refidual quantity has yet been found out,

that is equally clear and fatisfadory.

Y A Diffi-
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A Difficulty that may occur concerning the foregoing theorem

relating to the integral and negative Powers of a refidual

^antity, as -a — h, or i — x.

j — »— ^ 1 ^ -»

133. Before we conclude this fubjefl of the binomial and

refi'dual theorems in the cafe of integral and negative powers,

I will endeavour to clear up a difficulty which may, per-

haps, occur to the reader’s mind concerning the latter of the

faid theorems.

— n
ISIt has been fliewn in art. 129, that i

—

aI ,
or

I —X\ '

equal to the infinite feries i + -^ A -4- B a* +

c*> -L ”41 D*1: + Ex‘ + ”-±l Fa” + Ga’ +
‘ 4 5 ^ 7

&c, ad infinitum, in which all the terms following the fiift

term i are marked with the fign or are to be added to

the faid firft term. And the co-efficients of the terms in

this feries continually increafe, when, n is^ of any magnitude

greater than i. Thus, if n is — 2, we fliall have -p)

,
f7+I . 2-f-I> % j «-f-2 , 2+ 2 . 4

rr 2, and (= — )
zz — , and — (zz ) ,

^ \ 2 ' 2’ 33 3

rnd
« + 3 «-I-4 n + <;

S
^

« + 6

4 -
s

- 6 ’ 7
’ equal to y, &c,

rffpetflively ; in all which fractions the numerators exceed

the denominators by an unit ; and, if « is — 3, we fhall

have — , , ,
—

, &c, equal to

6789
1 ’ 2 ’ 3

, —
,

j-y — ,
&c, refpedtively ; in all which

^ 5 _
’ 4 ’ 5

’
'6

' 7

fradlions the numerators exceed the denominators by 2.

And the like excefs of the numerators above the denomi-

5 nators
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nators will take place in a dill higher degree in the faid ge-

nerating fraflions
«+ 1

2
’

n-\-

2

«+ 3
7" > ; 3

«+4 n+q
^ ^

« + 6 g
’ I

when the index n is equal to 4, or 5, or 6, or any higher
number. And confequcntly the co-efficients B, C, D, E,
F, G, &c, which are derived from the fird term 1, or A,
by the continual multiplication of the (iiid generating frac-

. n
tions

Y?
fi + J «-f-2 »+5 n^-4 « + 5

«-1-6
&c, mud con-

tinually increafe in all thefe feriefes. And accordingly we
find that the figurate numbers of every order, or the feveral

fignificant terms in every vertical column of terms in the

foregoing table of combinations, page 74, (which arc equal

to the co-efficients of the terms of the foregoing feries

I — Ax -p
1 2

;±r C *= + ^±1 D
3 4 5

^ I ^
E;c* + F AT* -}- infinitum), increafe continually.

And hence it may happen that, if x is but little lefs than i,

the whole terms at the beginning of the feries i -F -y

2 3 4 5 6

-f &c, ad infinitum, may (by means of this increafe of

their co efficients) be increafing quantities.

Now, from this circumdance it may, perhaps, be appre-

hended, that all the terms of this feries will in fome cafes

diverge, or increafe, continually, to what number of terms

foever the faid feries may be continued, and confequently

that the faid feries (confiding of an infinite number ot

terms that are every one greater than that next before it)

will be infinite in magnitude as well as in the number of its

terms, and therefore cannot be equal to the finite quantity

JL... — . This is a difficulty that feems naturally to arife upon

this fubjeft. But it may be removed by the following con-

fid erations,

Y a An
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I

An Explanation of the foregoing Difficulty,

134. The proportion of the numerators of the feveral ge-

r n* « «+I « + 2 »+3 «+ 4 «+5
Iterating tractions

Y?

to their denominators (though it is always a proportion of

majority, when n is greater than 1) approaches continually

nearer and nearer to a ratio of equality, as its limit ; fo that,

if n be ever fo great a number, we may, by continuing the

feries of thefe generating fractions to a great number of

terms, come to one in which the ratio of the numerator to

the denominator fliall be lefs than any propofed ratio of ma-

jority. Thus, for example, if » is 1000, and the ratio

of majority that is propofed, or given, and with which the

ratios of the numerators of thefe generating fractions to their

denominators is to be compared, is that of i to 0.99999, or

of I

(

30,000 to 99,999, it will be polTible, by continuing the

feries of the faid generating fraftions, to affign one in which

the ratio of the numerator to the denominator (hall be lefs

than thei ratio of 1 to 0.99999, or of 100,000 to 99,999»
This may be Ihewn ip the manner following. Let z be the

general reprefentative of the feveral numbers added to the

index n in the numerators of thefe fucceffive generating frac-

tions ; fo that the faid numerators (hall be equal to the fe-

veral fuccelTive values of »+ 2, or, on the prefent fuppoli-

tion that » is zz 1000, to the feveral fucceffive values of

1000 + z. I'hen will the denominators of the faid fuccef-

five generating fracftions be denoted by the fucceffive values

of 2 + I, and the faid generating fra(5lions themfelves will

be equal to the feveral fucceffive values of the fradtion

1000 + z z+ iooo ,, . . ., , , . ,or-^q-— . JNo\y it is evident that, by continually

increafing the number 2, the proportion of the numerator

2 -f 1 000 to the denominator 2 i may be made to ap-

proach
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proach as near as we pleafe to the proportion of z to 2, or
the proportion of equality. The number 2 may therefore be
increafed till the faid proportion of 2 4- 1000 to 2 + i (hall

be nearer to a proportion of equality, or lhall be a lefs ratio

of majority, than the propofed ratio of 1 to 0.99999, or of
100,000 to 99,999. And the fame thing might be done
if the propofed ratio, inftead of being that of i to 0.99999,
or of 100,000 to 99,999, had been that of i to 0.999,999,
or of 1000,000 to 999,999, or that of i to 0.999,999,9,
or of 10,000,000 to 9,999,999, or any other ratio of majo-
rity, how fmall foever. '1 herefore, however nearly the quan-
tity X may approach to an equality with i (than which it is

always fuppofed to be fomewhat lefs) it will always be poffi-

ble to increafe the number 2 till the proportion of 2 -f » to

2 + 1, or of «+2 to 2 + 1, becomes lefs than the pro-

portion of I to Xj or till the fradion becomes lefs than the

fradion — . And, as the number 2 increafes with the num-
X

ber of terms of the feries i + — A B 4-
I 2 3

C 4- — D .v4 4- E 4- F 4—

~

G4567
4 &c (being always lefs by 2 than the number of the terms

from the beginning of the feries to tiie terra in which it oc-

curs, including the faid term), it is evident, that, by con-

tinuing the terms of the feries, we mull always come to

a term in which the generating fradion ^4“ ^Fall be lefs than
z+ i

the fradion —

.

X
And when we are arrived at this term, the

next term of the feries will be lefs Increafed by being mul-

tiplied into the next generating fradion (which will be lefs

than the fradion 4-) than it will be diminillied by being mul-
A*

tiplied into the fradion or the reciprocal of the fradion

-k-

;

and copfequently it will be lefs than the laft preceeding

term of the feries from which it is derived. And therefore,

when
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when we are come to this term, all the following terms of

the faid feries (which have hitherto been increafing quanti-

ties) will decreafe continually, and in a greater and greater

proportion continually, as the feries advances. And confe-

quently the faid feries will in all cafes be of a finite magni-

tude, however nearly the quantity x may approach to an

equality with i. £. d.

End of the Additional Corollaries not contained in the original

text of Mr. James Bernoulli, which began in page 123.

A SCHOLIUM.

133. We may here take occafion to obferve, that, though

many writers on mathematical fubjefts (as for example,

Faulhaber and Remmelin of the city of Ulm in Germany,

and Dr. John Wallis of Oxford, Mr. Nicholas Mercator in

his Logarithmotechnia and Monfieur Prefler, a learned

French mathematician) have made the properties of the

figurate numbers the fubject of their confideration, yet no

one has hitherto given the publick a general and Icientifitk

demonftration of the foregoing important 12th property of

them. At leaft I may fay, that no fuch demonflration has

ever come to my knowledge. Dr. Wallis, indeed, in that

part of his learned treaiife on the arithmetick of infinites, in

which he eftablifhes the foundations of his method, has in-

veftigated by arguments of indudlion the proportions which

a feries of the fquares of a given number of the natural

numbers, i, 2, 3, 4, 5, 6, 7, 8, 9, &c, and . a feries of

their cubes, and a feries of their fourth powers, and feriefes

* See Vol. I. of the CoIIeAIon of Tradls, in quarto, Intitled, Scriptores

Lo^aritlm'icif pages 192, 193.

of
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of their following higher powers, would bear to a fcries con-
lifting of the fame number of terms all equal to the lalt, or
greateft, term of the former feries ; and, after pertorming
thefe inveftigations, has, in his 176th propolition, made a
tranhtion to the contemplation of the trigonal, or triangular,

and the pyramidal, and trigono-pyramidal, or triangulo-

pyramidal, numbers, and other following orders of the hgu-
rate numbers. But I apprehend he would have aded more
judicioufty and more agreeably to the nature of the fubjed

he was confidering, if he had taken the contrary courle, and
begun with the inveftigation of the properties of the figurate

numbers, and then, after having difcovered thofe proper-

ties, and given a juft and general demonftration of them,
had proceeded to inveftigate the fums of the powers of the

natural numbers i, 2, 3, 4, 5, 6, 7, 8, 9, &c. for, befides

the objedions that may be juftly made to his method of

making thefe inveftigations by indudions from particular

examples, as being by no means fcientifick or fatistadory

to a mind accuftomed to more accurate modes of reafon-

ing, and likewife as being more prolix and tedious than

need be, on account of the necefiity of having a feparate

inveftigation for every new feries of powers ;— 1 fay, befides

thefe objedions to his method of treating this fubjed, it may
be conlidered as inelegant and unnatural on another ac-

count, namely, becaufe it treats of the more abftrufe parts

of the fubjed, to wit, the inveftigation of the fums of powers,

before the more fimple and eafy parts of it, or the dodrine

of the figurate numbers. For thefe numbers may be juftly

efteemed to be more fimple and eafy to be underftood than

the powers of the natural numbers, partly, becaufe the fe-

veral orders of them are generated one from another by the

eafy operation of addition ; whereas, the powers of num-
bers are produced by the more complicated operation of

multiplication ; and partly and efpecially, becaufe the fums

of the feveral orders of figurate numbers (reckoning from

the beginning of the foregoing table of them, or including

the feveral cyphers prefixed to the fignificant terms of the

feveral vertical columns of the faid table) are (as we have

feen) exad aliquot parts of the feriefes that confift of the

fame
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fame numbers of terms all equal to their laft, or greateff,

terms, refpe<flively
; whereas the fums of the powers of the

natural numbers i, 2, 3, 4, 5, 6, 7, 8, 9, &c, never are

exad aliquot parts of the fums of equal numbers of terms

equal to the laft, or greateft, of them, refpedively, but al-

ways exceed, or fall fliort of, fuch aliquot parts by fome fmall

finite quantity, how great foever the number of the terms of

fuch feriefes may be fuppofed to be, and what number of

cyphers foever we may prefix to the faid feriefes confifting

of the powers of the natural numbers. Nor can it be al-

ledged, that it was neceffary for Dr. Wallis to begin by in-

vertigating the fums of the powers of the natural numbers
I, 2, 3, 4, 5, 6, 7, 8, 9, &c, on account of the difficulty

of deducing the values of thofe fums from the dodlrine of

the fums of the figurate numbers. For, it is full as eafy to

deduce the fums of the faid powers from the fums of the

feveral orders of figurate numbers, as to deduce the latter

from the fums of the powers of numbers in the manner
adopted by Dr. Wallis : as I fliall now proceed to fliew by
deducing the fums of the faid powers from the fums of the

feveral orders of figurate numbers, which we have already

inveftigated.

An invefigation of thefum of the natural numbers i, 2, 3, 4,

5, 6, 7, 8, 9, 10, II, iAcy continued to any given number

of terms
^ and of thefums of theirfquares, and of their cubes,

and of their fourth powers, and other higher powers, continued

to the fame number of terms.

136. If the letter .v be made to denote the feveral fuccef-
five terms of the feries 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, ii, &c,
continued to the «th term, which, it is evident, will be »,

the
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the fiicceffive values of the refidual qiianthies ^ — i, «• — i

^ ^ ^ ^ j ^ I
j ^— I

> ^ — I i X — 1 j X—• I j X I j

X— I, &c, continued to n terms, will be i — i, 2 i*

3 ““ ^5 4 5 ”7 ^ 1 — 8 — 1,9— 10— ij
II — I, &c, continued to n terms, or o, i, 2, 3, 4, 6,

7, 8, 9, 10, &c, continued to n terms. But, by coroll. 2,
of the foregoing propofition, art. 81, the feries o, i, 2, 3,

4) 5» 6, 7, 8, 9, 10, &c, (which are the terms contained
in the fecond vertical column of the foregoing table of com-

binations), continued to n terms, is
— 7

^ nn— n _nn
~

2
»

2

2 2

Therefore the fum of all the n fucceffive values of

— I will be equal to — — — ; and confequently, if we

denote the faid fum by S.x— i, we (hall have S.;c— i rz

— — — . But the fum of the n fucceffive values of a; — i
2 2

is equal to the excefs of the n fucceffive values of x above

the n fucceffive values of i, or (making ufe of the fame

kind of notation) to S. — S.i. Therefore S.a;

—

S.i will

be zr Y confequently (adding S.i to both fides)

S.a; will be — — — — + S.i. But the fum of the n fuc-
2 2

1

ceffive values of i is evidently the number n. Therefore

S-x" will be = — — ~ 4. n ~ + — , or the fum of all22 22
the n fucceffive values of a', to wit, i + 2 + 3 + 4 + _5

+ 6+ 7 + 8 + 9 +10 + 11 +&c+« will be =
tin n_ + _.

<i^ E. D.

Thus, for example, if » is =: 12, the fum of the twelve

terms of the feries 1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 +

9 + 10 + II + 12 will be zz + — zz 12X6 + 622
Z . 72
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~ 72 + 6 =r 78. And fo we (hall find it to be by actually

adding up the terms.

I

2.

3
4
5
6

7
8

9
10

1

1

12

V

Cy* thefum of thefquares of the natural numbers^ i, 2, 3, 4,

continued to any given number n;

137. Let it now be required to find the fum of the fquares

of the natural numbers i, 2, 3, 4, 5, 6, 7, &c, continued td

72, or the fum of the numbers 1,4, 9, 16, 25, 36, 49, &c,

continued to the 22th term, which will be nn» This may be

done in the manner following.

Let X be put, as before, for the feveral fucceffive terms

of the feries i, 2, 3, 4, 5, 6, 7, 8, 9, 10, ii, &c, 22. Then,
fince by coroll. 4, of the foregoing propofition, art. 83,
the 22th term of the third vertical column of the foregoing

table of combinations is 1=
n — I X«— 2 __ wn— 3«+2

it fol-

lows.
z
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lows, that every ,vth term of the farne vertical column will be

— or that, if .v be made fucceflively equal to i,

3» 4> 5> 6, &c, the fucceffive values of the fraflion

3u-^jc+ 2

^
produce the firft, fecond, third, fourth, fifth,

fixth, and other following terms of the fame vertical co-

lumn, which are o, o, i, 3, 6, 10, &c. Thus, for ex-

ample, if a; is ~ I, we (hall have —— — I— __o

zz o ; and, if is n 2, we fhall have — ~ ^22
iz — — o ; and, if ;c is n 3, we fhall have 3 -y +2

^ - = — = I ; and, if a? is zr 4 we fliall have

- 3^+^ _ ^ 2
. and, if a; is zr 5, we fliall

, AT.V— 2X-I-2 25 — IC + 2 12 ^ J *r - ' /
have ^ ^— z: ~ z: 6 ; and, ir a? is =: 6,

2 2 2 ’ '

n II 1
'ia:+2 36 — 184-2 20 , . ,we fhall have zz zi — = 10 ; which
2 2 2

numbers o, o, i, 3, 6, and 10, are the firft fix terms of

the faid third vertical column. And the fame thing will be
found to be true in any greater number of its terms. But,

by the fecond corollary of the foregoing propofition, art. 81,

the fum of all the n— 2 fignificant terms, or, including the

two cyphers at the beginning of it, the fum of all the n

terms, of the faid third vertical column is zi
' 2x3

*;= —illti — ^ Therefore the fum of all thq,

n fucceffive values of the fradion will be =;
' I 2

*— But the fum of all the n fucceffive values of

is evidently equal to the fum of all the n fucceffive^

2i values.
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values of together with the fum of all the n fucceflivc

values of — , or i, diminiflied by the fum of all the n fuc-
2

ceffive values of — ,
or (according to our former notation)

2

s. (EEifiF is = S. - + s. - — s. = s. - + s. 1-
I

2 2 2 2 2-

s. = s. - + » — S. Therefore S. " + » — S.
3*

will be z= But S .
21 is evidently = -f x S .

Therefore S. — + « — ~ xS.jr will be = S
. ^ -b «—

— 3««+ 2«
But it hasS . and confequently will be zz

been fliewn in art. i q6 ,
that S . at is ~ . Therefore

1 X .S . V will be = i- X [- + i = 211 + Therefore
2 2 I 2 ' 2 4 4

C XX . 3«« 3« ,
«3— 3«« + 2« XX

S.— -fK — — Will be r: ^ , or b .

21" + 1. will be = or S .
- - ?21 + 21 will be

^ T— Therefore (adding~ to both fides) we

fliall have S.— + ^ + 1^; and (fubtrafting—

from both fides) we lhall have S . — — ^ + — + — ~

and confequently S . xv ( iz 2 x S
. ^) =y

+ Y j that is, the fum of all the n fquares i, 4, 9,

16, 25, 36, 49, &c, of the n firft natural numbers i, 2 j

nn

3, 4, 5, 6, 7, &c . . . . « will be = — + — + y, or one-320
third of the cube of the greatefl number together with

half
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half the fquare of the faid number, and a lixth part of the
faid number itfelf. e. i.

Thus, for example, if w is rtz we fhall have m~
144, and = 1728, and ^ ^

^ = 576 + 72 + 2) r: 650.

26' 3

Therefore the fum of the

following twelve numbers, to wit, i, 4, 9, 16, 25, 36, 49,

64, 81, 100, 121, and 144, (which are the fquares of the

twelve natural numbers i, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11,

and 12) will be equal to 650. And fo, upon adding them

up together, we ftiall find them to be

4
9
16

25
36

49
64
81
100
121

144

650

Of
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Of thefum of the cubes of the natural numbers i, 2, 3, 4^ 5|

^Cy continued to any given number n.

138. Let .V be put, as before, for the feveral fucceffivc

terms of the feries i, 2, 3, 4, 5, 6, 7, 8, 9, 10, 1 1, &c, n.

Then, fince by coroll. 4, of the foregoing propofition, art.

83, the »th term of the fourth vertical colum n of the fore-

. , , f. ,
. . . X «— 2 X n— x

going table or combinations is = z:;& fc) 2x3

y it follows, that every A’tl^

JC*— 6arA--f- I IA-—

6

6 ^

or that, if x be made fucceflively equal to i, 2, 3, 4, 5, 6,

— 3« + 2 «— 3
' X

— 6«« 4- 1

1

« —

6

3 ^

term of the fame fourth column will be r:

&c, the fucccffive values of the fraftion
— 6a-.v4 1 1 a— 6

will

produce the firft, fecond, third, fourth, fifth, fixth, and
other following terms of the fame vertical column, which are

o, o, o, I, 4, 10, 20, 35, &c. But, by the 2d corollary of
the foregoing propofition, art. 81, the fum of all the terms

of the faid fourth vertical column (the number of which,

including the three cyphers at the beginning of it, is k) is

»X «—I X n— x X n— x —6«3 + il««— 6« ^-<1 r i“ — — . Therefore the
2x3x4 24

fum of the n fucceffive values of the fradlion ^
o

'11 1 \inn — bn r
Will be = —

, or, according to our former nota-
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5
^.*‘^’^'^'6 S.i = (by the two foregoing

articles 136 and 137) S. ^ ^ ^
” X

o

6««

X 12

^ “ _i_
^

3 2 6 122

Wnn

+ ^'- » = s.f

— +
12 12

I
^ IZ« Q
X 2 7T ^ • "6

5««— d”
3 iz

_ 3i=S.l_r + i^-Jl. Therefore S .
i! _:! +12 6 3 12 4 63“

a*^— 6«*-{- 1 1««— 6n , ^— ; and confequentlywill be =
12 4

,3

24

(adding
^

— to both fides) S. ^ ^ will be zz

— 6a^ + I laa— 6a . Sa^

24 74 "•
24

+ — “T — —
24 3 4

6«

a^+ 2«^4- 1 inn
; and (fubtradling ~ from both fides) S,

will be “ «^+ 2a^ + Iiaa ^nn a*-i-2a3 4- ii«a I0a«

24 12 ~ 24 24

_ Therefore S . will be = 6 X ±L=i!JL“
24 24

__ a* + 2a^ +aa
= 4 + + — , or the fum of the n fuccef-

4

five values of x^, or of the feveral cube numbers i, 8, 27,

64, 125, 216, 343, 512, 729, 1000, 1331, &c, continued

^ , .,, , a"^ a3 aa
to Will be ZI 1424 Qi E. I.

Thus, for example, if « is — 12, we fhall have M =z

144, and = 1728, and n* = 20,736, and confequently

^
= 5,84, and ^ = 864, and

(
=

^ —
36, and ~ + j + ~ (— 5*^4 + ^^4 + 3^) ^

6084. Therefore the fum of the twelve numbers i, 8, 27,

64, 125, 216, 343, 512, 729, loooj 1331, and 1728,

(which are the cubes of the firft twelve natural numbers i,
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2, 3> 4> 5» 6, 7, 8, 9, lo, ii, and 12), will be =: 6084.

And fo we fhall find the faid fum to be, if we adually add

up together the faid twelve cube numbers.

I

8

27
64

X ai6

343

729
1000

1331
1728

6084

0/ thefum of the fourth powers of the natural numbers i, 2,

4> continued to any given number n.

139. Let X be put, as before, for the feveral fucceflive

terms of the feries i, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c,

Then, fince by coroll. 4, of the foregoing propofition,

art. 83, the wth term of the fifth vertical column of the

foregoing table of combinations is

•n}—6««+ 1 IM—

6

n— I X«— 2 X«— 3X «—4
2X3X4

a— 4 _ a^— io«^ + 3g««— go«-|-24

4
“

24
it follows

that

4



Mr. James Bernoulli's ’Treatife De Arte Conjeftandi. i yy

that every .vth term of the fame fifth column will be =
— + i;o.vM-24

, , 1 ^
'

, or that, It X be made fucceffively

equal to i, 2, 3, 4, 5, 6, 7, 8, 9, 10, ii, &c,- the fuccefiive

values of the fradUon^^
—

i

o.v +3jaa — 50x424

firfi:, fecond, third, fourth, fifth, fixth, and other following

terms of the fame vertical column, which arc o, o, o, o,

I, 5, 15, 35, 70, &c. But, by the fecond corollary of

the foregoing propofition, art. 81, the fum of all the terms

of the faid fifth vertical column (the number of which,

including the four cyphers at the beginning of it, is n) is

nX n— I X n— 2 Xn — 3 X n—'4 «* — lOn** -j- 3
5«^ — 50«« 4-24«

2X3X4X5 120

Therefore the fum of all the n fuccefiive values of the fraflion

IOA-5 + 35.VX— 50A'+24 n ^ — \ on^ + + 24«
_

24 120 *

or, according to our former notation,

S.
X*— ioa-^ + 3^A.r— 50«;+ 24

^4
will be = w*— 1 0«^4 3 5»^— +24«

120

But S
ioa-‘4-35aa;— 50A 4 - 24 .

IS s. = s.
24

s.

24

4 S. ^
24 24 24

X S . AW — — X S A- + S. I —iS. X
24 24 24

IOa;^

24

^4
— X S. —
24 24

10

+ ^x
24

lO;4

an SO— + — ^326 24

nn n— 4 — 4- «
2 2

n^ tin

T + T + T

s.

-

24

10«^ io«« 35«3 33 »n 35* 50«« 50«

96 48 96 ‘ 72 48 144 48 48
^

5 5 *^* $on^ lonn 70«^ yotin 3 !;« 100»»

’24 48 144 96 ‘ 144 ‘ 96 144 96

150« 144«

M4
c S»*

,

40«^

24
48- "*

144

z A

40«»» 2 9«

96 144*

There-
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Therefore S

.

24

40«* _L £21 will be ~
96 ' 14448 144

+ confequently (adding +
X20

40«^
to both fides) we (hall have S . +

96
' 24 144

+
40«« n

29«

*44
'

_ j: 1_ _1_ 21!
96 120 12 24

£il 4- ml
I

”
I

77 c ^ 48 ' iz 120 48 24 12 5

! «
5 _ io«'^ 4-

3 ?«^—

?

0««+ 24« 5^ _J

(- tTo 48

Hi + S“) ^ + 7 + ^ + -, and fubtrafting iH* '

+ — from both Tides) S . — (= ——h ^ ~—b — —
144 24 120 48 24 5

29« «* ^
71*

^
4:;;* 144« 40«^ *45'* ***

144
~ 120 48 144 ' 720 144 720 120

40»'

*44 720

+ »* .
2«* 7t .

«S «+ «* n j /-— d )
= —r-H ; and conle-

48 144 720' 120 48 72 720

«5

quently S . .v4 will be (— 24 X — + 24 x ^ + 24 X

7/ X » « .
«— 24 X — ) =1 - + -

-I

—

720 523 30
; or the Turn of the n

fuccefTive values of x\ or of the feveral fourth powers of

the natural numbers i, 2, 3, 4, 5, 6, 7, 8, 9, 10, ii, &c,

continued to n, will be = ^ —
. q.. e. i.

5 ^ 3 30

Thus, for example, if « is — 12, we fliall have =
1728, and 72^ ~ 20,736, and (n: x » = 20,736 X

12) =: 248,832, and confequently — = and ^
= ,0.368, andHl (= iHl) 576, and^, (= 7)

3 3° 30'

2 j «5 »3 „ 248,832
, xo I

= 7’ +
s

+ ‘°>368 +

576 — Y — + 10,368 + 576 = 49,766 + 10,368

4- 576) zz 60,710, the fum of the twelve num-
bers
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bers I, 16, 8r, 256, 625, 1296, 2401, 4096, 6561, 10000,
14641, and 20,736, (which are the fourth powers of the firll

twelve natural numbers i, 2, 3, 4, 5, 6, 7, 8, -9, 10, ii,
and 12), will be z= 60,710. And fo we lhall find the faid

fum to be, if we aftnally add up together the faid twelve
numbers, or fourth powers of the firft twelve natural num-
bers i which may be done as follows.

I

16

81

256
625

1,296
'2,401

4,096
6,561

10,000

20,736

60,710.

140. The foregoing examples are, I prefume, fufficient

to (hew how the turns of the feveral powers of the natural

numbers r, 2, 3, 4, 5, 6, 7, 8, 9, 10, li, &c, continued to

any number «, may be deduced from the fums of the feve-

ral correfponding orders of figurate numbers contained in

the foregoing table of combinations. I fhall not therefore

add the invelligations of the fums of any higher powers of

the numbers i, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c, than the

foregoing ones, but thall only fet down the refults of the like

invelligations which 1 have made for my own fatisfad ion

with refped to the fums of the fix next higher powers of

thofe numbers, to wit, the fifth powers, the fixth powers,

the feventh powers, the eighth powers, the ninth powers,

and the tenth powers of them. Thefe refults are as follows.

2 A 2 The
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The fum of all the fifth powers of the natural numbers

I, 2, 3, 4, 5, 6, 7, 8, 9, lo, ii, &c, continued to »,

IS =
- -.-1
6 2 ^ iz I

The fum of all the fixth powers of the fame numbers is

,
n* «* a

T+T + 7 T +

The fum of all the feventh powers of the fame numbers is =
n® n’ 7«^

,

fin

8 2 12 24 12’

The fum of all the eighth powers of the fame numbers is =r

fin

12

7 + T +
2 « 7«* 2«^

3 »5 .9 3
°‘

The fum of all the ninth powers of the fame numbers is —
»10

.
•3a'* 7«®

10 2 4 10 2 20

And the fum of all the tenth powers ofthe fame numbers is

5«’a”
, ,

r r
II 2

— »’ + ;i=
1' 4-
2 66*

N. B. In computing the laft term of this expreffion (which Is equal to

the fum of all the ninth powers of the natural numbers i, 2, 3, 4, 5, 6, 7,

8, 9, &c, continued to u) the author has fallen into a miilake, having made

the fald laft term to be — , inftead of I have therefore fet down
12 20 20

inftead of — in this tranflation. I had not difeovered this miftake when the
12

fheet containing it in the original text of the author, page 32, was print-

ing j or I ftiould have fet it right before.

Examples
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Examples of the fummation of the fifth, fixth, feventh, eighth,

ninth, and tenth powers of the natural numbers i, i, 3,

5’ 9» ^ ^c, continued to n, by means of

the foregoing expreffions.

Let » be = 1 2.

Then for the fum of the fifth powers of the firft twelve

natural numbers i, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, and 12,
(which are i

; 32 ; 243; 1,024; 3,125; 7,776; 16,807;

32,768; 59,049; 100,000; 161,051; and 248,832;) we

lhall have -r + , or— d ^4- ^ i62 12 12’ 62' 12

iTl* /
i2xili*

,

iT|s
,

77 (= —^ + -7 + 5 X I2|S —12=2x14 +
248,832^ + 5 X 1728 — 12 “ 2 X 248,832 + + 8640

— 12 — 497,664 + 124,416 + 8628) — 630,708. And
fo we fhall find the faid fum to be, if we add up together

the faid twelve numbers, or fifth powers of the firft twelve

natural numbers i, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, and 12.

This addition will be as follows.

I

32

243
1,024

3.125

7.776
16,807

32,768

59,049
100,000

161,051

248,832

630,708.
And
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And for the fum of the fixth

powers of the firfl twelve natural numbers, i, 2, 3, 4, 5,

6, 7, 8, 9, 10, II, and 12, (vvhidi powers are 1; 64;
729; 4,096; 15,625; 46,656; 117,649; 262,144; 531,

44I ; i,ood,ooo; 1,771,561 ;
and 2,985,984), we fliall

+ 124,416 — 288 + y
= + 1,492,992 + 124,

416 — 288 ~ 5,118,830 + 1,492,992 + 124,416 — 288

= 5,118,830 + 1,492,992 -f 124,128) = 6,735,950. And
fo we fliall find the faid fum to be, if we add up together

the faid twelve numbers, or fixth powers of the firft twelve

natural numbers i, a, 3, 4, 5, 6, 7, 8, 9, 10, ii, and 12,

This addition will be as follows.

64
729

4,096
15,625

46,656

117,649
262,144

53 1.441

+ 1,492,992

1 ,000,000

1,771,561

2,985,984

And
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And for the fiim of the feventh
powers of the firft twelve natural numbers i, 2, 3, 4, 15, 6

7, 8, 9, 10, II, and 12, (which powers are i ; 128 ; 2,187 ;

16,384; 78,123; 279,936; 823,343; 2,097,132; 4,782,
969; 10,000,000; 19 »487 ,J 7 i ; and 33,831,808), we (Tiall

have - d h
'

, or -L+i_L4- jLidii
8 2 12 24. ' 12' 8 ‘ 2

~
12

7 x 71) + — (
=

24 12 '

X 12 ’ 771 ^

it (= iii^’ + IB’ + 7 X + 12

+ — + 7 x 7^' —

+ 35,831,808
-f 7 X 248,832 —

ZiiiDi 4-12= 3x35^831,808

^ 2

7 X 1728
+ 12 = 3 X

17,913,904 + 17,915,904 + 1,741,824 — 7 X 864 -f 12

= 4 X 17,913,904 4- 1,741,824 — 6048 4- 12 =
71,663,616 + 1,741,824 — 6048 4- 12 — 73,403,432 —
6048) := 73,399,404. And fo we fliall find the laid funi

to be, if we add up together the faid twelve numbers, or

feventh powers of the firll twelve natural numbers i, 2, 3,

4, 3, 6, 7, 8, 9, 10, II, and 12. This addition will be'

as follows.

1 28

2,187

16,384

78,123

279,936

823*543
2,097,132

4,782,969
1 0,000,000

19,487,171

33,831,808

73,399,404.

And
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And for the fum of the eighth

powers of the firft twelve natural numbers i, 2, 3, 4, 5, 6,

7, 8, 9, 10, 11, and 12, (which powers are i ; 256; 6,561 ;

1,679,616; 5,764,801; 16,777,216 j

43,046,721; 100,000,000; 214,358,881; and 429,981,696)

we fliall have

2 X TTl^

2«^

77)®

2

2 xTTl?

T +

11

9 2 3 15

7 X iTl* 2 X
H :

+ 7 + T“ +
271 ^ n

30

12 xTal

or
T2 \^

+

22L3
‘5

^5

* ^
2 X iTl^

7 X 771 ^
,

2 X 1728
i :

—

>S

2 X ^5,831,808

3

12 , 12 X i2i“
,

771 '*

,— (rz -{-

30 9 2

2 4x771* 771* 2 x771^

9 T 3 2 3

2 4x429,981,696 429,981,696— m + +
5 3 2

7x248,832 3456 2
-r — —

’J 9 5

1,719,926,784 +

214.990,848 + _ wi:!l4 + 384 _ J- =
3 ^ 5 5

573’3°S,928 + 214,990,848 + 23,887,872 — +

384
^

z= 812,188,032 — 812,188,032 —
116,12 )

~ 812,071,910. And fo we fliall find the faid

lum to be, if we add up together the faid twelve numbers,
or eighth powers of the firft twelve natural numbers i, 2,

3’ 4j 5’ h 9> 'LO, II, and 12. This addition will

be as follows.
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I

256
6,561

^5>536
390,625

I;679,6i6

5,764,801
* 16,777,216

43,046,721
100,000,000

214,358,881

429,981,696

812,071,910

And for the fum of the ninth

powers of the firft twelve natural numbers 1,2, 3, 4, 5, 6,

7, 8, 9, 10, II and 12, (which powers are i ; 512 ; 19,683 ;

262,144; i,953'»25; 10,077,696; 40,353,607; 134,217,
728; 387,420,489; 1,000,000,000; 2,357,947,691; and

»10

1 59,780,352 ;) we Qiall have .lUl —
' 10 2 4 TO ?

ri]sxnn 12*°
,

TH’
,

Q X iTl
or 4- h 1

7x
20' 10 2 ' 4

. 12x7^^
,

T2I®
,

c^xiTl®
(= +'10 2 4

10

7 X 12I® 7T1+
.

—

10 2

4- li!-^ 3 X

2 20

10 2

T2I®

3 X iTt^ _
20

12 X ;,T 59,780,3?^
4.

S>M9t78o,3^2 ^ 3 X42Q, 981,696

10 2 4

7x2,980,984
,

20,736 3X 144 _ 6 i,9I7’5^4>224
, _ _ o

; + 2,579,890,

1-6 4-
^-89t94^,oS 8 20,901,888 .g _ 3x72 _

/ ' A 10 10

61,9 I '',364,2 24

10

+ 10,368

+ 2,579,890,176 + 322,486,272

216 61,917,364,224 20,902,104

20,901,888

lO

10 10

2 B

+ 2,579,890,

176

10
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176 + 322,486,272 + 10,368 = - + 2,902,

386,816 = 6,189,646,212 + 2,902,386,816) 1= 9,092,

033,028. And fo we fliall find the faid fum to be, if we

add up together the faid twelve numbers, or ninth powers

of the firft twelve natural numbers i , 2-, 3 > 4» 5> 6, 7, 8, 9,

10, II, and 12. This addition will be as follows:

19,683
262, 144

10,077,696

40,353^607
134,217,728

387,420,489
1,000,000,000

2 .357 >947 »69 ^

5,159,780,352

9>o92,o33,o28.

And for the fum of the tenth

powers of the firft twelve natural numbers, 1, 2, 3, 4, 5, 6,

7, 8, 9, 10, II and 12, (which powers are i; 1,024;

59,049; 1,048,576; 9,765,625 ; 60,466,176; 282,475,

249; 1,073,741,824; 3,486,784,401; 10,000,090,000;

25,937,424,601 ;
and 61,917,364,224), we fliall have

n

Z

lO
5

6̂
—

-f-
— -—

h

2

tr« rri'* T2I’
or— + —

60 II 2
+

711 ’

.— iTl’ + TTl'
71)^ 5x12 1 2 xTll

1

1

1 + 14.V

6
'

12x61,917,364,224
— —j'" — "4-

il

61,917,364,224
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6i,9I7.:?64,224 5X5.M9,78o,3?2
,

. o
, ,

f. 35*831,808 -h 248,832

- + - = TT + 30*958,682,112 + 5 X1

1

1 X

^ S9^9^3>39^ — 3

743,008,370,698^—Ti
+

5,831,808 + 248,832 — 864 4- — —^11
30,958,682,112 + 4,299,816,960

35,831,808 + 248,832 — 864 in 67,546,215,518 4-
30,958,682,112 + 4,299,816,960 — 35,831,808 + 248,
832 — 864 = 102,804,963,422 35*832,672) = 102,
769,130,750. And fo we (hall find the faid fuin to be, if

we add up together the faid twelve numbers, or tenth
powers of the firft twelve natural numbers, i, 2, 3, 4, 5,
6

j 7* 8> 9* ^o, 1 ij and 12. This addition will be as fol-

lows :

I

1,024

59.049
1*048,576

9*765*625
60,466,1 76

282,475,249

1.073*741*824

3,486,784,401
10,000,000,000

25*937.424*601

61,917,364,224

102,769,150,750.

141. IF the foregoing exprelfions of the values of the fums
of thefe feveral fets ot powers of the natural numbers i, 2,

3, 4, 5, 6, 7, 8, 9, 10, II, &c, continued to be fet down
one under the other in a regular table, the faid table will be

as follows

:

2 B 2 J 'Table
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A Table of the values of thefiims of the natural numbers 1,1/

j. 4, 5, 6, 7, 8, 9, 10, II, continued to n termSy and

of the fquareSy and the cubeSy and the fourth powerSy and
other following powers of the faid numbers, as far as the

tenth powers, inclufroely.

The fum of the firft n terms of the faid fcries of natural

numbers is equal to

7in n
+ —

.

2 2

The fum of the fquares of the faid terms is

- T +
nn . 11

T+ T-

The fum of the cubes of the faid n terms is

«3 fi,i— — 4~ r42*4
The fum of the fourth powers of the faid n terms is

v} n—^ %
3 3^

The fum of the fifth powers of the faid n terms is

+

Cfi* tin

+ — «
12 12

The fum of the fixtli powers of the faid n terms is

— — 4_

7 2 2 6 42

The fum of the feventh powers of the faid n terms i‘s

S”^2 12 24
”^12'

The fum of the eighth powers of the faid n terms is

7
«sir

9 2
"*

2zr' 2 n‘ n

3 15 9 30

The fum of the ninth powers of the faid n terms is

20
*•

~ll4- ^ + 11
10 2 4

— 1— * _ij — *
10 2

And the fum of the tenth powers of the faid n terms is

= V +
tl z

5
«’

+ K* * — + 5 «

66*
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^he law of the generation^ or derivation^ of the terms of the

feveral exprejfionsJet doivn in the foregoing table, one from the

ether.

142. By an attentive confideration of the foregoing table

we may difcover the law by which the terms of the feveral

expreffions of which it confifts, may be derived one from
the other ; after which we Qiall be able to continue the faid

table to the fums of the eleventh and twelfth and other

higher powers of the numbers i, 2, 3, 4, 5, 6, &c, without

entering into the long trains of reafoning and making the

laborious fubftiiutions of the fums already known in the ex-

preffion of the value of the new fum, which have been ufed

in obtaining the foregoing fums< This law will be found to

be as follows.

Let the natural numbers 1,2, 3, 4, 5, 6, 7, 8, 9, 10, ir^

&c, be fuppofed to be continued to any number n; and let

it be required to find the fum of the cth powers of the faid

n terms, or the value of the feries Tl^ 4-

+ 71^ 4-
-h + &C, con-

tinued to Let the capital letters A, B, C, D, &c, be

put for the co-efficients of the laft terms of the fums of the

fquares, and the fourth powers, and the fixth powers, and

the eighth povvers, and the other following even powers of

the numbers i, 2, 3, 4, 5, 6, 7, 8, 9, 10, ii, &c, al-

ready computed, with the fame figns + or — prefixed to

them, as are prefixed to the faid laft terms, of'which they

are the co-efficients. Thus, becaufe the laft term of the

fum of the fquares of the numbers i, 2, 3, 4, 5, 6, 7, he,

is + ^ ^ becaufe

the
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the laft term of the fum of the fourth powers of the faid

numbers is or V X B will be r= — — ; and,

bec^ufe the laft term of the fum of the iixth powers of the

faid numbers is + or + — X C will be rr + ;

'

and, becaufe the lafl: term of the fum of the eighth powers

of the faid numbers is —p or—

^

X D will be z=

and, becaufe the laft term of the fum of the tenth

3^

powers of the faid numbers is + or 4* ^ Br will

be r- + Thefe being the feveral values of the capital

letters A, B, C, D, E, &c, the feries + if +

+ + 7 r + + 9)^ + + 77) +

&G, 4- T)'' will be equal to the feries X
C+I

,
I

» + —

X / + - X A«'
z

c—l
.

cXc—iXc—z -o
.

4 ^ X B«
2x3x4

+

4*

4*

cXc—l Xr— 2 Xc— 3 X c—

4

3X3X4X5X6
5 X C/ ^

cXc— ixc— 2 XC— 3 X<.— 4 Xc— 5XC—

6

X Dh~^

cxc — IXC— 2 XC— 3 X C—

4

Xc — 5 Xc— 6 xc~’]Xc— 6

2X3X4X5X6X/X8

C Q
X E «

^

2. 3. 4. 5. 6. 7. 8. 9. 10

4- &c ; in which the indexes of the powers of n, after the

third term - X hrf 1 decreafe continually by 2 , till we

C— I

come at laft to n or nn, and the co-efficients of A «

B ;/ Qn 1 D;/ \En &c, are formed by the

continual
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continual multiplication of i into the fraftions -f- v
2 »

3

f~2 f— 3 f-^4 Cj^ ^ C_6 c-7 ^ f-8 f-9
6 ’ 7

X —’> -r" X X '-7^, X—

°

&c, till vve come to -
f+

1

X

9

c— c

C + 2*

lO I 1

f— r+i c— c
or — Xf+i C+ 2

12 '

» or

X or X 7^, which will be rz o. And thus
C “1“ I C ”f“ Z C ”1“ I C “j" z

we fliall determine the powers of n in all the terms of the

faid feries, and alfo the co-efficients of the faid powers of n
in all the terms of the faid feries, except the laft term. And
this laft co-efficient may be derived from the co-efficients of
the proceeding terms, by an eafy addition or fubtra(5tion,

being always the quantity which is neceffary to be added to,

or fubtraded from, the refult of all the proceeding co-effi-

cients, in order to make fuch refult become equal to i.

Thus, in the firfl; fum in the foregoing table, to wit, —

+

2 2

the co-efficient of the laft term ^ is ~, which is the quan-

tity which muft be added to the co-efficient of the firft

term ^ , in order to make it equal to i ; and, in the fecond

fum, -—\- -—h the co-efficient of the laft term y is 7 ,

which is the quantity that muft be added to or the

«3

fum of the co efficients of the firft and fecond terms, ——

H

' 3

in order to make it equal to 1
j
and in the third fum.

1—h -—p the co-efficient of the laft term is which424 ’ 4

is the quantity that muft be added to —|—j-, or the fum of

the co-efficients of the firft and fecond terms, ——

j

4 ^

order
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»5
order to make it equal to i ; and in the fourth fum, — -h

~ ^ J!l the co-efficient of the laft term is -d-, which
2 3 30 30

is the quantity which muft be fubtra6ted from - + ~

or the fum of the co-efficients of the three firft terms — +

— + di, in order to make it equal to i. And the fame^3
thing is true with refpedl to the co-efficients of the laft terms

of all the following fums *
; and confequently the faid co-

efficients, and the figns or —
,

to be prefixed to them,

may always be determined, by means of the co-efficients of

the proceeding terms of the fums to which they belong.

And thus all the terms of the feries -f- X - X n
t -j- 1 2

X A»f—

I

£•— 2 I

X X B «
^-3 + ixi=d

2 3

* And hence It will appear that the co-efficient of the lafl: term of the

expreffion that is equal to the fum of the ninth powers of the natural num-

bers I, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c, continued to muli be —

—, and not ;
agreeably to what was obferved above In the note at the

20
bottom of page 180. For, as the feveral terms of that expreffion preceeding

3 "
the laft term are

*

1 h — -{- —
, of which the co-efficients arc

10 2 4 10 2

10

20
or

1 I 7 t 2 10 ir 14
{. _ 4-_£ ^4

,
which are =: — + — -1 p

10 2 4 10 2 20 20 20 20

22 1 23 20
, 3 I 3 1 • 1 rr— -f — , or — , or 1
- or I -{ ( rrom winch it is necellary to

20 20 20 20 20 20

•/

fubtradl the fra£lIon — in order to make It become equal to i), It follows.
20

according to the rule here la,Id down by the author, that the co-efficient of

the laft term of the faid expreffion muft be — and confequently that the
20

Jaft term of the faid expreffion muft be —
%nn

20*

X
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r—

2

c— -!

X X

X
f— 4 5

c~6

X X C / + 4- X

X

c~l c— % c—

a

S 6
- -r-r-^ — X

X D/-7 + i- X X X
t—t c— d. c—:; c— 6 c— y

X X -T^ X -IT- X '

2

r-8
3 4

c-9
5

• 6 ''
7

'' 8 ''
9

^ 10
^

may be determined, and confequently the value of the feries

71^ + +

+ 4- + &c +7]^ (to which the faid feries is equal)

may be affigned, without the help of the long reafonings

and laborious fubftitutions that were employed for this pur-
pofe in the foregoing articles. The method of doing this

will appear more clearly from the following e:Jtarnple,

An example cf the computation of the exprejjion that' is equal to

theJum of certain powers of the natural numbers i, 2, 3, 4,

5,6, 7, ^c^ continued /on, by means of the foregoingferies.

143. As an example to the foregoing feries, let it be re-

—.10 ^lO —^lO

quired to find the value of the feries i) +2] + 3I +
—.10 .10 .10 .XO —
^ d" ^ d" d“

_--lO

+ ») 5
or the fum of the loth powers of the feveral na-

tural numbers i, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, &c, con-

tinued to n terms ;
which fum, as fet down in the forego-

ing table, is — h V-o II 2 6
»’

-\r n^-- +
ga-

In this cafe the index o is = 10, and confequently c + i

is = II, and i is ~ 9, and c— z, c-— 3, c— 4, ^—5»

2 C /•—6,
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^— 65 c— 7, c — 8, c— 9, and c — 10 are, refpeftively,

equal to 8, 7, 6, 5, 4, 3, 2, i, and o. We fliall there«

fore have

C . 10.

2 (— T) — 5 »

if— I c— Z , Q 8 V ,
and. X (r= ^ X - 3 x 2) 6,V

3 4
o /

3 4

2

Xand^—^ X -7 ^ I")
= T>

±
7

• 8 7
''

8 7
' 2 ' — 14

, f— 7 f— 8 ^ 3 2 I I X I

and—Z X — X — X —) - 77,

5
'• 6 ^ 5 6 ' 5

f— ? .
^-^6 . ?andi^X^(=f X4=i x4) = i,

I

is'9 10 ' 9

f— 9 C-r-lO , I

and"-^ X
II 12

10

o

S

(= — X — )
= O

' II 12'

Therefore the feries —^ X + — X — Xc+ 1 2 2 ,

^-11^ X B/- 3 +I. x^-li X^"234 234
X X X C/-^ + -ixii:ixi=:ixi::lx^-:^56. 23456
X ;:ii. X X D/-i' + L X '-ri X X X '-44

8

f— 5 f— 6 c—'j

8
X X

:-8

iO
X En ^ will be = — X «’*

II

-+jX«*° + 5 X A«9 + 5x6xB;i7 q,^x6x^

xC«*-i-5X6 x-^X Dn^ + 5x6x1 x'l

. „10

— X E « “ — + Y + 5 + 30 ^ + 42 C »^ + 42

x D «* + 42 X 1 X 1 x E « zi Y + — + 5 A

IS

X

+ 30 B«’ + 42 C K* + 15 + E« = ^—1- — + 5 XXI 2

4- X «5 + 30 X — ^ X 42 X + T X ?/* + 15
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-i- X ^ - «7 ,

30 11^2^6 "-t-72 -

4- E » j of which expreflion all the terms, except the laft

term E», are known quantities. And this laft'term E« may
be found in the following manner. The co-efEcients of all

the proceeding terms are E_j_A_L_l _ j j_ j L^ ° 112*6 2 7

which are equal to^ + |- = ^ + ||az|i; to which it

is neceffary to add in order to make the refuk equal to i.

Therefore E, or the co-efficient of the laft term E will be

; and confequently the compleat value of the fore-

going feries imthis cafe of the*ioth powers of 1,2, 3, 4, 5,

7^ S, 9, 10, II, continued to n terms, will be — 4-

which is the value fet

down for the fum of the faid loth powers in the foregoing

table.

2 C 2 ^ numerical
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A numerical example of the computation of the fum of the tenth

powers of the natural numbers i, 2, 3j 4, 5* 6, 7, 8, 9,

10, II, continued to 1000i by means of the foregoing

exprejfioni

144. If » is ~ 1000, we fliall have

(— looa^)

zr 1000,000,000,

and »* (~ loocV)
= I000,000,000,000j000>

and »’ ( = 1000]^)

= 1000,000 ,
000 ,000 ,000 ,

000 ,000 *

and (iz I oool’)

1 000,000,000,000,000,000,000,000,ooO*

and (zr 7oo^*°)
zz 1 000,000,000,ooo,ooOjOoo,000,000,000,000*

and (zz 1000)")

=: 1 000 ,000,
000 ,000 ,000 ,000 ,000 ,

000 ,
000 ,000 ,

000*

and confequendy

. icbo,000,000,000,000,000,000,000,000,000, boo.

1

1

' II '

90,909,090,909,090,909,090,909,090,909,090,

, f 1000,000,000,000,000,000,000,000,000,OOOv
and —

(
= ^

) =1 ' 2

500,000*000,000*000,000,000*000,000,000,

,
c«’ , c

and ^ (rz — X 1000,000,000,000,000,000,000*000,000,

5000,000,000,000,000,000,000,000,000

833>333^3335333>333j333»333»333>333-333j333>

and — (zz
2 '

1000,000,000
zz 500,000,000 j

and
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, C« / C X lOOO ?OOOv
and ^ (= - ' -

and — + -
II 2

66
lO r«i9

= ~
75-757.575» &c;

_ _L
2 66

r- 9®»9®9>®9®»9®9’®9®’9®9»®9®>9®9’®9®>9®9>®9®*9®9’®9®> &c
4- 500,000,000,000,000,000,000,000,000, 000.000,000

+ 833, 333,333, 333. 333.333>333.333. 333-333.333’. &c— 1,000,000,000,000,000,000,000.000,000,

+ I,000,Ooo,000,000,000.000,000,
500,000,000.000,000,

+ 73-757. 57S. &c

^ r 91,409,924,242,424,243,424,242,424,242,499.999,998, &c
'

]_
— 7,000,000,006,000,500,000,000.000,000,

= 9’'>4°9j924»24i>424.243.4^4>^4^924>242,499.999,998,
'

or 91,409,924,241,424,243,424,241,924,242,500.

Therefore the fum of all the tenth powers of the firfl; thou*

fand natural numbers i, 2, 3, 4, 5, 6, 7, 8, 9, 10, ii, &c*
.... 1000, is 91,409,924,241,424,243,424,241,924,242,

500, or more than 91 quintillions, or 91 times the fifth

power of a million.

145. I cannot but obferve on this occafidn, that the learn*

ed Ifmael BuUialdus, or Bouillaud, has been rather unfortu-

nate in his manner of treating this fiibjed:, in his Treatife on
the Arithmetick of Infinites *

5 fince the whole of the folio

volume which he has written upon it does nothing more than

enable us to find the fums of the firft fix powers of the na-

tural numbers i, 2, 3, 4, 5, 6, 7, &c, continued to any given

number n ; which is only a part of what We have here ac-

complifhed in the compafs of a dozen pages.

* See an account of this book of Monfieur Bouillaud in Dr. Wallises Al-

gebra, chapter Ixxx. pages 310, 311.

A .om»
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A computation of all the other exprefftons given above in the Table

fet down in art. 141, page 188, for the values of thefurns

of the powers of the natural numbers i, 2, 3, 4, 5, 6, 7, 8,

9, 10, II, 12, continued to the number n, by means of

theforegoing general feries y. n 4

—

~ X » +
C . C— I cXc—lXC— Z fj ^"“3
^ X An H

—-— X Bn
2x3x4

rXf— I Xt — zXf— 3X6--4

2X3X4X5X6 X Cn

. ,
cX I X c— 2 X c— 3 X f— 4 X c— 5 X c— 6 ^ -p,. f—

7

H X D« ‘

ZX3X4X5XDX7X8

.
c Xf— I X £•—

2

X f—

3

X £•— 4 X c— 5 X f— 6 X f —

7

Xc— 8 c —

Q

^

L ... X Bn ^

2x3x4x5x6x7x8x9x10
“I” &c.

146. If the foregoing feries be applied in the fame man-
ner to the computation of the fums of the proceeding powers

of the natural numbers i, 2, 3, 4, 5, 6, 7, 8, 9, 10, ii, 12,

See, continued to the number n, as it has here been applied

to the computation of the fum of their tenth powers, it will

be found to produce the feveral expreffions fet down above

in the table in art. 141, for the values of the fums of thofe

powers ; to wit, for the value of the fum of the firft, or

fimple, powers of the faid natural numbers, continued to

the number n, or for the fum of the faid natural nuniber§

themfelves, continued to the number the expreffion

nn

2

And for the fum of the fquares of the faid n terms the

expreffion

,
nn

,
n

T + T + -6 :

And



Ur, James Bernoulli's Treatife De Arte Conjeftandl.

And for the funi of the cubes of the faid n terms the
cxprefllon

4 + 4+7 =424
And for the fum of the fourth powers of lihe faid n terms

the ex predion

71
^T ~ T * io

And for the fum of the fifth powers of the faid « terms
the ex predion

n® 7/S
5
«^

L L *
6 2 12

nn

12

And for the fum of the fixth powers of the faid n terms
the expreflion

— 4-
1

*— * 4 ;

y 2 z 6 42

And for the fum of the feventh powers of the faid n terms
the expreffion

72^

T
7»“ nn

+ — * — —
;

12 24 12

And for the fum of the eighth powers of the faid n terms

the expreflion

2n‘ 7»5 2n^
1 1

* —— *
;923 15 9 30

I

And for the fum of the ninth powers of the faid n terms

the expreflion

p _!.£_* — i— * + — *
10 2 4 10 2

,8 37/«

20 *

This may be done in the manner following.

In applying this feries to the firft cafe, or the fum of the

firft, or fimple, powers of the natural numbers i, 2, 3, 4,

5, 6, 7,8,9, 10, II, 12, &c, continued to », or to the fum

of the faid natural numbers themfdves, it is evident that we

mud; compute only the two firfl terms of the faid feries.
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to wit, the terms —^ x and — x n i becaufe the
f+ I 2

following terms involve in them the numbers A, B, C, D, E,

&:c, which' are derived from the values of the Turns of the

fquares, and the fourth powers, and the fixth powers, and

the eighth powers, and the tenth powers, and the other fol-

lowing even powers of the faid natural numbers, with which

feveral Turns we have as yet nothing to do.

<+1

Now, becaufe c is in this cafe n: i, the two fiift terms

X ‘ - X of the foregoing feries will be rz
I . f+

1

i + i
X n

i+ i T / I \ nn
,

n+ - X - X «* + - X «) = -r .

Therefore the Turn of the firft, or fimple, powers of the na-

tural numbers i, 2, 3, 4, 5, 6, 7, 8, 9, 10, ii, 12, &c,
continued to n, or the Turn of the faid natural numbers them-.

felves, will be n — + q. e. i.22 ^

Secondly, When c is — 2, and the fum of the fquares of

the faid natural numbers is to be inveftigated by means of

the foregoing feries, we mull compute only the three firft

terms of the faid feries, to wit, the terms X
^

C+l

+ 7 X«+-^xA«^ ^
i becaufe the following terms

involve in them the numbers B, C, D, E, &c, which re-

late to the Turns of the fourth, and the fixth, and the eighth,

and the tenth, and the other following even powers of the

faid natural numbers, with which fums we have as yet no-
thing to do.

Now, when c is 2, the three terms —^ X
*

C+I

d X» H X An will be (= X » +22 ' 2+1

r X ~ + A z:’- X k’ + - X I X A«0
^2 2 - 3

'2
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T I
*

2= — X 4- — X »* + A » ; of which expreffion the two

firft terms are known quantities, and only the third, or laft

term A« remains to be invefligated. Now this laft terra
A » is to be found in the following manner. The co-effi-

cients of the two preceeding terms are -i- 4- — which are
3 2

equal to ^ ;
to which it is neceffary to add in

order to make the refult equal to i. Therefore A, or the

co-efficient of the laft term A n, will be r: 4- ; and con-
6

fequently the compleat value of the three firft terms of the
foregoing feries in this cafe of the fquares of the natural

numbers i, 2, 3, 4, 5, 6, 7, 8, 9, 10, ii, 12, continued to

the number will be X -f
3 7 X *“ + -5

+ - + 7 -

2 O Qi E. I.

«3
X or —

3

3dly, When c is zz 3, and the fum of the cubes of the

faid natural numbers is to be inveftigated by means of the

foregoing feries, we muft (as in the laft cafe) compute only

the three firft terms of the faid feries, to wit, the terms

X ^ X n -i-
- X ; becaufe the fol-

C-{- I 2 2

lowing terms involve in them the numbers B, C, D, F,

&c, which relate to the fums of the fou.rh, and the fixth,

and the eighth, and the tenth, and the other following evtri

powers of the faid natural numbers, with which fums we
have as yet nothing to do. ,

Now, when c is 2, the three terms —

^

c-P I

f I

X n
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— 7 X «+ + — ‘x «3 + 1-X + -^x»* = 7 + -
4 2 2042

' I

'X H X »*) = {-

4 4

«3

H . Therefore the fimi
4

of the cubes of the natural numbers i, 2, 3, 4, 5, 6, 7, 8,

9, lo, II, 12, &c, continued to the number», will be 1=

4

nn

+ T+ T-
Q. E. I,

4thly, When c is := 4, and the fum of the fourth powers

of the faid natural numbers is to be inveftigated by means
of the foregoing feries, we muft only compute the four firft

terms of the faid feries, to wit, the terms
^ v» ~ ^ ^

£• + I
X n

+ JL X / + i X +
c X f— I X c— z

X B n~~'^ ; be-2x3x4
caufe the following terms involve in them the numbers C,

D, E, Sccy which relate to the fums of the fixth, and the

eighth, and the tenth, and the other following even powers

of the faid natural numbers, with which iums we have
hitherto nothing to do.

Now, when ^ is = 4, the four terms x »
^ *

— X » ~i— X A« 4-
c X C— I X c— 2

be =
44-1

2x3x4

X 4- — X — X +

X B ^ will

—

-

X ^ (= ~X»* + — X«*+2X A«’

4X3X_i X B »* = - X «* + -7 X + 2 X A »^ +2x3x4 5 2

B» = YX»*“h-^X«^4-2X + ^ X + Bk) =

i- X »* + *— X »^ + — X + B » ; of which exprefllon
5

' ^ 3

the laft term B » is to be determined in the manner follow-

ing.
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ing. The co- efficients of the three firft terms T
5 a

X H X are

~ “ I + -A-
; from which it is neceflary to fubtrad — , in

30 3° 30

order to make the refult equal to i. Therefore B, or the

co-efficient of the laft term B n, will be =
, and con-

30

fequently the compleat value of the four firfl; terms of the

faid feries in this cafe will be - X + - X + -X
5 2 3

— — X or^—I- - + ^ — . Therefore the fum of
30 S 2 3 30

the fourth powers of the natural numbers i, 2, 3, 4, 5, 6,

7, 8, 9, 10, II, 12, &c, continued to the number will

T+t +7 30 30 30

be = «5

+ — + —* —
5 2 3

a

30' 0^ E. I.

5thly, When r is =: 5, and the fum of the fifth powers of

the faid natural numbers is to be inveftigated by means of

the foregoing feries, we muft, as in the laft cafe, compute
only the four firft terms of the faid feries, to wit, the terms

x« H X«+— XA«
f +

1

a 2

X becaufe the following terms involve in them

the numbers C, D, E, &c, which relate to the fums of the

fixth, and the eighth, and the tenth, and the other follow-

ing even powers of the faid natural numbers, with which

fums we have hitherto nothing to do.

C-~l f X f— 1 X C— 2

2x3x4

Now, when c \s — c, the four terms — x n
C + I

.
I

.
c A * I

cy.c—iy.c—2 „ ^ — 3+ _X«+-xAk +____xBk
will be = -^ X + a X »' + — X A»'

5 + 1

2 D 2
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5 X q-i X 5-2
2

+
^ ^

X Bn^~^ (=r 1 X 4- - X +
2x3x4 '6 2

X A 4- iAJAJ X =1-^ X + — X n^' + - X
2x3x4 o 2 2

Ak^ + ~xB»*=:^X»^ + j X«*+^X + -^X

- X — - X X »“ + -r X »* + - X
2 30 o 2 12

<;

1- X ^ — 4“ ”• Therefore the fum,
12 6 2 ' 12 12

of the fifth powers of the natural numbers i, 2, 3, 4, 5,

6, 7, 8, 9, 10, IT, 12, &c, continued to », will be :=

«e »5 5«4 5;.-«
•— 4' r — *

•62 12 12
0^ E. I.

6thl}% When r is r: 6, and the fum of the fixth powers

of the faid natural numbers is to be invefligated b}^ raeans^

of the foregoing feries, we muft compute only the five firll

terms of the faid feries, to wit, the terms

—

— x »
^ ^

C + I

.
I vy ^

I
^ vy A I

1
X «T- i X C—2

4— x«+— xA« 4 X B «
2 2 2x5x4

-3

+
c X r—\ X c—2 X f~3 X f —

4

X Cn ^

;

becaufe the fol-2X3X4X5X6
lowing terms involve in them the numbers D, E, F, G,
See, v\hich relate to the fums of the eighth, and the tenth,

and the twelfth, and the fourteenth, and the other following

even powers of the faid natural numbers, with which fums
we have hitherto nothin 2; to do.

Now, when c is z: 6, the five terms —^ x
C + I

4- - X W 4 X A« 4-
f— I

,
c X c— I X c— Z

2X3X4

c-

X B /-3

X c-2 X .-3 X
^ _ I

2X3X4X5X6 6 + 1

X ,6+i
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5<
»'’+' + - X - X a/-' + „

2 2 •> \e S/ , ^2X3X4

r, 6—3 ,
6x6— iXb — 2Xh —

Bn ^
^

iiLL-Z+ X g/-s (= -U2X3X4X5X6 ^ y

X «’ + - X »^ + 3 X A a' + X B n’ +2 2X3X4
6X3X4X3X2-, I, 7.1 6. » .

2X3X4X5X6 7
2'

-}-5XB«^ + C»=z— x»^ + — X«'^+3 X + ~
X«* + 5 X —— X + Cn) = — X n’^ + 1 X n- +

^ X ^ X + C « ; of which expreffion the laft

term C « is to be determined in the manner following. The

CO -efficients of the four firfl; terms of the expreffion
^

x n’

d—~ X + — X n^ r X + Cn are — + -1—

—

z 2 o 722
—

4

--+-—

+

I
6 ^ 42 4-2 42 42 42 42 42 42

= I ; to which it is neceffary to add — , in or-
42^ 42 ^ 42’

der to make the refult be equal to i. Therefore C, or the

co-efficient of the laft term C n, will be -1— and confe-
42

n’quently the whole expreffion -yX«’ + “ X»® + -^X

r X 72
^

-h C « will be = X 7?’ + X -f — X
6 7 2 2

I , 1 «7 7;S fi
3 „

6 42 7 2 2 6 ' 42

Therefore the fum of the fixth powers of the natural num-
bers I, 2, 3, 4, 5, 6, 7, 8, 9, 10, II, 12, &c, continued

•It !
”

to the number 77, will be zi —j

}
*— 7-* + 77 *

. 'jj
2 Z o

E. I.

ythly.
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7thly, When f is zr 7, and the fum of the feventh powers

of the faid natural numbers is to be invefligatcd by means

of the foregoing feries, we mufh, as in the laft cafe, compute

only the five firfl; terms of the faid feries, to wit, the terms

c—l
.
cXc— IXr— 2_Lx/+- + -x/+-xa/-‘ +

e+l ^2^2 2x3x4

X B ;/ ^
-b

cx c— \ X r—>2 X c— 3 X 4 C c
X C« ^

; becaufe
2 X 3 X 4 X 5 X 6

the following terms involve the numbers D, E, F, G, &c,

which relate to the fums of the eighth, and the tenth, and

the twelfth, and the fourteenth, and the other following even

powers of the faid natural numbers, with which. fums we
have hitherto nothing to do,.

Now, when r is zz 7 , the faid five terms x
' f+

1

n
C + I

.
I f .

f . f— I . X t — I X C—2 „+ -Xn+-xA« -r ,^3^^ X B»
f - 3

.
fXf— r X^— 2 Xc— 3 Xf— 4 ^ c—i ,

I
^ ^ 7+1

H X ^ will be = X »
2X3X4X5X6 7+1

+ + -^ X A»'-' + liiFIillEr X
2 2 2 X 3 X 4

+ 7 X 7 -IX 7
- 2 X 7

-
3 X 7-4 X Cn^ ^ (zr X + -—

2X3X4X5X0 ' 8 2

x«2 + 2 X A «» + X w + X
2 2X3X4 2X3X4X5XO

= ^x^/+-x;i’-F-xA»"+022
xC«*zz4-Xa*+ — X72^ + — x+4’X»®+ - ^02 26 4

X B H—

^

4 2

X — X«'^ + — X+— X«*=-^X?2®-F-X
30 ’ 2 * 42 8

I 7 w -6 7 A I 9\ ^
nir+ X «) = -s-d12 24 ‘ 12

^ ^ 8 ' 2 ^ 12

— + — , Therefore the fum of the feventh powers of the
124

natural

I
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natural numbers i, 2, 3, 4, 5, 6, 7, 8. 9, 10, ii, 12, &c,
g -

continued to the number n, will be — -

—

[. -
v- 1̂ *

8 2 12
‘jn* nn

*
-J-
—

24 12 (li E. I,

Sthly, When f is ~ 8, and the fum of the eighth powers
of the faid natural numbers is to be inveftigated by means
of the foregoing feries, we muft compute only the fix firft

terms of the faid feries, to wit, the terms X n

,
I C

.
c . c—

I

H-— x»d xA« -f
C X c— I X f— 2

2x3x4

C+I

X B«^-3

•h
fXc— I Xf“-2Xf— 3XC—

4

2X3X4X j x6
X Cn

^
f X £•—

I

Xf— 2 X c— 3 X c—4x c— 5 X c—
6 ^ becaufe2X3X4X5X6X7X8

the following terms involve in them the numbers E, F, G,
&c, which relate to the fums of the tenth, and the twelfth,

and the fourteenth, and the other following even powers of
the faid natural numbers, with which fums we have hitherto

nothing to do.

Now, when c is “ 8, the fix terms X H
1 * a

X »^ + 1 X +
c X c— I X c—

2

+

2x3X4
f Xf— I Xf— 2 xc—

3

Xf— 4 C—^
1

z X Cn
2X3X4X5X0

X Bn

2 X3 X 4X 5 x6x 7 X
0

I 8+1 I 8.8 . 8-1
,

8x8-1 X 8-2

8^ X » + + T X " + T X A * + 2X3X4

X +
8 X 8- X 8-^ X 8-3 X *'- 4

. ^Cn8-SI X fL

2X3X4X5X6

8 X 8-1 X 8-2 x8^ X 8-4 X 8-5'x 8-6
^

2 X 3 X 4 XSX 6 X 7 X 8

(=4
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(= -i X ^ X «' + 4 X A«’ + X B»' +
X C«3 + X D»> = -X»’

aX3X4X5x6 2 x 3 x 4 X5 x 6 x 7 x 8 9

_L X + 4 X A «^ + 7 X 2 k B 72* + X C

+ D« = -x«9 + — X»® + 4 X + 4x«’ + 7 X 2 X'9 2^0’
— — X »* 4- X + — X «* + D «) zz -i X ~

30 3 42 9 i

X «*-f— X — — X«* + — X »*+ D«;of which3^5 9

expreffion the laft term D « is to be determined in the man-
ner following. The co-efficients of the five firft terms of the

expreffion X «9 4. -L ^ -1 X»’ X n' + ^
3 M 9

X T D » are — -1- -i- 4- — + "> which are (

=

923 IS 9 ^

^. 4S,^__ 42
_j_

20 ^ 13s 42 _ 93 — 90
I

3 _
90 90 90 90 90 90 90 90 90 90

I -T —)
— I + — ; from which it is neceflary to fubtradt

9 3^

in order to make the refult be equal to i. Therefore

D, or the co-efficient of the laft term D», will be zr —
30

X 7i9 -j- -i- X +
2

and confequently the whole expreffion

~ X n’’ ^ X »*
-J- X -f D « will be zz X

3 »5 9 9

4“ — X 4” — ^ rP
2 3 15

X 72*
2,1— X 72*— — X72 =

30

7 +“
2« 7«5

+ — * —^ * 4-

2M^ — . Therefore the
303 15 9

fum of the eighth powers of the natural numbers i, 3, 4,

5 > 6
, 7, 8 , 9, 10, II, 12, &c, continued to the numbet 72,

nMl t 71^ 271^

will bez: 4 *— — *4 . Q.E. I.

9 ^ ' 3 IS 9 30

And,



Mr. James Bernoulli's rreatife De Arte Conjedlandl. 209

And, Qthly, When r is n 9, and the fum of the ninth
powers of the faid* natural numbers is to be inveftigated by
means of the foregoing feries, we mull, as in thelall cafe,
compute only the lix firft terms of the laid fcries, to wit,

the terms X ‘ - X — X

,
CXc—lXC— Z c—X

H ——— X2x3x4

+
cXc—i Xc— zxc— 3Xf— 4

2 X 3x4x5
X Cn ^

,
cXc—ixc— 2 Xc—xXc—^Xc—cXc—b €—^

d ^ =7 ^ X D» ‘

2X3X4X5X6 becaufe

the following terms involve the numbers E, F, G, &c,
which relate to the fums of the tenth, and the twelfth, and
the fourteenth, and the other following even powers of the

faid natural numbers, with which fums we have hitherto

nothing to do.

Now, when c is — g, the faid lix terms —^ x 4- —
’ c+i ^ z

c
,

r
,

. C— I ,
fXf— IXC^2 -r,X » H X An d X Bn

2 2x3x4
<^-3

d-

d-

cxc—l x«r— 2Xf— 3 Xf—

4

2X3X4X5X6 X Cfi^-s

cXc—i XC— 2 XC—X Xc—4Xf— 5 Xc— b

2X3X4X5X6X7X8 X D?/ ^ will be =
I Q+i

,
I 0.9 A .

0x9— 1x9—

2

-7— X » d X«’ + — XA«^ d- -

—

—
9+1 2 2 2x3x4

r> Q— 'i 1 9 X 9 “^ X 9— 2 X 9 — 3 X 9— 4 ^ 9— 5

2X3X4XSX6

9 X 9-1 X 9—2 X 9-3 X 9-4 X 9-5 X 9-6
^2X3X4X5X6X7X8

’ + S X An' + X B«“ +
* 2 2X3X4

9x8x7x6x$ r «4^
9X8X7X6X5X4X3

^
aX3X4X5X6^ - 2X3X4X5 x6x7x8 10

+ i X«

2 E
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+ — X -f X A »*
-f- 7 X 3 X B »* + 7 X 3 X C

i- X' D«* rz -i X «'° + — X »9 -i- -f X + 4 X »•

+ 7 X 3 X—•4t^^' + 7X3X+^x»"+-^X30

L X «" (= — X «’° + — X ^ X n’^ — L X n*
30 ' 10 2 4

+ Ax«^ ^ X +
2 20 10 2 4 10

Therefore the fum of the ninth powers of the
2 20

n<itut’^l numbeis ij 2
j 3 ? 4j 9* &Cj

«'°
. «9 3„8

continued to the number n. will be=
i

1
*

10 2 4

_ E , + ji. . _ iiz.
10 2 20

3 «w
Qj E. I.

Thefe feveral expreflions of the values of the fums of the

firft nine powers of the natural numbers i, 2, 3, 4, 5, 6, 7,

8, 9, 10, II, 12, &c, continued to the number «, are the

fame with thofe fet down above in the table in art. 141,

page 188. And it is evident that this way of obtaining

them, by means of the foregoing general feries, is much
lefs laborious than the former method of obtaining them, fet

forth above in art. 136, 137, 138, and 139.

End of the applications of the foregoing general feries —4-^ T I

f+ 1 ,1 <: .
c \ c—l

,
fXc— IXr—

2

c—X» H X n A X A« X n
2 '2 2x3x4

+ to the inveftigation of the expreffionsfet down above in

art. 141, page 188.
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Of certain JerieJes confifting of nimhers analogous to the figurate

numbers.

147. Before we conclude this chapter, it will not be amifs
to (hew how certain other feriefes, which bear a great re-

femblance to the feriefes formed by the figurate numbers,
may be reduced to, or compared with, the correfponding
feriefes of thofe numbers, and how their values, or the fums
of their terms, and likewife the values of their laft terms,

may be thereby determined. The feriefes I here fpeak of,

and which I call analogous to the figurate numbers^ are fuch as

have the differences of their terms, or the differences of

thofe differences, or the differences. of thofe fecond differ-

ences, or the differences of the differences of fome remoter

order, equal to each other, and which therefore are gene-
* rated by the continual addition of a fet of equal quantities.

Let dj d, d, d, d, &c, be a fet of equal quantities, by
the continual addition of which to another quantity c we ob-

tain the quantities c, c d, c 2^, c q- 3^, c H- 4^^, c q- 5^,

&c. And let the terms of this fecond feries r, c -{-d, c-\-idy

c 3^, c q- Afd, &c, be continually added to each other,

and to a third quantity whereby we fhall obtain a third

feries of terms, which will be ^ q- r, b zc d,

b q~ 3^" q~ ^ "f" 4^ ~b ^df b 4“ q- lod, &c j and let the

terms of this third feries be continually added to each other,

and to a fourth quantity a, whereby we fhall obtain a fourth

feries of terms, which will be a, a-\~bya-]r zb -\-c, a +
3b + ^e -i- d, a 4b -j- 6e + 4^, q- q- lor + ^od,

&c. And let the firft feries d, d, d, dy d, d, &c, be called

D ; the fecond feries r, c + dy c zdy c -[- 3<i, c q- 4^/,

c q- 5^, &c, be called C •, the third feries by b c, ^ q-

zc d, ^ + 3r q- 3^, ^ q- qr + 6^, ^ + 5c q- lo^, &c, be

called B; and the fourth, or laft, feries a, a-\-b, a-\-zb + c,

a-\- 2,b + 3c-\-dy a +e^b-^bc 4-4^, and 5^ q- lor q- lod,

&c, be called A. This laft feries A (the firft differences of

a E 2
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the terms of which conftitute the terms of the third feries B*

and the fecond differences of the terms of which conftitute

the terms of the fecond feries C, and the third differences

of the terms of which conftitute the terms of the firft feries

D, which confifts of the equal quantities d, dy d, d, d, dy

&c), may, I think, with propriety be called a feries ana-

logous to the figurate numbers. The generation of the terms

of this feries will, perhaps, appear more clearly from the

following table.

D
I

C
1

B
I

A
I

d c b a

d c -{- d b-\- c a-\- b

d C-\- 2d b -j- 2 c d a-\-%b-\‘ c

d c+Tyd b + '^ci- %d a-\-'^b-\- 3C+ d
d c+ 4^ b-{-j\.c-\- (id a-\-^b-{- 6 e-}~ 4d
d c-f 5^ b-{- icd a 4- i^b -{- loc-i-iod

148. Now in the laft feries A it is obvious that the co-

efficients of the letters a^ which are the firft members of the

feveral terms a, a ^ by a ib Cy ^ -4- 3^ -f- 3c +
+ 4/^ + 6c -f- Afdy and <? + 5^ 4- loc + lo^^, are a fet of

units, or the firft order of the figurate numbers j and that

the co-efficients of the feveral letters b in the fecond mem-
bers of the faid terms are the lateral, or natural, numbers i,

2, 3, 4, 5, &c, or the fecond order of the figurate num-
bers ; and that the co-efficients of the feveral letters c in

the third members of the faid terms are the trigonal, or tri-

angular, numbers i, 3, 6, 10, &c, or the third order of the

figurate numbers ; and that the co-efficients of the feveral

letters d in the fourth members of the faid terms are the

pyramidal numbers i, 4, 10, &c, or the/ourth order of the

figurate numbers. And therefore, as we have above fhewii

how the fums of the figurate numbers of the feveral fuccef-

five orders, and likewife the values of the laft terms in them,

may be determined, when the number of terms contained

in them is known ; it will be eafy to find both the fum of

all the terms of the feries A, by multiplying the fums of

the fucccflive columns of figurate numbers, into the letters
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ij, Cj and dj refpeflively, and adding the produdls fo
obtained into one fum, and likewife to find the value of
the laft term of the faid feries, by multiplying the laft terms
of the feveral columns of co-efficients, or figurate num-
bers, into the letters a, h, c, and d, refpeaiively, and
adding the faid produfts into one fum. For, if the
number of terms in the feries A be denoted by the let-
ter «, it follows from coroll. 2, art. 81, pages 109, ijo,
III, that the fum of the co-efficients of the letter a
will be n\ and the fum of the co-efficients of the let-

ter b will be « X and the fum of the co-efficients

of c will be ; and the fum of the co-efficients2x3

C J -ni «X«— IX« —2X«— 3 J -
ot d will be ^ confequently the fum

of all the n terms of the faid feries A will he ~ n x a -\-

xb+n x”JiEr^ X f -h
2 2x3 2x3x4

X d. And it follows from coroll. 4, art. 83, papes ii2j
1 13, that the co-efficients of the letters a, b, c, and d, in

the laft, or «th, term of the feries A will be i, « —. i.

«—IX «— 2

, and
B— I X n— z X «—3

2X3 , refpeftively; and con-

fequently that the faid laft, or ;^th, term will be ~ ^ -j- n—
, .

w— iX«— 2 . n— \Xn~zXn — 3 ,

x^ b -\ X C -h ^ X d.
2x3

Q. E.

* See upon this fubje£l Mr. Thomas SImpfon’s EJfays on feveral curious

and ufeful fubjeBs in fpeculatiDe and mixed mathematics^ publiflied in the year

1740, pages 98, 99, 100, 10 1, 102, 103, 104, and 105 ;
and likewife his

Algebra, 6th Edition, publifhed in the year 1790, Sedlions XIV and XV,
pages 201, 202, &c. — 228.

E^id of the Tranjlation of theforegoing Extrabl from Mr. James

Bernoulli's Treatije De Arte Conjedandi,
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\

ilfr, ijiMPSov’s Tenth Mathernatical EJfay^^

PROPOSITION.
To^nd the Jum of any Series of Powers whofe roots are in arith^

metical progreffion, as + 7n\ 3^^*
.

.

..... iV.
, w, dy and n^ being any numbers whatfoever,

T ET + ^ + C/-^ D/-" + E/-3
X-j '

+ F A? 5 &c. — K, if poffible, be always equal to

m
f'

d\ -f- m-\-^d\ ...... x , and A, B, C, &c, deter-

minate quantities. Then, if any other number in the pro-
greffion m d, 7n id, m o^d x d,' x + id,

X -f- 3<^, &c, 1% X + d, be fubft'ittited inftead of x, the

equality will ftill continue ; and vve fliall have

Ax~x +dX^' + B + C X + D X

X -+- ^ &c. — K equal m-^df + m-\- idf .... ~x -f

from which if we take the former equation, there will

remain A x at -f B x at + If —
+ C X X — x‘~^. See. = X + d]”, {hewing how

much each fide is increafed by augmenting the number of

terms in the given ieries by unity ; where, by tranfpofing

X and throwing the feveral powers of a: + ^ into fe-

riefes, we (hall have

* This EfTay of Mr. Simpfoii’s is tlie part of Ills Effays alluded to In the

Note at. the bottom of page 213. As it is fo nearly connedled with the fub-

je£l of the latter part of the foregoing Extradl from Mr. James Bernoulli’s

Treatife Pe Arte Conje£lauJi^ relating to the fums of the powers of the na-

tural rfumbers i, 2, 3, 4, 5, 6, 7, 8, 9, 10, ti, &c, and Is not very long, I

thought It would be agreeable to the Reader to fee It here immediately after

the fald Extradf, and therefore I have caufed it to be re-printed. F* M.

2 F
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From which, by equating the homologous terms, A will

come out = -—-— *C — v —»+ 1 X ^ ^ ^ = —
nXn—iXn— 2xd^

, F O, G «XW— t X«— 2 x«— q x «— 4X</5

2 .3 .4 . 5 .6.?.6

H = o, &c. wherefore the values of A, B," C, &c, being

fo affigned, the whole expreffion, or its equal — 7'q. dX

B X A' &c, muft+ A X .V + « + 1

be equal o, and confequently A X x + +'

B X X (T^ X , &c, = X -f- //] * that is, let x and n be

what they will, the forefaid increments of Ax”~~^
-f- Ba;*+

Cx" &c, — K and + m +• zd
)

&c. will, un-

der the above affigned values of A, B, &c, be equal to

one another: Therefore, if K be taken equal

B;«” + Cm”' \ &c, fo that when x equal m, or the prq-

pofed feries is equal to nothing, Ax”"^^ + Bx”^ See, —
K may be alfo n o, it is manifeft^ that thefe tvvo expref-

fioas, as they are increafed alike, will, in all other circum-

fiances, be equal ; that is, let x be what it will. Ax ^

-f-By + Lx H-P.y 5 &c, -r- Axt — Bm
— C w” ^ — D w” &c, under the faid values of A, B,

C, &c, will be always equal to m + m + ^ ”
+

»7 + 3^” . . . x” ; which values being therefore fubftituted,
V ,

there will be —
??+

1

n j n^i
X . dnx

«+ I X^ 2
*

n X n— I X n — 2 d^x

^3-4-S-^

,«-3

3-4
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«X «— I X a— 2 X a— 3 X«— 4 X «— r X a—

6

^7 ~ 7

2.3.4.5.6.7.8-i.o

r aX a — T X a— 2 X a— 3 X a— 4 X «—5 Xa—6x a — 7X a —

8

+ _l3

2.3.4.5.6.7.8.9.11.1:

a -9
j 8cCj

ma+ I a— I

a -j- 1 X

7a

2 3-4
+

2. 3. 4.5.6

&c, = -f. d\ ” + + 1^] Hh ^«+ 3^ ^ ’

Qc, E. If

C O R O L. I.

Hence, if « be a whole pofitive number, and m be

taken equal o j then all the terms in the fecond ferie^

jt+ 1 a ~ *
”

•, &c, vanifhing when n is even,
m 771— 1-

a + I X rf ^ 3*4

and all but that where the exponent of m is nothing,' when

odd, we fliall, in this cafe, have (f + 2(^1” + + 4^
”

. vV barely equal to

«-3

a+l a ,a—

I

X a:

a + 1 X ^7 ^ 3‘4

a X ““ 1 X a 2 X rt , r* c\
* " 77*11*—T

, &c, the nrlt leries continued till it
2.3. 4. 5.5

terminates, provided that the lafl term, when n is an odd,

number, be rejected.

C O R O L. II,

Wherefore, by taking equal to i, and «equal to 2, 3,

4, 5, &c, fuccelTively, we have

1 + 2



Mr. Simgon^s Tenth Mathematical EJfay. 2.%l

1 +2 +3 +4 +5 .

i*4-2* + 3'+4*+5* •

+ + •

i4+2"+3^+ 4^+5^.

i' + 2^+ 3*+4^ + 5
* .

&c,

. + a; =- + -
2 2

J- V* — J- -L ^

, J ^
x'^

,
X*

. + A;^Z=- + -4424
, :t?S „4 .-«3

• + *' = T+f +

£
7 2

3 30

i£ —
12 12

;tS

z ib

^c.

X

4*

C O R O L. III.

Moreover, if d be taken equal to i, and m equal to i,

pur general equation will become 2” + 3* + 4**
. . . . +

«4-1 « «—

I

It X X nx
ff 1 I n

^ n+I 2 3.4 ’ «+I 2 3*4

«X«— IX «—

2

2TTT^—’ which being increafed by

unity, and the whole multiplied by gives

+
~

3^” + ~A^ .... 4- ~d}^ = d^ ii

«+ X w

into^ + - -f» 4 1 2

nx
n—i

« X «
« —-2— I'X.n—zx ^

3’4 2 . 3 »4*S‘^
« X «— 1 X n—

2

0 * I
* I

’

’ ’ »4 1 2 3'4
'

2 . 3 . 4 . 5.

6

-, &C.

EXAMPLE
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EXAMPLE I.

Let it be required to find the fuin of a feries, confift-

I 2

ing of 100 cube numbers, whofe roots are, i, -L, z,

T> 3.

Here d, the common difference ofthe roots, being eqiial-^*

it
—

3, and x zz. o, let thefe values be fubftituted in the

equation in Cor. II. and it will become (~ in, +

12^ L^L —') 3187812.^, the nuqiber that was to be

found.

EXAMPLE II.

Let n — L. > d —
^ ' 4

rollarv will become —
4

Then the equation in the lad Co

+
2 I >

&-C,
?,?,9

1920
very nearly ; fo that.

*
• • • I

^ ^

taking x equal 4, it will ~ ^ + I o73h

which differs from the true value by lefs than

if more terms had .been ufed, the anfvver w'ould ILii have
been more exadl ; bqt never can corrje accurately true, when
71 is negative or a fradion, becaufe then both feriefes run on
ad infininirn.

SCHOLIUM.
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SCHOLIUM.
The theorems, above found, are not only ufeful in find-

ing the fum of a Series of Powers, but may be of fervica

alfo in the Quadrature of Curves, &c, erpedally as the con-
clufions will be accurately true, and the reafoning thereupon

fcientific.

This I fhall endeavour to fllew by the following irillarice;

wherein AC, being fuppofed a curve, whofe equation is

y z” (A B being equil z, and C B equals) the area

will be 2^”, "3^”,

refpedively, each of which .v being multiplied by d, the

common bafe, and the fum of all the produdls taken, will

give d into d^ -|- 2^” + 3^ • * • ^ 1 2, r, &c,

C B A) for the area of the whole circumferibing polygon j

and this feries, according to the above faid Theorem

A B C is required.

y}

U

Let A B be divided into

any number, x, of equal parts,

as A^, bcy cd^ &c, and from

the points of divifion let per-

pendiculars be raifed, cutting

the curve in the points, i, 2,

3, &c, and having made p i,

q^i rj, J4, &c, parallel to

A B, let the bafe hb, bcy cd,

&c, of each of the redangles

pb^ qcj rdy &c, be reprefented

by d

:

Then ^i,r2, ^3, &c,

the heights of thole redangles.

K he d

e

/y h B being ordinates to the curve.

» +

1

n+

1
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+ , &c, or, becaufe dx =r z, it will be =
«+I

+...—, &c. Now, if from this the difference of the infcribed
Z

and circumfcribed polygons, or the re6langle BD rz

^«+1
betaken, there will remain —; for the area of the

infcribed polygon. Hence, it is manifeft, that, let d be

what it will, the infcribed polygon can never be fo great,

nor the circumfcribed fo fmall, as — (~ : And
’ «+ 1 ^ «+1 '

»

therefore this expreflion muff be accurately equal to the re-

quired curvilinear area A C B.

I

A CON-



A N

INVESTIGATION
AND

DEMONSTRATION
O F

* r

SIR ISAAC NEWTON’S BINOMIAL THEOREM,

IN THE CASE OF

INTEGRAL AND AFFIRMATIVE POWERS i

IN WHIC^

The Law of the generation of the numeral co-efEcients of

the Series which is equal to the quantity a-\-dT

,

is difeo-

vered by a conjedure grounded on the obfervation of

fome particular inftances j but, when fo difeovered, is

(hewn to be true univerfally in all other Integral and Af-

firmative Powers whatfoever, by a ftrid and accurate De-

monftration.

2 G A Genera,

I
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A General Statement^ or ExpreJJion, of the

Binomial Theorem.

Art. I. OIR ISAAC NEWTON’s Binomial Theorem ii

a Propofition affirming that, if m be any num-
ber whatfoever, either integral or fradional, affirmative or

negative, the quantity or the mt\\ power of the bi-

nomial quantity will be equal to the feries a”* 4-

m—z w—

3

... - m— z m—d.,.
,
m

4. - X X — + —7^ a - Xm
1

m—

1

z

m— 2

3

fjt— i— ^
3

it
t

m —

X ^ X iT + &c, or (if we put.A-for i, or

the CO* efficient of the firft term a\ and B for or the

co-efficient of the fecond term ^ X and C for
”

X ^‘Zl^ or the co-efficient of the third term — x * X

m— 2
a and D, E, F, G, H, I, K, &c, for the co-effi-

cients of the fourth, fifth, fixth, feventh, eighth, ninth,

tenth, and other following terms, refpeftively), to -the fe-

ries a -1 A« b -f-

m—i
B

m— 2
a h' +

3

2 G 2
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,

7 8

fft— 9

9

m
a

-9
-f.'

&c, in which feries the powers of to wit, of

ni-
a a

tn—% m— L m—t. frt— b tti— 'j m— 8 m— q^ yi it* d ^ n. /7 . n. n 'a a a a a ^&c.

are produced from each other by a continual divifion by

and the powers of h., to wit, h, ^*,

&c, are produced from each other by a continual multipli*

cation by and the numeral co-efficients B, C, D, E,

F,' G, H, I, K, &c, of the fecond, third, fourth, fifth,

fixth, feventh, eighth, ninth, tenth, and other following

terms are derived, or generated, from i, or A, the numeral

co-^efficient of the firft term by a continual multiplication

of It into the rradtions —, or ,
I I

^

OT“ T m —

2

— 3 m— Sf

m— 6 w— 7 »7— 8
&c, continued ad infinitum^ or to

the end of the feries when the number of its terms is

finite.

Sll I

Of the Invention of thefaid Theorem.

I

2. Sir Ifaac Newton was the firft perfon that expreffed

this important Theorem in the foregoing fhort and convenient

-Algebrffick notation, and likewife the firft perfon that

difeovered that it would be true, not only when the index

tn of the power to which the binomial quantity is to be raifed

is a whole number, as 2, 3, 4, 5, 6, &c, but alfo when

it is a fraftion of any kind, as
T

or
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or even a negative quantlt}^, as 2, ~ 3 »

"" 5 >

or —

17, or

I ^

-^y See.. But he was not the firfl; perfon

that difeovered it to be true in the .firft, or fimpleft, cafe,
or when the index m is equal to an integral and affirmative
number. For in that cafe it was known to Mr. Henry Briggs,
the celebrated improver and computer of Logarithms, above
40 years before it was difeovered by Sir Ifaac Newton

; and
it was publithed by Mr. Briggs, in his learned Trcatife on
Logarithms, intitled, Arithmetica Logarithmica, in the year

1624 ;
as has been clearly fhewn by the learned Dr. Hutton,

of Woolwich Academy, in his very curious, hiftorical, Jn-

trodudlion to the new edition of Sherwin’s Mathematical
Tables, publifhed in the year 1784.

3. But, though Mr. Briggs had publifhed this famous
Theorem, in this firft cafe of it, in his Arithmetica Logarithm

micay in the year 1624, yet it feems to have been but little

known to Mathematicians till about 60 years after. For
even the famous Dr. John Wallis, of Oxford, (who was a
very extenfive reader of Mathematical Works, as well as a
great improver of the Science,) appears to have been igno-

rant of it till a little before the year 1685, in which he pub-
liflied his learned, hiftorical, Treatife of Algebra, at which
time he was about 69 years old. For he there tells us, in

page 319, that he had formerly fought to difeover the law by
which the numeral co-efficients of the terms of the feries

w’hich is equal to a + are generated from each other, but

had not been able to find it ; and that he had lately been

made acquainted with it by the perufal of a very learned

letter of Mr. Ifaac Newton, the Profeflbr of Mathematicks

in the Univerfity of Cambridge, to Mr. Oldenburgh, Se-

cretary to the Royal Society, written in the year 1676.

His words are thefe, after fpeaking of fome other excellent

inventions in the Mathematicks contained in the faid letter

—

«

“ He
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He [Mr. Newton]) then objerves (what I had formerly

fought after, but unfuccefsfully), that the following numbers
** are, from the two firjl, to befound by continual multiplication

of thisferies i

7»— % m—± .X ^ X X
4 5

“ From this paflage of Dr. Wallis’s Algebra, I am
inclined to think that this famous theorem was never gene-

rally known to Mathematicians till this publication of it in

that work. And from its having thus been communicated

to the learned world as a difcovery of Mr. Newton (who
was afterwards better known by the title of Sir Ifaac New^-

ton), it has ufually been called his Theorem.

4. This Theorem had been difcovered by Sir Ifaac New-
ton about the year 1665, as appears from his letters to Mr.
Oldenburgh in the year 1676, copies of which were fent to

Mr. Leibnitz by Mr. Newton’s diredion. But thefe letters

do not appear to have been known to the Mathematical

world in general, till the year 1712, when they were printed

in the Commercium Epijiolicum by the order of the Royal
Society. And no part of them feems to have been publifhed

before the year 1685, when the foregoing account of the

generation of the numeral co-efRcients of the terms of the

leries that is equal to the mth. power of a binomial quantity,

and a few mote curious difcoveries contained in them, were
inferced by Dr. Wallis, in his Treatife on Algebra.

5. It has been obferved above, that Mr. Briggs, and not
Sir Ifaac Newton, was the firjl inventor of this Theorem in

the firft and fimpleft cafe of it, or when the index m is an
affirmative whole number. Yet lam inclined to think that

Sir Ifaac Newton w'as likewife an inventor of it even in that

cafe, though not the firjl inventor. For it is well known
that he was not an extenfive reader of Mathematical Works;
and he appears to have applied himfelf principally in his

younger years to the lludy of Des Cartes’s Geometry, with
Schooten’s Commentary on it, and the other Tradfs pub-
.liffied by Schooten with it, and of Dr. Wallis’s Arithmetica

.Infinitorum, and his other works on mathematical fubjedls

then
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then publinied ; in none of which books is any mention
made of this ufeful Theorem that had been difeovered fo
many years before by Mr. Briggs. And, as thefe were the
books to which Mr. Newton is known to have given the
greateft part of his attention at that time, he may very well
be fuppofed not to have feen Mr. Briggs’s Arithmetica Loga~
rithmica, in which this Theorem is contained, at the time of
his difeovering it himfelf, which was about the year 1665,
or when he was only 23 years old. And, if he had feen
that book, and obferved this difeovery to be contained in it

I can hardly conceive that, when he was fpeaking of this

Theorem, and fetting forth its great utility in mathematical
inveftigations, he would have omitted to make mention of
the name of Mr. Briggs, and to acknowledge that what he
had delivered upon the fubjed in hh Arithmetica Logarithmica
contained the fubftance of the faid Binomial Theorem in

the cafe of Integral Powers, though not expreffed in Alge-
braick Symbols. For thefe reafons I am inclined to think
that Sir Ifaac Newton had not feen Mr. Briggs’s Arithmetica

Logarithmica when he invented the Binomial Theorem, and
confequently that he was truly an inventor of it even in the

cafe of Integral Powers, though not the firft inventor^

6. But it feems more furprifing that Dr. Wallis, who
was a much more copious reader of Mathematical Works
than Sir Ifaac Newton, and who adually had feen and read

Mr. Briggs’s Arithmetica Logarithmica, and makes mention
of it in his Algebra, chapter XII, page 60, fhould not have
attended to the contents of that ingenious Treatife enough
to have obferved that it contained this moft ufeful Theorem.
Yet this appears to have been the fad, from what the Doc-
tor tells us in the 83th chapter of his Algebra, page 319, in

the paffage that has been already cited in art. 3, where he

mentions the law of the generation of the co-efficients of the

terms of the feries that is equal to the mxh power of a bino-

mial quantity, as a difeovery that had recently come to his

knowledge by the perufal of Mr. Newton’s letter to Mr.
Oldenburgh. For, furely, it muff be concluded from this

declaration, that, though h0 had feen Mr. Briggs’s Arith-

metica
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inetica Logarithmica, he had nbt read it with fufficient atten-»

tion to difcover that this method of generating the co-effi-

cients of the terms of the feries that is equal to the wth

power of a binomial quantity, when m was equal to any

whole number whatfoever, was contained in it : though it

feems indeed unaccountably ftrange that he fhould not have

Taken notice of it.

7. We may therefore, upon the whole matter, confider

the Binomial Theorem, in the cafe of Integral and Affirma-

tive Powers, as having been firll invented by Mr. Briggs

before the year 1624, and publifhed by him in that year in

his Arithmetica Logarithmicdy but in fuch a manner, and in

fuch expreffions, as did not much engage the attention of

Mathematicians towards it ; fince it does not feem to have

been generally known amongtl Mathematicians till it was

afterwards publiflied in the year 1685, as an invention of

Mr. Ifaac Newton, by Dr. Wallis in his Algebra. And we
may confider it as having been invented a fecond time by
Mr. Newton about the year 1665, and extended by him at

.the fame time to the other cafes of Fradional and Negative

Powers, and alfo exprefled in the very fhort and convenient

Algebiaick notation, in which it is fet forth above in art. i,

and which has contributed fo much to give it currency

amongft Mathematicians. And, laftly, we may confider it

as having been communicated by Mr. Newton to Mr. Ol-

denburgh and Mr Leibnitz, and probably alfo to his friend

and patron Dr. Ifaac Barrow, the Mafter of Trinity College,

Cambridge, and a few more of his Mathematical friends,

in the year 1676, in the letter above-mentioned; and as

having afterwards been communicated to the world at large

- in the aforefaid extrads from the faid letter to Mr. Olden-
burgh, which Dr. Wallis publiflied in his Algebra in the

year 1685.

0/
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Of Mr, James Bernoulli's demonjlration of thefaid fheorem, in

his freaiife on the Bo5lrine of Chances
^ intitled^

De Arte Conjeftandi.

8. But, by what fteps, or what train of reafoning, Sir

Idiac Newton difcovered this law of the faid co-efficients to

be fuch as he-defcribed it, is not known ; nor is any demon-
ftration of it, even in the eafieft cafe of it (or when the

index m of the power to which the binomial quantity is to

be raifed, is a whole number), any where to be found in all

his works. Nor has Dr. Wallis attempted to fupply this

defed, nor, as 1 believe, any other mathematical author

whatfoeyer in the lad century, from the
,
year 1685 (when

the Theorem was firft publifhed by Dr. Wallis) to the end
of it ; nor do 1 know of any demonftration of it given in

the beginning of the prefent century before the year 1713,
when the learned and fagacious Mr. James Bernoulli’s ex-

cellent Tieatife on the Doctrine of Chances, intitled, De
Arte Conje5landi, was publiflaed at Bafil, or Bade, irt Swit-

zerland. But there we find an excellent demonftration of

it, in the cafe of Integral Powers, derived from the dodfrine

of Permutations and Combinations, and the properties of the

Figurate numbers, which are the true principles to which it

ought to be referred. This demonftration is contained in

the 3d chapter of the fecond part of that valuable Treatife,

and may be perfedtly underftood by a careful perufal of the

three firft chapters of that fecond part, without the help of

the firft part of the Treatife. For the dodtrine of Permu-
tations and Combinations is explained from its firft prin-

ciples in the two firft chapters of that fecond part of the

Treatife, without any reference to the firft part; and the

properties of the Figurate numbers are derived from that

dodtrine in a moft ftridf and fcientific manner, in the third

chapter of the fame fecond part ; and amongft thefe proper-

2 H lies
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ties of the Figurate numbers, fo derived, is the Binomial

Theorem, in the cafe of Integral and Affirmative Powers,

or the law of the generation of the numeral co-efficients of

the terms of a feries that is equal to any integral and affirm-

ative power of the binomial quantity a -\- h. This demon-

ftration therefore deferves to be generally known and ftudied

by Mathematicians, as the true foundation of this celebrated

and mofl ufeful Theorem. And upon that account I have

re-printed the faid three firfl; chapters of the fecond Part of

that excellent 1'reatife De Arte Conje£landi, in the foregoing

part of this volume, in the author’s original Latin text,

with fome explanatory notes on a few of the moft difficult

palfages of it, and have afterwards added a very full Tranf-

lation of the fame three chapters, with fome examples and

additions of my own, which I thought might be ufeful to

my readers, and which I have taken care to diftinguilh

from the other parts which are tranllated from the Author’s

text. And I hope that, by thus exhibiting this part of

that excellent work in an Englifli drefs, and removing the

difficulties that occur in the original, in confequence of the

Author’s extreme concifenefs, I lhall induce the young
Students of the Mathematicks in England, to make them-
felves acquainted with this mafterly and fcientific demon-
ftration of this moft important Theorem, which feems

hitherto to have «been adopted by too many Mathematicians,

upon the mere ground of induction, and the experience of

its truth in the feveral trials they have made of it, without

endeavouring to find a demonftration of it.

Another
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Another demonjlration of it, in thefame cafe of Integral Powers^
zvill be given in the enfuing part of this Difcourfe,

9. But, though the demonftratlon of this propofition given
by Mr. James Bernoulli in this excellent Treatife, Be Arte
Conjectandi, Part 2d, Chapter 3d, (and which may be fcen
above in this volume in the original Latin text of Mr. James
Bernoulli in page 28, and in my Tranflation of it in pages

115 and 1 16), is the firft, and, in my opinion, the beft that

has yet been given of it, yet I doubt not that the Mathe-
matical Reader will be pleafed to fee .another demonUratidli
of it, that is fomewhat fliorter than Mr. Bernoulli’s (inaf-

moch as it does not require the previous knowledge of the

Doctrine of Permutations and Combinations, and the pro-

perties of the Figurate Numbers), and yet is equally accu-

rate and conclulive. Such a demonftration I lhall therefore

now endeavour to lay before him in the remaining part of

this Difcourfe.

10. Now in order to difcover the general relation of the

terms of the feries that is equal to to each other, when
m denotes any whole number whatfoever, it will be proper in

the firft place to examine their relation to each other when »»

is equal to fome particular whole numbers, and thofe not

large ones, that they may be more eafily managed and their

properties more readily feen into. And, if, when we have

examined thcfe particular feriefes that are equal to certain

particular values of when m is equal to certain fmall

whole numbers, we can find any common properties that be-

long equally to all of them, and can alfo perceive that the

fame properties muft likewife belong to all the feriefes that

flmll be equal to any other values of a -}- as well as to

thofe which we have confidered ; or, if we cannot immedi-

ately perceive this to be the cafe, but can find fome method

of demonftrating that it is fo j we lhall then arrive at the

2, H 2 knowledge
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knowledge of the general relation of the terms of the ferles

that is equal to to each other, which is the objeft of

our purfuit. We will therefore raife the binomial quantity

^+ ^ to its fquare, and cube, and fourth power, and fifth

power, and lixth power, by multiplication ; which may be

done in the manner following,

I = ~a +
a-\-b

n h —. a “J~ /1 '»

a-\-b

aa + ab

+ ab-{-bb

aa-\-^ab-\‘bb —

,
ah^

+ a^b-\-^ab^

a-\-b

a^-\-'^a^b nb^

+ a^b+

+

b*

a-\-b

i». :

CL^ b ^Ci^b^-\- ^d‘' ah^

a^-\- ^a^b~\-\QCi^o^ ^ab^f b^ —
ar\-b

b ~t \ oci^L -f- ioo/'b^ r c.b^

.tT. — .. .
— . -

' ^.. I. ^
^a^b^ fbab^ •\-b^ = a-^lK

Objerva*
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^

Ohfervations on the terms of the foregoing Seriejes that are equal

to a+l\\ a 4-

a

+ and a ex-

plaining the Compnfition of the Literal parts of thejaid terms.

II. If we examine the cortipofition of the foregoing pro-
dufts, or feriefes, which are obtained by continual multipli-
cations by the binomial quantity + the firft obfervacion
that will occur to us will be, that th,e firft term of the fe-

Ties aa + 2ah+ lh, which is equal to the fquare of a + h, is

aa or a"" •, and that the firft term of the feries q^alb
‘

q^ah' + which is equal to the cube of a is al ; and
that the firft term of the feries + A^alb -j- (sa'^b'^ + 4^^^ 4. ^4^

which is equal to the fourth power of a^b^ is ; and that

the firft term of the feries al + ^a^b + Toalb"^ -f- loalb^

^ab*-\-b^, which is equal to the fifth power of a-\-by is

and that the firft term of the feries 6a^b iqa*b'^

Q-oalb^ + + 6ah^ + is \ or that the firft term of
the feries that is equal to any one of the faid five powers of
the binomial quantity a^b, is the fame power of the fingle

<^uantity a.

And it is eafy to fee that, if we were to continue thefe

multiplications by the binomial quantity a -{ b ever fo far,

the fame thing would take place with refpeft to the firft

terms 6f the following produfts, or feriefes, which are equal

to any higher powers of the binomial quantity a + b^ let

their number be ever fo great ; or that, if the letter m be

any number, how great foever, the firft term of the produft.

or feries, that is equal to a-\-b or the mth power of the

binomial quantity a+ bj will ^ or the fame power of

the fingle quantity a.

For, as the firft term of every hew produft, or feries, is

produced by the multiplication of the firft term of the next

preceeding
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f

preceeding produdl, or ferles, by or i X the co-effi-»

dent of the firft term of tl;e new feries, whidi is the produd:

of the faid multiplication, muft be the fame with the co-efii-

dent of the firft term of the next preceeding feries, which

is the multiplicand of the faid multiplication. And confe-

quently, as the co-efficient of the faid multiplicand, or firft

term of the. preceeding' feries is originally i, (namely, when

a-{-b \s multiplied into a + b, in order to produce the feries

aa+ iab-^bby which is equal to its fquare), the co-efficients

of the firft terms of all the following produdls, or feriefes,

which' are equal to <7 -f-

a

-}- iV, a /)*, a -f

&c, ad infinitum, muft like-

wife all be equal to i. e. d.

12. The fecond obfervation that will occur to uS, is, that

the indexes of the feveral fucceffive powers of a in the terms

of every produft, or feries, that is equal to any power of

the binomial quantity a-\-b, decrcafe continually by an unit,

and that the indexes of the powers of b in the terms of

the laid produds, or feriefes, increafe by an unit at the

fame time. Thus, in the feries lah Ar h'*'

,

or (as it is

fometimes exprefted in Sir Ifaac Newton’s Notation of In-

dexes, becaufe <3° is an i, and is likewife — i), a'^b’^ -b
la'b*

,

which is equal to the fquare of the binomial

quantity a-\-b, the indexes of the powers of a are 2, i,

and o, or 2, 2 — i, and 2 — 2, and the indexes of the

powers of b are o, i, and 2, Or o, o -}- i, and o + 2 ;
and

in the feries />•*, or ''^drb* ^

,

which is equal to the cube of the binomial quantity a-\- b,

the indexes of the powers of a are 3, 2, i, and o, or 3,

3— r, 3—2, and 3—3, and the indexes of the powers of b

are o, i, 2, and 3. And the fame thing takes place in

the following prqd tufts, or ‘feriefes, a‘^-\-n^aAb-\-(ux‘b‘‘'

•A-b*, and -j- ^a^-b load'b'*' 4- loa^'b^ + ^ab‘" b^

,

and
ft" 4- (:>a^b -b 4- 'loaAb^ 4- 4" 6«^® -f b^, which
are equal to the fourth, fifth, and fixth powers of ^ 4-

And It is eafy to fee that the fame thing will likewife take

place in the terms of the produds, or feriefes, that are equal

to
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to any higher powers of « + ^ whatfoever, ' if the faid multi-
plications by ^ -f ^ were to be continued till the feriefes
equal to fuch higher powers were produced.. Therefore the
literal parts of the fecond term, and of all the following
terms of each of the faid produfts, or feriefes, may always
be generated, or derived, from die firft term of it, by the

continual multiplication of it by the'fradion

13. But, by the firft obfervation, the firft term of. the feries

which is equal to a or the mt\\ power of the binomial

quantity a -V by when m is any whole number whatfoever,

is am.

It follows therefore, in the 3d place, that the literal parts

of the terms of the feries that is equal to a -p b will be
m m— I

»7—7,, m— %

b, a’*' ^b% d^~^b\ a'~^b\

a 'b’’y ^ b^y cT &c, till we come to the quantity

jn—m 7<w / o .w
a b

y {px or b
y
ox \ ), os b .

And thus we have difeovered the compofition of the literal

parts of the terms of the feries which is equal to a b

as fully as can be defired. And we have likewife difeovered

that the co-efficient of the firft term, of which the literal

part is cT

y

is always i, or that the firft term of the faid fe-

ries is ^ itfelf, and not any multiple of <i. e. i.

14. In the 4th place it is* evident that all the terms of

every produft, or feries, arifing from the multiplication of

the binomial quantity a b into itfelf, muft be conneefted

together by the fign +, or added to each other. And con-

fequently the literal parts of the feries that is equal to a-^bTj

will
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will be /' + a"-'h + +

a"-h' + «“-V + "-’’P + /'~V + cT-H'> + &c.

Of the numeral co-efficients of thefecond and other following terms

of the product feries, that is equal to a -{• bf\

15. We come now to inquire into the numeral co-effi-

cients of the fccond and other following terms of the pro-

duct, or feries, which is equal to a -1- or the mh power

of the binomial quantity a-\-b.

Now the numeral co-efficient of the fecond term of this

feries will always be equal to m, or the index of the power

to which the binomial quantity a b is to be raifed. This

may be demonftrated in the manner following.

In raifing the feveral powers of the binomial quantity

by the continual multiplication of that quantity into it-

felf, in the manner above exemplified in art, 10, it is evi-

dent that the faid fecond term of every new produdf, or fe-

ries, that is equal to a new power of a b, \s always pro-

duced by adding the produA of the multiplication of the

hrft term of the feries that is equal to the next lower power
oi a b (of which firft term we have feen that i is always

the Co-efficient; by b to the produft of the multiplication of

the fecond term of the faid foregoing feries by a ; the effedk

of which addition is, to increafe the co-efficient of the fe-

cond term of the new feries by an unit, or fo as to make
it exceed the co-efficient of the fecond term of the foregoing

feries by an unit. Thus, the fecond term, zab, of the feries

a -p
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lab -f whic h is equal to the iquare of a-\^b, is produced
hy the addition ol the pioduef bay or aby ^'A’hich ariles hoiii
the multiplication of a, the firlt term ol the for-ner feries

a-\-by by b,) to the product ab, which arifes from the mul-
tiplication ot the fecond term b of the former feiies a \-b by
a ; the effect of which addition is, to make the co efficient,

2, of the fecond term ^ah in the new feries, exceed the co-
efficient, 1, of the fecond term b of the former feries, by
an unit. And, in like manner, the fecond term, '^^afby of
the feries al + gdfb + 3«^- -f b^y wiiich is equal to the cube
of the binomial quantity a b, \s produced by the addition
of the produft orb (which arifes from the multiplication of
a^y the firll term of the former feries d^ + lab + b^y by
to the product zd^by which arifes from the multiplication of
the fecond term 2.ab of the faid former feries al 4- ^ab b'^

by
; the effect of which addition is, to make the co-elii-

cient, 3, of the fecond term '^a^b of the new feries, exceed
the co efficient, 2, of the fecond term 2.ah of the former
feries, by an unit. And, in like manner, c\.a^by the fecond

term of the next feries, is — of y^b '^dfbyay or cdb +
'^dfb —

I 4- 3] X idb ;
and f^afby the fecond term of the

next feries, is ~ a^^yb c^a^b y a — a^b 4- c\.alb r: i 4- ^
ya^b ; and bPby the lecond term of the next feries, is

~
a^yb + Cyofbya ~ a^h -f ^afb =: i 4-5] x a^b. And this,

it is eafy to fee, mull be the cafe in any higher powers

vvhatfoever of a-{-by if we were to continue the multiplica-

tions by a-rb till the feriefes that were equal to ftich higher-

powers a -\-b were produced. And conlequently, iince

in the firff power of the binomial quantity a + b, to wit, in

the faid quantity itfelf, the co-eiffeient of the fecond term by

to wit, I, is equal to the index of the faid firft power, which

is alfo I, and in the fecond, and third, and fourtli, and fifth,

and lixth powers of the laid binomial quantity, t^e co effi-

cient of the fecond term of the feries that is equal to each of

the faid powers of a \-b is alfo equal to the index of the faid

powers ; it follows that in all higher powers whatfoever of

the faid binomial quantity -l-i’, the co-efticient of the fe-

cund term of the feries which is equal to every fuch power

% I ''lU
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will be equal to the index of the faid power ; or, in other

words, the co-efficient of the fecond term of the feries which

is equal to will always be equal to the index m.

E. D.

\

•I 6 . From what has been fliewn in the foregoing articles

we may conclude with certainty, that the two firft terms of

the feries that is equal to a when m is equal to any

whole number whatfoever, will be o' -f m x and

that the literal parts of the following terms ofthe faid feries will

, VI — Zj^ m—x,, ”*— 4 ,-A , t
w—

6

be a b + a a ^ a ^b^ a b -\-

n 1 ,
m— Q,a

a 'b^ -b a b a
I

,w -.m . ,m ,

^ ,
or I , or) + ^ . It

"j- 8cc, a 0 ^ ^01' d

remains that we inquire what

will be the numeral co-efficients of the faid third and
other following terms of the faid feries, or by what law,

or rule, they may be generated, or derived, from the two
firtl CO- efficients, 1 and m. 'I'his is a matter of confi-

derable difficulty ; and I am not acciuaintcd with any di-

red and feientihe method of invdVig’atmg this law of the

generation of the laid co-efficients, befides that of Mr. James
Bernoulli above-mentioned, which is grounded on the Doc-
trine of Permutations and Combinations, and the properties

of the Figurate numbers. But I can point out a manner of
confidering the fubjed and attempting to find this law of
generation, uhich ieems likely enough to have occurred to

a Mathematician who was in purfuit of this inquiry, and
which, if it liad occurred to him, would have led him di-.

redly to form a juft conjedure concerning this law by which
thefe co-efficients are to be generated ; after which he would
have been induced to try the law, fo difcovcr^d by conjec-
ture, in fome eafy particular infiances, and, having found it

to be true in all of them, he would naturally conclude that

it uas true in all other cafes whatfoever. This conjedural
method of inveftigation, I conceive, may have been as fol-

lows.

A Con-
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'

A Conje5lural Inveftigaticn of the Law by which the co-efficients

of the third, andfourth, andfifth, and other following terms

of which is equal to a + bi'”, or the crah power

of the binomial quantity a -f- b, may he generated, or derived,

from I and m, the co-efficients of the two firft terms of the

faid feries.

17. Now, In order to difcover the manner in which thefe

CO- efficients may be derived from the two firft co-efficients i

and m, 1 fliould think it would be natural to examine the

co-efficients of the terms of the feries that is equal 10 a -{-b f'

in Tome of tlie lower powers oi a -\-h which we have aftually

raifed by multiplication, as, for example, in the feries which

is equal to a 4- it]®, and which we have found above In art.

10, to be a^ -f 6a}

b

q- -b 2oa^b^ -f- t.^a~b*' -{- 6ab^ b^.

In this feries the co-efficients of the terms are i, 6, 15, 20,

15, 6, and i ; and our objedl is to difcover, ift, by what

number, integral or fraclional, the feeond of* thefe co-effi-

cients, to wit, 6, ought to be multiplied in order to pro-

duce the third co-efficient, to wit, 15-, and, 2dly, by what

number, integral or fradional, the third co-efficient, to wit,

15, ought to be multiplied in order to produce the fourth

co-efficient 20 ; and, 3dly, by what number the fourth co-

efficient, 20, ought to be multiplied in order to produce the

fifth co-efficient 15 ; and, 4ihly, by what number the fifth

co-efficient, 15, ought to be multiplied in order to produce

the fixth co-efficient 6 ; and, laftly, by what number the

fixth co-efficient, 6, ought to be multiplied in order to pro-

duce the feventh and laft co-efficient i. Now thefe multi-

plying numbers are evidently and For 6

I c . , 20 . 1 I c •

X -r is 1 and 'T c x — is rr 20, and 20 x — iscr 15,
6 I

j
20

2 1 2 and
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and I c X — is =r 6, and 6 x -r i* We mud therc-
15 •’ o

t • i/-r* • /* 0-* 1^2015
rore now examine thefe five generating tractions —

,
—

,
—

,

and together with the precceding generating fradlion

— , by the multiplication of which into the firft co efficient i

the fccond co-efficicnt 6 is produced , and muft entleavonr

to find out fome remarkable, or regular, property in them,

which we may reafonably fuppofe to belong alfo to the co-

effic ients of the terms of other powers of a + h, as well as to

thole c>f the terms of this, its fixth power. And, in order

to examine thefe fraftions with the greater eafe, it feems na-

tural, in the fiid place, to reduce them to their low'eft de-

nominations, by clividing both their numerators and their

denominators by the fai^tors which are common to them

both. Now', if this be done, the faid generating fractions

6 I c; 20

T’ T’ Tf

5 ><3 4x 5

^X3’ 3x5’

, and — , will be found to be equal to
20 15 0

3 X 5 2 x3
4x5’ 5x3 - i ’ °0 p 7 •

and

—
; in w'hich laft fracftions it is impoffible not to obferve

that the numerators regularly decreafe by an unit from 6,

which is the index of the power to which the binomial quan-

tity a+ h has been railed, to i, and the denominators regu-

larly increafe at the fame rime by the fame quantity of an

unit from i to the faid index 6. This regularity is very

ftriking, and naturally raifes a fufpicion that the fame thing

may take place in the generating fradlions of the co-efficienrs

of the terms of the feriefes that are equal to other powers of

the binomial quantity a-f-h, and is an inducement to try it

in the other ferieles that have been produced above in art.

10
,
by ftnilti plication, and which are equal to a +

and We will therefore now proceed to try it

in thofe infiances.

iS. Now
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1 8. Now we have feen in art. 10, thatT’^PTj* is n the
feries + c;a*h + + loa^^ + ^al* + in which
the numeral co-efficients of the terms are i, 5, 10, 10, 5,
and I. 1 herefore the generating fradions, by the multipli-
cation of which the fecond of thefe co-efficients, to wit, 5,
is derived from the firlt, or 1, and every following co effi-

cient from that which is next before it, will be
1 5

' lO *

and 4 I which are refpedively equal to the fradlions —

,

—
, and — . And in thefe lad fraftions we cannot234 5

but obferve that the numerators 5, 4, 3, 2, and i, regularly

decreai'e by an unit from 5, or the index of the power to

which the binomial quantity a-\-h is raifcd, to i, and the

denominators i, 2, 3, 4, and 5, regularly increafe at the

fame time, by the fame quantity of an unit from i to the

fiid index 5. It appears therefore that the fame rule takes

place amongft thefe generating fraflions
-q , q, -j, —

, and

as took place amongft the generating fradions ~j

—
, , and of the co-efficients of the terms of the

3 4 5

former feries which was equal to

19. We will now try whether the fame rule will take

place in the feries which is equal to the fourth power of

a h.

This feries is a* -f- -f 6 a^i>^ -f + I*, in which the

numeral co efficients of the terms are i, 4, 6, 4, and i.

Now the generating fradions by the multiplication of which

the fecond of thefe co-efficients, to wit, 4, is generated from

the firft, or i, and every following co-efficient is generated

from that which is. next before it, are evidently »

and
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and which are refpeftively equal to —
» 2

’
and

3 4

And in thefe laft fradions the numerators 4, 3, 2, and i,

regularly decreafe by an unit from 4, which is the index of

the power to which the binomial quantity a b has been

raifed, to i, and the denominators 1,2, 3, and 4, regularly

increafe at the fame time by an unit from 1 to the faid in-

dex 4.

20. We come next to the feries which is equal to the cube

of a->rb.

This feries is -f in which the co-

efficients of the terms are i, 3, 3, and i. Now the gene-

rating fraftions, by the multiplication of which the fecond of

thefe co-efficients is derived from the firft, and the third

from the fecond, and the fourth from the third, are evidently

y, and -j, which are refpedively equal to and

And in thefe laft fratflions the numerators 3, 2, and i,

3

decreafe regularly by an unit from 3, which is the index of
’’

the power to which the binomial quantity a + b has been

raifed, to i, and the denominators i, 2, and 3, increafe re-

gularly at the fame time by an unit from i to the faid in-

dex 3.

21. And the fame thing takes place in the feries which is

equal to the fquare of a-{-b. For this feries is 2ab + b^,

in which the co-efficienis of the terms are i, 2, and i. Now
the generating fradions, by the multiplication of which the

fecond co-efficient 2 is derived from the firft co-efficient i,

and the third co- efficient i is derived from the fecond co-

efficient 2, are evidently and which admit of no re-

du61ion to lower denominations. And in thefe fraftions

2 X •~ and —y the numerators 2 and i decreafe by an unit, as

.
in

I
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in the former cafes, from 2, which is the Index of the power
to which the binomial quantity a+b has been raifed, to 1

and the denominators i and 2 increafe at the fame time by
an unit from i to the faid index 2.

^

22. It appears therefore that this law of the generating
frac'^ions of the numeral co-efficients of the terms of the
feriefes that are equal to tlie powers of the binomial quantity
a + b, takes place in the cafes of the fquare, the cube, the
fourth power, the fifth power, and the fixth power, of the
faid binomial quantity. This is a very ftrong ground for
conjeifluring' that the fame law will take place in the gene-
rating fra(5tions of the numeral co-efficients of the terms of
the feriefes which are equal to the powers of the faid bino-
mial quantity in all other cafes vvhatfoever

; or that, if the
index of the power to which the faid binomial quantity is

raifed be any whole number whaufoever, denoted by the

fletter m, the generating fraftions, by the continual multipli-

catiot) of which the numeral co-efficients of the fecond and

other following terms of the feries which is equal to

or the With power of the faid binomial quantity, may be de-

m
a

5 orrived from i, or the co-efficient of the firft term,

I X a \ of the faid feries, will be p or (as it is fometimes

11 4\ w— o 1 m—\ m— 2 m—x »1— 4 w— c .

called) — ,
and —

, \ &c, till we

come to the term which is “ o, or till the faid feries

is terminated, or exhauhed.

23. And the ground for conjefturing that this is a gene-

ral law that takes place among the generating fradlions of

the terms of thefe feriefes in all cafes, or when the index is

equal to any whole number whatfoever, will become ftill

flronger if we try it in a few more examples of feriefes that

are equal to higher powers of the binomial quantity <3 + ^,

than the lixth power. I Ihall therefore now proceed to try

it
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it in the feriefes which are equal to ,
and

^“+7
]
9.

24. Now <3+/V is (~ X a-\-h z=. -f- +
1 ^a*b'^ + loa^h^ 4- \ -^ 6ah^ -{• y. a-^b) ~ a^ + "ja^b

4- x\a^h^ + -f + ^\a^b^ 4- ’]ab^ b'^ \ in

which feries the numeral co-efficients of the terms are i, 7,

35 ’ 35 » 2.1, 7, and i. The generating fraftions, by
the multiplication of which the fccond of thefe co efficients,

to wit, 7, IS derived from the firft co-efficient i, and the

tliird and other following co -efficients <ire derived from thofe

which immediately preceed them, are evidently ,
I 7

3S

2 1

p, and i
; which are refpeftivcly equal to ~

,

— ,
—

,
—

,
and

;

in which laft fradions the nu-23456’ 7

merators 7, 6, 5, 4, 3, 2, and i, regularly decreafe by an

unit^from 7, (which is the index of the power to which the

binomial quantity ^ + has been raifed), to 1, and the de-

nominators 1, 2, 3, 4, 5, 6, and 7, regularly increafe at

the fame time by an unit from i to the faid index 7 j agree-

ably to what was obferved in the five former examples.

25 , And a -p rj* is (= a 4- /1’ X a-\-b — o’ -f- ']a*'h -}-

^la^b^ 4- -f 3 ^a^b* 4- 'iia^b^ -f ^ab^ b’’ x a 0
)

= 4- ^cBb 4- 28^V + 4- 706V 4- 4-

-f 2>ab'^ + b^

;

in which feries the numeral co-efficients of

the terms are i, 8, 28, 56, 70, 56, 28, 8, and 1, The
8 8

generating fradionsof thefe co-efficients are evidently —
,
—

,

T ’
refpedively equal to

-7-j 4"» 'T» 4”» "T» T"’ "T» which laft fradions1234507 s

the numerators 8, 7, 6, 5, 4, 3, 2, and i, decreafe regu-

larly by an unit from 8, (which is the index of the power to

2> whi^h
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which the binomial quantity a b has been raifecl), to i,

and the denominators I, 2, 3, 4, 5, 6, 7, and 8, regularly
increafe at the liime time by an unit from 1 to the fa d in-

dex 8 ; agreeably to what has been obferved in the fix former
examples.

26. And, laftly, is (=: a 4- x a-\-b — -p

SePb -j- ^ba^b^ + 'joa^b* + ^ba^h^ + I’^a^b^ -f- 8<?i’

+ X a-{-b) ~ cP ^a'b 4- iba^U^ -f q- I'lba^l^ -\-

iiba*b^ + 84«^^® + 36«^/'’ + gab* b^ ; in which feries the

numeral co-efficients of the terms are i, 9, 36, 84, 126,

126, 84, 36, 9, and I. The generating fraftions of thefe

co-efficients are evidently ^ £i
9 ' 36’

126 126

716
’

84 3^ 9
126’ 84' 36*

987
and — ; which are refpeclively equal to --

, 4^

-> 4-j and -
; in which lafh fraftions the numerators67^8 9

9, 8, 7, 6, 5, 4, 3, 2, and i, decreafe regularly by an

unit from 9, (which is the index of the power to which the

binomial quantity a -{• b has been raifecl), to i, and the de-

nominators I, 2, 3, 4, 5, 6, 7, 8, and 9, regularly increale

at the fame time by an unit from i to the faid index 9 ;

agreeably to what has been obferved in all the former ex*

amples.

27. After obferving this law of the co-efficients to take

place in lo many different examples, it would be impoffible

for our mathematical inveftigator not to conclude with a very

high deg'ee of confidence that it would take place in all

other cafes whatfoever; or that, when the index m is equal

to any whole number whatloever, the generatino fraftions

of the numeral co-efficients of the terms of the feries that is

m m—i m —

2

w— 3 m— \ — 5

2 *
3

’

4 ’
5

’ 6
»equal to a will be

&c, till we come to the fradUon winch is
n ' S ^ M+i

^ K = o,
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~ o, or till the faid feries of fradions is terminated, or ex-

haufled. And then it would follow, from what has been

fliewn above concernina; the literal parts ot the terms of the

faid feries, that the faid feries which is equal to 'a\bX'
,

or the mih power of the binomial quantity a h, would

be a” + - Ad"~'b +— + — Ca'-H'
I 2 3

+ +

&c, continued \.o iT.
- q. e. i.

28. This method of difcovering (by a conjcflure ground-

ed on fome trials in particular examples) that the genera-

ting fradions by which the numeral co-efficients of the third,

and fourth, and other following terms of the ferics that is

equal to a + (or any integral power of the binomial

quantity a + h), are derived from m (the index of the power

to which the faid binomial quantity is raifed), or from the

L'o-efficient of the fecond term of the faid feries (which is

, 1 , • 1 \ m—i m—2 m— x m—±
always equal to the laid index) are — ^ ,

&c, is fuggefted by ProfefTor Saunderfon, in the fe-
6

cond volume of his Algebra, in the chapter on the Binomial

Theorem ;
where the Reader will find a good explanation

and illuflration of the faid celebrated Theorem, by a va-

riety of examples, both in the cafe of Integral powers, and

in the cafe of Roots and other Fradional powers, and even

in the cafe of Negative powers, and of powers that are both

fractional and negative
;
but no demonlfration of it in any

cafe, not even in that of Integral and Affirmative powers.

29. We have now fliewn with demonftrative certainty

that the literal parts of the terms of the feries which is equal

to a or the mih power of the binomial quantity a +
when
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when the letter m denotes any affirmative whole number

whatfoever, are -f- a'~^b + a^~~^b~ + a”‘~'^ b^ +
a ^b* -{• a ^b^ + ^b^ 'I

}p _|_ gj;c, till we come

to the term cT~'^ b”\ (or x or i x b"*'), or b"^,

and that the numeral co-efficient of the literal part of the
firft term of the faid feries is i , and the numeral co-efficient

of the literal part of the fecond term of it is w, and confe-
quently that the two firft whole terms of the faid feries are

1 X « , and m y, a b, o\- a + m y a b, or a +
— y a b, o\ a -f- y a b. And we have alfo

fliewn that in the feriefes which are equal to

a q- ^1“^, a + if
^
a -|- and J+ or whea

the index m is equal to 2, or 3, or 4, or 5, or 6j or 7, or

‘8, or 9, the numeral co-efficients of the third, and fourth,

and fifth, and other following terms of the faid feriefes are

derived from or the numeral co-efficient of the fecond

term, by the continual multiplication of the fradfions

m—

2

ffJ — 3 M— 4 ni — ^ m— b m— 7 ot — 8
and -— which

lO

affords a very ftrong ground for conjedluring that the nu-
meral co efficients of the third, and fourth, and fifth, and
other following terms of the leriefcs that are equal to any

higher powers whatfoever of the binomial quantity a + b^

will, in like manner, be derived from m, the co-efficient of

the fecond term, by the continual multiplication of the fame

generating fractions
m — l m— 2 w— 3 ?n— 4 m— 5 m— 6

OT ~7 m— % — g m — 10 m—\\
8 ^ Q ^ 10

^ II ^ 12 , &c, till we come to the

term^— which is o, or till the faid feries of gene-
OT-f I

rating fradtions is terminated, or exhaufted. Now this con-

2 K 2 jedlure
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^

jedlure may be changed into abfokite certainty, and the faid

law of the generation of the co-efficients may be fliewn to

take place in all the feriefes that are equal to the quantity

71
' or the powers of the binomial quantity a-\-by when

the index m of the faid quantity is equal to any whole

number, how great foever, by Ibewing that, if it takes place

when the index m is equal to any one particular number,

(as we have feen that it does when the index m is equal

either to 2, or to 3, or to 4, or to 5, or to 6, or to 7, or

to 8, or to 9), it muft alfo lake place when the index m is

greater by an unit than in the former cafe. For then it will

follow that it muft be true likewife when the index m is

greater by any multitude of units than in the former cafe,

or when it is equal to any other whole number, how great

foever. This we (hall now pioceed to fliew in the remainiag

part of this difcotirfe.

Of the numeral co-eficients of the third, and fourth, and fifth,

and other following terms of the Series that is equal to

and the law of the generation of thefaid co- efficientsfrom m,

the co-efficient of the fecond term of the faid feries, and from

each other.

30. in order to demonftrate the law of the generation of

thefe co-efficients, it will be convenient to get rid of the

powers of a and b, in the terms of the feries that is equal to

a + b^, and to fix our attention only on the generation of

the numeral co-efficients of the third, fourth, fifth, fixth,

and other following terms of the faid feries. This may be

done by fuppofing a and b to be, each of them, equal to i»

2 and
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and confequently a+ b to be equal to i + i, and a^’^ to

be equal to For, as all the powers of both a and
b will, on this fuppofition, be equal to i, the Binomial
Theorem fet forth above in art. i, will then be reduced to

this, to wit, that 1 4- 1]'” will be equal to the feries i + ~
m m—i m i w — 2 m m—\ m—z

+ T><— +T>< — X— X—
m— 'i. m w— I m— z m— z m— ±

X ^ + -7 X X X —

-

X — + &c, con-
4 i 2 3 4 5

j 1 m m—\ m— 2. m— 2 m— 4. _
tmued to the term — x X X X —

-

X &c.12 345»
m— [n — I

, m m— 1 m— z m — 2

X , or to the term — X X X Xm " 1224.^ X X , m m— I

or to the term — X X
1 2

^—- X -—

-

X &c, X or to the term i. For the laft
4 5

term of this feries muft always be i ; becaufe the numera-
tors of the feveral factors in it form a decreafing progreffion

of numbers, decreafing by an unit, from m to i ; and the

denominators of the fame fadors form an increafing pro-

greffion of numbers, increafing by an unit, from i to m ;

and confequently the produd of the multiplication of all

the denominators is equal to the produd of the multiplication

of all the numerators, and therefore the produd of the mul-

tiplication of all the faid fadors, or fradions,
m — I

2
>

Z—i Z—

3

Z—^ &c, into each other, or the laft term of
3 4 5

the feries, muft always be equal to i

.

We are therefore now to demonflrate that i + il'" is equal

to the fenes i + 1 X —- + 7 X X — H —II 312 30.
X
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— 2 tn — T,
. .

w— I «— 2 3

X — X— X—’+ 7
X— X— X X

+ &c, + I. And this we propofe to do by fliewing,

S

by abftraa; and general reafonings, that, if this Theorem is

true when the index nt is of any particular value, as, for

example, when it is equal to 9 , it muft likewife be true

when the index m is increafed by an unit, or that, if n be

taken = m+i, the quantity 7+7]”, or the «th power of

the binomial quantity i+. i, will be equal to the feries'i +

A + A-X — + - X-— X + - X — X—

X

I^I*^ 2 ^I 2 3 I 2 3

'*"3
• ” X X X + Src, continued34 s
+ - X41 2

to the term - X X -— X "—r X ^—r X &c, X —

,

n «—1 M— 2 n— T.

- X X — X "T“1-2. 3 4

or to the term i

.

31 . To facilitate the demonftration of this propofition, it

will be convenient to premife the following Lemma.

A LEMMA.

If the terms of the feries i + — + — X —

-

+ — X
I I 2 I

^

W/— I tn— z, m m-
X h — X -231 .

I m— z w— 3, m m~i
- X — X —^ + — X X3412

m — 2 m— l m—A. „
X ^ X —

-

+ &C, +
3 4 S

I (in which m reprefents any

whole number whatfoever), be fet 'down twice together in

two parallel lines, or rows, one under the other, but with

the terms in the lower row advanced one flep further to the

right-
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right-band than the terms in the upper row, fo that the firft

term in the lower row fhall (land under the fecond term of
the upper row, and the fecond term in the lower row (hall

{land under the third term in the upper row, and the third,

fourth, fifth, fixth, and other following terms in the lower
row fhall Hand under the fourth, fifth, fixth, feventh, and
other following terms in the upper row, refpeftively

; and
both rows are continued to the fame number of terms, name-
13', to the whole number of terms in the faid feries, or to

m+i terms; and then the terms in the lower row (each of

which, it is evident, will confifl of one faftor lefs than the

correfponding term, or term ftanding immediately above it

in the upper row) be reduced to the fame denomination as

the terms that ftand immediately above them in the upper
row, and, after being fo reduced, are added to the faid terms

that ftand immediately aboVe them in the faid upper row ;—

•

upon thefe fuppofitions the new feries of terms arifing from

this addition of the faid two rows of terms to each other, will

be as follows, to wit, i -f
m+l

,
m 772-fi .

m ?»— t_Z_ -f - X —- + - X—112 12
m +1 ,

m VI— 1 m— z m-\-\ m m—l m— t

X — + -X X — X— +-X —r-
3

' I 2 3 4 I 2 3

X ^ ^ X + I ; in which feries the laft term
4 5

is I, as well as in the two feriefes from the addition of which

this feries arifes ; and the numerators of the laft fadlors in

all the terms, except the laft, are always equal to m-f- 1, in-

ftead of being equal to m— i, m —>2, m— 3, m— 4,

&c, as in the two foregoing feriefes ; and the number of

terms in the faid new feries is m -f 2, inftead of + i,

which is the number of terms in each of the faid foregoing

feriefes.

DEMON-
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DEMONSTRATION.

^1. This will appear by fetting down the faid feries

m
,
m m— \ ,

m vt— I ^
w—2 m m— i

i + -d X + -X —— X —— + •- X —

—

11212 31 2'

X X ^ + &TC, + I twice over, in the manner
3 4

that has beeivjuft defcribed ; which may be done as follows :

iH— + — X —
I I 2

m
I + -

I

m m— I 77;— 2 m
XX1+ + X

I 2 3 *

m w— I m
+ 1 X + - X

I 2 1

— X ^ + &c.
3 4

X
2 3

+ &c.

In thefe two rows of terms it is evident, in the firft place,

that the terms in the upper row, after the two firft terms i

^and ”, confift of two, three, and four, and more, fadlors,

every new term having one more faeftor than the term next

before it ; and, adly, that the terms in the lower row that

ftand immediately under the third, fourth, fifth, and other

following terms in the upper row, confift of one faflor lefs

than the correfponding terms, or terms immediately over

them in the upper row ; and, 3dly, that the terms in the

lower row confift of the very fame faflors as the correfpond-

ine terms in the upper row, excepting that they want the

laft fadors of the faid terms in the upper row. And hence

it follows, that, in order to reduce the terms in the lower

row to the fame denomination as the terms in the upper
row, we muft multiply them by fadors that fhall have the

fame denominators as the laft, or additional fadors in the

upper row, and which muft have their numerators equal to

their denominators, fo as to make each of them equal to i,

to the end that the magnitudes of the faid lower terms may
not be altered by the multiplication of them by the faid

new fadors. Thus, for example, the fccond term of the

lowQr
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lower row, to wit, — , muft be miihiplied into the faflor—
in order to bring it to the fame denomination tvs the third

term In the upper row, to wit, — x without alterino-12 .

its magnitude ; and the third term in the lower row, to wit,

£L X muft be multiplied into the fador in order12
j

^

to bring it to the fame denomination as the fourth term of

VI— I m— i . , ,X —— , Without altering

m m—\ 7^1—~ X ^ X —
1 2 3

the upper row, to wit, ~~ x

its magnitude ; and the fourth term in the lower row, to wit,

muft be multiplied into the fatflor

in order to bring it to the fame denomination as the fifth

term in the upper rowi to wit, — x X X1234 '

w’ithout altering its magnitudes and, for the like reafon, the

fifth, and fixth, ahd feventh, and other following terms in

the lower row muft be multiplied into the feveral fadors

and -|*, and y. See, refpedively ; after which multipli-

cations the two rows of terms that are to be added to each

other, will be as follows, to wit,

7n 771 7h—\ 771 tn—\ VI — 2 m m— i m— z W“3
j_j— 4-— X

I 1 2
-X
1 2

+ - X X
3

I 2
+ &C

777 2 m >77— T

+ I+— X + — X X
: 2 I i 3

2 771 7n—\ m— 2 4 .
-^ - X X X — + &C.123 4

33 . Ands if thefe two rows of terms (being now brought

to the fame denominations) are added together in the man-

ner above deferibed s
that is, every term in the lower row

to the term that is immediately above it, the fum thence re-

fulting will be tlte feries i -f
—— + ~ X —:

1—r A,

777-^ X 777 777—1^x— + rx—

X

1

777 — 2

3

2 L

1

X -f. &c, in which
4

the



258 Invefllgation of Sir /. Newton*s Binomial TSheoremt

the numerator of the laft fador in every term is always «/ + r,

inftead of m— i, — 2, ni— 3, m — 4, &c.

And ‘‘ That this muft be the cafe in all the following'

terms of the faid new feries as well as in the few terms of

it that have been here fet down,” will be evident from

this confideration, to vvir> That the denominator of the laft

fadlor of every term in the upper of the two rows of terms

that are added together is always greater by an unit than

the number which is fubtraded from m in the numerator of

the fame fadfor. For from thence it follows that the deno-

minator of the new multiplying fraction in the correfponding

term of the lower row (which is always equal to the denomi-

nator of the faid laft faftor in the upper row,) muft always

be greater by an unit than the number which is fubtracfted

from m in the numerator of the laft faftor of the faid upper '

term. And, therefore, the numerator of the faid new mul-

tiplying fraftion in the lower row (which is always equal to, 1

its denominator,) muft alfo always be greater by an unit

than the number which is fubtradfed from m in the nume-
:

rator of the laft faftor of the faid ilppei' term
;
the confe-

'

quence of which, in adding the lower term to the upper

term, is to convert the numerpjtor of the laft facftor in the
]

upper term from m— 1, or m— 2, or ^ 3, or the excefs
j

of m above fome other number, into w -f- i. e. d.
j

I

34, And the number of terms in the new feries, arifing
|

from the addition of the two former in the manner that has

been -deferibed, will be greater by one than the number of '

the terms in either of the two added feriefes : becaufe the

lower row of terms, confifting of the fame number of terms

as the upper row, and being placed one term further to the

right-hand, muft extend one term beyond it ; and confe-

quently, as the number of terms in each of the two rows

of terms m i, the number of terms in the new feries,

arifing from the addition of the two rows together, muft be

?« + 2. Qi E. D.

33. And, laftly, the laft term of the faid new feries muft

be the fame as the laft term of the old feries, or of the lower

rovf
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row of terms ; becaufe, as the lower row of terms extends
one term beyond the upper row, the laft term in the lower
row will not have any term over it in the upper row to
which it is to be added, and confequently will continue the

lame in the new lencs i + -] x —

—

W -f I
.

771 771—1
X - X — X

3 I 2

I

777— 2
X

771

1

tTt+I

. m 777— 1+ -X —
+ See, as in the old

feries i + — +
I I

777 777 — 1 ,771 VI— 1 771— Z ,
Vtx_ + _x— X— +— X

tn-1
^

777— 2
^

771—7,

2 3 4
+ &c. But we have feen above, in

art. 30, that the lafl term of the feries i + — X

,
777 777—1 771— 2

,

d X X —— + X12 31m 77;— T 777— 2
S/ ^X + &Cj

is I. Therefore the laft term in the new feries i 4-
m-{-l

+
777 m-\-l

,
771 VI—

X

W 4- I
.

771 ^ , VI— 1 777— 2— X + — X X— 4 X X— X
I 2 1 2‘3 i z 3

»7+1
4- See, will alfo be i, cti e. d.

36. Coroll. I. Now let the order of the numerators m,

m — I, m — z, »2—4, See, and m + i, of the fadlors

of the third Jind other following terms of the laft feries

,+^' + 4x^ + -^x-
-^1 »7+1 .777 777—1— X X
2 312

X ^ ^ X 4- &c, be changed, by making m -j- i

3 4

the numerator of the firft faftor of every term inftead of

being the numerator of the laft fai^or. The faid feries

will then be as follows, to wit, i 4- h X — -+
I 1 2

»7 I

X
+

»7+1

X
4- &c.

Now this chanp-e in the order of the numerators of the feve-O
ral faftors of the terms will create no change in the values,

a L ^ Qf
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or magnitudes, of the feveral terms themfclves ; becaufe tha

procludis arifing from the multiplication of the hime num-
bers are always the fame, in whatever order the numbers
are multiplied. Therefore the foregoing feries, after this

change in the order of the numerators of the 'feveral fadlors

of its terms, will ftill be of the lame magnitude as before,

and confequently will be equal to the fum that aiifes frorn

the addition of the aforefaid two rows of terms in the man-

ner above deferibed ; that is, the feries i + x

m OT+

1

X
W+ I

1
X +

&c, -f I, will be equal to the fum that arifes from the ad-

dition of the aforefaid two rowi of terms in the manner
above deferibed.

37. Coroll. 2. Now let w be w + I. Then will n — \

be m, and n— 2 will be ~ m—ri, and «— 3 will be —
m — 2, and n— 4 will be := m— 3 ; and, in like manner,

n— 5, « — 6, n—'7, &c, will be equal to m — 4, m — 5,

tn— 6, &c, refpeclively. And conlequently the feries ob-

tained in the foregoing Corollary, to wit, i +

X7 + -T- XtX — + — X7K — X—
-1- &c, + I, confiding of terms, will be equal to the

feries i + 1 X 1 X — X d X
I I 2 I. 2 3 I

^—

-

X -—

-

X -—

^

+ 6cc, + I, confiding of n-\-i terms.234 D

Therefore the feries i d- — + — X X x11 2*1 2 '

X —- X •— X —

-

+ &c, d“ ij confiding of

« + I terms, will be ec]ual to the fum tliat arifes by adding

the two aforefaid rows of terms together in the nianner above
deferibed.

‘The

t
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flhe Demonfration of the 'principal Propcfition.

38. Thefe things being premifecl, the main propofitlon
dated at the end of art. 30, to wit, that, if m denote any

whole number whatfoever, the quantity i + if', or the ;«th

power of the binomial quantity i + i, will be equal to the

feries I +^ +
m m -r I

,
m VI — \ m—z-X— +-TX—-X — +

m
I

X

^ ^ X + - X X X X ^:=i
X 3412 3 4 ^

+ &c, continued to + i terms, or to the term i, may be
demonftrated in the manner following.

39. The produft that arifes by multiplying the feries-

X

^ ^ + &c, into I -f- I is the fum that arifes bv
3 4 ^

fetting down the faid feries twice following in two parallel

rows, one under the other, with the terms in the lower row-

advanced one term further to the right-hand than the terms

in the upper row, in the manner above defcribed, and then

adding the terms in the lower rov/ to the correfponding

terms in the upper row. And the +7|th power of i -f i

is the produdt of the multiplication of the wth power of

i + i into i-j-i. Therefore, if in any particular value of

in the ;»th power of i -1- i is equal to the feries ^ + "p T
773—1

.
m 773 — 1 VI—

z

. VI VI — I m — z m—x
X + - X X — H- - X ^ X X ^

2 I 2 3 4 2 3
' 4

+ &c, -f I, confiding o^ m + i terms, the m -fT|th power

of I -f I will be equal to the fum that arifes by fetting down
the faid feries twice following in two parallel rows in the

manner above defcribed, and adding the faid two rows of

terms
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terms together.' But, by the fecond Corollary of the fore-

going Lemma, if « be — the lum arifing from

the addition of the faid two rows of terms is the feries i -b

H n «—I-+-X — + -X —X -
—2. n n — i «— 2

b — X X112 3

X
*

1—

5

+ &c, -b I, confifling of ?^-bi terms. Therefore,

if in any particular value of m the wth power of i + i is

equal to the feries t + ~
m m— I m m—\ m— 2— X + - X X
I 2 I 2 3

^ ^ X ^ ‘ X ~—

-

X -—

-

-b &c, + ij confifling of12 3 4

jn i terms, it will follow that the m +^th, or wth, or

next higher power, of i + i will be equal to the feries i

ft

I
+

n
X

ft— 2 n
X

t—

t

X ^ ^ -b &c d- I, confifling of k -f i terms.' But It

3 J’

has been fliewn in art. 17, 18, 19, &c, - - - 26, that when

m is equal either to 2, or to 3, or to 4, or to 5, or to 6,

or to 7, or to 8, or to 9, the ;«th power of i + i is

, , r •
.

^ in— I
.
W J7) — 1

equal to the ieries i +
1 X 1 X X

^ X X —

-

X —

-

-b &c -j~ I, confining of3*12 3 4
‘ ^

;/; + I terms, 1 herefore, if n be equal to 9 -f i, or -lo, the

9 + power, or 10th power, or wih power, of i -f i will

be equal to the ieries i + —b — X —
> + — X X

‘ '
I 1 2 I 2

f/r- 2 , ft H— 1 tl~ 2
. r n- rL _ X X X —^ “b 8ec -b I, confining of

« -f 1 ,
or lO-l- T ,

or 1 1, terms. And in the fame manner it

may be proved that, fines, when m is = 10, the ^/<th power

)F

rtt-i

or i + I is equal to the feries i + ^ d- -y X

/« — 2 ffi ffi ~r- I tn — 2

X — -f — X -~ X — X
m— 3

m— I
.
m—

+ S:c, + U
ccnfilllng of ni -pi, or io pi, or ti, terms, the mq^.h.

or
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or lo-Mlth, or I ith, or (putting ;z = w-fi — io+i:=ii)
the mh, power of i 4- i will be equal to the feries i +
n^ i X ^ X —' X ^ X —' XI I 2 I 2 312^3^
”dll + &c 4- I, confifting of « -f- 1, or 1 1 4- r, or 12, terms.
4

And fo we may proceed from number to number ad infinU

And confequently, whatever be the whole number de-

noted by it will always be true that i 4- is equal to

ir* m~\ ?n— 2 m
the fenes 14 1 X i X —- X f-

-II 2 I 3 31
m—\ m—

2

wz— 3, OT— I, ni— 2 m — %X — X— X “4 + — X— X— X —’.X

4- &c 4- I, confining of 4- i terms. q. e. d.

^heforegoing Demonftration expreffed in a mere concife Manner,

40. The foregoing reafonings may be expreffed in a more

concife manner as follows. If « be r: ;« 4. and it be

true in any particular value of m that 1 4- iV” 's n the fe-

ni , m in— i ,
m m—l m—z

ries I +

L /” .! X -

—

^ it will alfo be true that i~7TlX
2 3

will be =

'si-

ti n n— I .
n b—I «— 2

I + -r+ -X— + 7 X — X — + T1 I

B—I B—

2

«— 3 ,

X X X — +234
For 1 4- ir is = I + = i -f-ir X 1 4- I = the

. CT .
B* OT— I ,

w _ m—\ m-z m m~rl
fmes I+- + -X — + r^ — ^ — + T^-r

X
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m—z m—x
X X — + &c, multiplied into i + i —
m m m—i m lit— \ m— z m trt—i m — zH— + - X + - X X + - X X X : +&C.
I i 2 I 2 312 3 4

I
^

+ 1 + -
I

m m— I

+ - X
. I 2.

m m—i 7)1—
+ — X X —

-

I 2 3
+ &Ci

.
m m 7H— \ m m—t m—i m 777—1 m— z 777—

x

. „=H h - X 1- - X X i + - X X—^ X—

-

+ &c.112 12 312 3 4

.
771 2 m m—X 3 .

77> 777 — X )7i— 2
. 4 . „+ I+ -X — +— X X ~ + — X ^X X • + &C.1212312 3 4

m-\-i ' m 777+ X m m— x wi+ 1 7)t 7/7— x m—z m-[-i= 1-1 h-x h- X X H- X X ^ X 1-&C112 12 312 34
- 77; -f- 1 »;j 4 1 m 171—

I

7?;+ i m m— t m— z= 1-1 1- ‘ X -H X -X—
7; 77

~i -1 h —

X

I I 2

I 2

77—1

X- X
I 2 3

-f &c

77 77— 1 77— 2 77 77 I 77— 2 77 -^3— X X -1- — X X X + &C.12 312 3 4

But it has been fhevvn in art. 17, 18, 19, &c, - - - - 26,

that, when m is equal either to 2, or to 3, or to 4, or to 5,'

or to 6, or to 7, or to 8, or to 9, i + i is equal to ihO

feries i ~
i

m m—x , 777 777 - 1 777 2 , 777

X —- + -X — X + -^ X
1 2 1 2 3 I

7/7—1 777— 2 777—3
• X X —^ q- &c. Therefore, if «be zr o + ij

3 4 ^ '

or 10, 1 qTT|^, or 1 -{- iV°, will be ~ the feries i -j—^
-f-

77 77 — 1 77 ^77— I 71 — z ,
ft 77— r 77 — 2 77— 3T ^ + T x-r + tX — X — X—

?

121 2 312 3 4-
+ &c. And it may be fliewn in like manner, that, if n be

put for It, 12, 13, 14, &rc, ad infnilim fucceffively, i + i]

will, in all thcfe luppofitions, be always equal to the feries

+T + TX - + T^— — X

3 4
-f &c ; and therefore the propofition is uni-

verfally true, whatever be the whole number denoted by
the letter «, 0^ e. d.

41. This
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41. This demonftration of the binomial theorem in the
cafe of integral powers, is nearly the fame with that given
by iMr. John Stewart, of Aberdeen, in the 6ih Se<5lion of
his Commentary on Sir Ifaac Newton’s ctirious little Trad,
intided, Analyfis by Equations of an infnite number of ^erms.
See his edition of Newton’s Treatife on the ^adrature of

Curves, and of the faid Trad intitled Analyfis, Cfc, with hi^

learned Comments on both, in one volume, quarto, publilhed

at London, in the year 1745, page 471, Art. 155.

Of the Powers of a Refdual ^lantity a-rr- h, when their

Indexes are whole Numbers.

'

' I

42. We have hitherto been confidering the integral povvers

of a binomial quantity a b, cr of the Jum of two fingl.9

quantities a and b ; and we have feen that, if the faid bino-

mial quantity a-\-b be railed .to any power of which a whole

number den.oted bjr»; is the index, the quantity a -4-^^,

or the faid wth power of -j- vvill be equal to the feries

m
,

m m— 1, ,
m m—i m—z,,

. m m—i m— z
a -f— '^+ — X ^ ^ — X X ^

I i 2 123
m — 'XT, ,

m
& — X

m—\ m— 2 m—x m — ±..
X X a234 . VIA X

1

m—\ m—

2

nt—

'

m-
X — X — X a' ^l'- + &c, -y b'’\ or

(
if

^ i 4 >

we put A = I, B rz A, C —— B, D z: C, E

sr ^3 p _ H, T, K, L, &c, zz^
m — 6 ^ m—i rj yw— 8 y m— q

8

m
.

m

I, ^ ^ K, &c, refpedively,) to
JO

the fenes a d—- Aa b Ba b
X 2 3

2 M
4

14
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y

in which all the terms after the firfl; term a* are marked with

the fign -fj or are added to the faid firfl term. VVe will

now proceed to confider the value of a — iff , or the wth

power of the quantity ^

—

b, or of the difference o\.

the two quantities a and by upon a fuppofition that a is the

greater of the two.

"43.. Now, if a be fuppofed to be great-er than by and m

be any wdiole number whatfoever, the quantity a— ^ ,
or

the v;th power of the refidual c]uantity, or difference, a— by

Will be equal to the leries a — —.<3 b -\ -x —^

—

^ 11a
m— 2 m ?a—\ w— 2 m—i,,-,

,
m m — i

a b^ X X a — X X123 12
^!LZl X

3 4

m M—\ m— 2 m— x nt— \— X X X X —

^

i 4 5 4 5

pyj. 2^3 before, t, and B n ,

- A, and C — B, and D n C, and E
I ^ 3 4

D, and F = ^ E. and G, H, I, K, L, &c, -z F,

m —6^ m— 7rr m— 8j m— g

.7
'

~G, I, SI—y K, &c, refpedively,) to the
9, 10 ^

m m . m—i, m—i t,
— 2,- fm—z ^ w— 3 7.

- - Aa b H B^ h — I—- Q.a ^

I i 3

q- SLZl J)a’~^b* — ^b^ 4- &c, which confills
4 ’ 5

feries a

of exaftly the fame terms as the feries that is equal to.

a +T)'*, or the fame power of the binomial quantity a+ by

but with the fign — prefixed to the fecond, and fourth,

and fixth, and every following even term in the leries,

which denotes chat the faid terms are not to be added to

the firfl term a \ and to the third, and fifth, and other foU

lowing odd terms, (as they were in the former leries, which

was equal to but to be ftibtrafled from- them.

Tha^
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^

44. That this muO; he fo, will he evident from conHclef-
ing the manner in which the levcral powers of the rcfidual
quantity a b are generated from each other by the con-
tinual multiplication of a—b, of which we will now exhibit
a fpecimen with rerped to a few of us loweft powers. The
fecond, third, fourth, and fifth powers of a—

b

are derived
from a-^b icfeif by the following multiplications.

a—

h

a—

b

aa—ab

—ab -f bb

aa — 2.ab-\-bb — a — tp,

a—

b

ai—ia'b-\-ab'^

— (Pb —b^

a?-— T^a^b '^ab'^ — b^ zr a—AS'^.

a—

b

a*'—

+

yt^b"^—ab^

— aIb-\-'\a^b'^'—'^a¥-\‘b*'

a*—e^a^b-\-6a^h'^— 'i^aP-^-b'' — "^—1

7

|

'*•

a~^b

— a‘^b-\- iifOlP— -{ —

P

P—^a^'b -p I QoIP— I oa^P -f ^aP—P — a—
\ •

«.

I.

45. From thcfe operations it is evident that, wherever the

odd powers of b occur in the faid powers of a— b, the

terms are marked with the fign —
,
and that, wherever the

even powers of b occur in the faid powers of a— b^ the

terms are marked with the fign -p . And the fame thing, ^ it

is evident, muft happen in all higher powers of a—b what-

foever, as well in thofe that have been here fee down, becaufe

2 M a b is
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^

\

b is marked with the fign — in the two original failors a — b

and a b-, whence it follows, from the nature of algebraick

multiplication, that, whenever b is multiplied into itfelf an

even number of times, the produd will be marked with the

fign 4- ; and, whenever it is multiplied into itfelf an pdd
number of times, the produd will be marked with the fign

— . And it is further evident, from the foregoing multipli-

tations, that the odd pov/ers of b occur in the fecond, and
fourth, and fixth, terms of the foregoing produds, and that

the even powers of b occur in the third and fifth terms of

them. And it is eafy to fee that the odd powers of b will

occur in like manner in the eighth, and tenth, and twelfth,

and other following even terms of all higher powers of ^— b

whatfoever, and that the even powers of b will occur in like

manner in the feventh, and ninth, and eleventh, and other

following odd terms of the faid higher powers a— b. And
it is alfo evident, from the foregoing multiplications, that

the terms themfelves of which the feveral powers of a— h

will be compofed, are exadly the fame with the terms of

which the fame powers oi a b are compofed. And hence

it follows tjiat the feries which is equal to a— will be the

fame with the feries which is equal to a -f- when the fign

— has been prefixed to the fecond, and fourth, and fixth,

and other following even terms of it, inftead of the fign +,

or that a — il"”, or the mih. power of the refid ual quantity

a ^ by will be equal to the feries (T— ^ cT + — X
,

I I

I m— 2,, m m— i m— 2 ro— 2,, m m-~l~ a X — X a X —^ X
i 123 12

m— z m — rt 4, m m—\ m— 2 m— 2 tn~±
X a ^b* X X X X ^

• 3 4 12345
a + &c, ox a k a b B ^ b^ —

j 2

3 ‘ 4 5

E. D.
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O F

I

COMBINATIONS,
ALTERNA T I 0 N S,

I

AND

ALIQUOT PARTS.

C H A P. I.

Of the variety of Ele5Hons, or Choice, in taking or leaving One-

or more, out of a certain Number of things propofed.

For the better underftanding of what is propofed ; fup<>

pole we a certain number of counters or other things

expofed ; as, for inftance, 7 j abode fg

:

The queftion is,

what variety, or how many cafes there may be, of taking

from thence one, or two of them •, as a, b, c, d, &c. Or,

ab, ac, ad, be, bd, &c. Or, three’s, as abc, abd, acd, bde,

&c. Or, fours, fives, &c. Or all, or none ? And the like v

if any other number of things were to expofed.

In order to the folution whereof, I thall here infert a

table, borrowed from my Arithmetick of Infinites, Prop,

132, 169, 183, 189, &c, (becaufe there will be often oc-

cafion of having recourfe to it.) And then prgc;eed tg pro-r

pofitions thereunto relating.
' To
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To be left.

0123456789 10

Monadicks. >

JLaterals,

Triangulars.

• Pyramidals.
c
^ Trlang. Triang.

3 Triang. Pyrain.

^ Pyrara. Pyiam.

&C.

Now, as to the conftrudipn of this table, \ve are to ob- -

ferve, that, (the firft line being all units,) the following

numbers are, in every place, the aggregate of all thofe in
j

the line next above it, fo far. As for example ; for the
j

three firft in the uppermoft line, i, i, i, we have in the

fecond line (under the laft of them) the number 3, which is

the aggregate of them. And, in like manner, we have in

the next pliice 4> which is the aggregate of i, i, i, 1,

(And fo of the reft.) And, in the lines following, llkewife :

60 for I, 2, 3, (the three foremoft of the fecoml line,) we
have in the third line (under the laft of them) the number 6,

equal to all of them : and fo every where. This premifed,

the proportions follow.

1. It is manifeft, that, if we would tiih none^ that is, if

we would leave all^ there can be but one cafe thereof, what-
j

ever be the number of things exppfed. (For this admits of '

no variety.) Which (in the table) is exprefted in the firft

(tranfverfe) line, where the numbers are all Mona^dickSi or
units.

2. The fame happens,
,
if we would take all, (or leave

none.) For here allb there can be no variety of choice,

whatever be the number of things expofed, a, b, c, &c.

And this, in the table, we exprefs in the firft (ered) co-

lumn, where alfo the numbers are all Monaduks.

3- If

I I I I 1 I 1 I I I

X 2 3 4 5 6 7 H 9 10

I 3 6 10 2 1
1

I 4 10 20 35

I 5 15 3 5

I 6 2 I

1 7

I S

I 9

1 10

1
1

1

0

1

2

4

5

7

8

9

10



^ 73.

Aliquot Parts, by John Wallis.

If vve would take One, It Is manlfefl:, that there are as
many cafes or varieties of choice, as is the number of things.
For that One may be any one of them, as a, b, c, d, e, f, g ;

which is expreiTed in the fecond line, where the numbers
are in their natural order or confecution, i, 2, 3, &c, which
I call Laterals.

4. The fame happens, if, taking all the reft, we leave

One ; that is, if we take All but One. For it is manifeft,

there is the fame variety of leaving One as of taking One, as

abcdef, abcd'eg, abcdfg, abcefg, abdefg, acdefg, bcdefg,

which is llgnified in the fecond column, where the numbers
are alfo Laterals,

If we would take Two ; It is manifeft, that we may
firft take a, combined with any other of the reft ; as ab, ac,

ad, ae, af, ag ; the number of which combinations are there-

fore as many as the number of things wanting one. We
may then take b (omitting its combination with a, as being

already taken,) combined with every of thofe which follow

it ; as be, hd, be, bf, bg ; the number of which combinations

are therefore as many as the number of things expofed,

wanting Two. In like manner, c, (omit-

ting its combinations with a and b, be-

caufe ca, ch, are but the fame with ac,

he, already taken,) may be further com-
bined with every of thofe which follow

it, (which are fo many as is the number
of things expofed wanting Three,) as cd,

ce, cf, eg
;
and the fourth d, (omitting

da, dh, dc, as being the fame with ad,

hd, cd, already taken,) may be further combined with every

of thofe which follow, (which are as many as the number of

things wanting Four,') as de, df, dg. And in like manner
for the fifth, fixth, &c ; each of which affords new combina-

tions fewer by one than that next before it, till at length

we come to i, as ef, eg, and fg. So that the number of all

thefe combinations, is the aggregate of all the numbers in

the fame line fo far ; that is, in the prefent cafe, (the num-

2 N ber

ab ac ad ae af ag

be hd be bf bg

cd ce cf eg

de df dg

ef eg

fg

6

5

4
3
2

I

21
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ber of things expofed being 7,) the combinations are,

^>p^4.4_f-2 + 2+i=:2i. To which anfwers (In

the third tranfverfe, or horizontal line of the foregoing Table

of the Figurate numbers,) the 'Triangular number 21, juft

under the number 6, (which is lefs by one than the number

of things expofed.) Such Triangular numbers, being the

aggregate of all the Laterals fo far. And univerfally, (what-

ever be the number of things expofed) the number of T wo’s,

IS a Triangular number, whofe fide is lejs by one than the number

of things expofed.

6. The fame happens, if we are to take All but Two-, for

there is the fame variety of leaving Two, as of taking Two ;

that is, in both cafes, fo many as is the triangular number,

whofe fide is lefs by one than the number of things expofed,

which (in the table,) is fignified in the third column, whofe

numbers are the fame with thofe of the third line,

7, If we would take Three, it is manifeft, that firft, ah,

((the’iirft and fecond,) may be combined with every of thofe

that follow ; the number of which are as many a? the things

ejepofed wanting Two, (which therefore afford us fo many
‘different Triads, or Three’s,) as abc, abd, abe, abf,abg. Then
that ac (the firft and third,) may be combined (omitting

acb, as being tjie fame with abc already taken,) with every

of thofe that follow, (which therefore afford us fo many new
Three's, as is the number of things wanting Three,) as acd,

ace, acf, acg. And, in like manner, a coupled with thofe

that follow, (as ad, ae, af,) may each of them be further

combined with their refpedive fubfequents, affording each

of them new Triads, fewer by one than that next before it,

till at length we come to i
,

as ade, adf, adg, and aef, aeg,

and afg. (But ag affords none, be-

caufe g being the laft, there is none
remaining with which it might be

combined.) The aggregate of all

which, is a Triangular number (as

being an aggregate of Laterals, )whofe

fide is lefs by two, than the number
of things expofed ; that is, in the

prefent

abc aid abe abf abg

acd ace acf acg

ade adf adg

aef aeg

h

4

3
2

?5
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prefcnt cafe, 5 + 4 + 3 + 2 + i = 15 ; which Is a trh
angular number of the fide 5, which Is lefs by two, than y,
the number of things expofed, in all which, a is one of the
Ingredients.

In like manner (omitting all the Triads wherein a is an In-
gredient, as being already taken,) he (the fecond and third)
may be further combined with each of thofe that follow

fi Zi affording us as many new
Triads as did ac, (which was before fo

compounded,) that is, fo many as is the

number of things wanting Three. And
then again bd, he, hf, afford as many as

ad, ae, af, did before. Which afford us

a new Triangular number, whofe fide is

lefs by one than that we had before ; that is, 4 + 3 4- 2

+ I = 10, whofe fide is 4 ; in all which Triads b is the

leader.

In the fame manner may be fhewed, that (omitting the

combinations of a and h,) thofe Triads wherein c is the

leader, will give another Triangular number, whofe fide is

yet lefs by one, and fo onward continually till we come at i:

as3-f-2 + i— 6>a triangular number whofe fide is 3 ;

and 2 -f- I zz 3, a Triangular number, whofe fide is 2 j

and I, a Triangular number whofe fide is alfo i.

N

bed bee bef beg

bde bdf bdg

bef beg

4
3
2

I

10

ede cdf edg

cef ceg

def deg

^fg

And then the aggregate of thefe Triangukrs is 33, 2^Pyra^

midal number, which (in the fourth line,) hands next un-

der 1 5, the greateft' of them, whofe fide

is lefs by two, than the number of things 5, 4, 3,

expofed ; that is, a Pyramidal number whofe _ 4, 3,

fide is lefs by two than the number of things 3,

expofed. And fo many are the feveral Triads

which may be had in fuch number of things

expofed j that is, in the prefent cafe, 1 5 -f,

2 N 2

1 ^5
1 10

1 6

1 3
1 I

35
,10 4-'
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zz 35, which is reprcfcntcd in the fourth

'line, which is of pyramidal numbers.

8. The fame happens, if indead of taking Three, we take

All but Three. For the fame variety of cafes happens, if

now we take what were before left, and leave what were

then taken. And as that is reprefented in the fourth line,

fo this is in the fourth column.

9. If we would take Four-, then, with a, may be made fo

many Fours (or Quaternions,) as may be formed Triads of

thofe that follow, (as b, c, d, e, f gO that is, (by art. 7,) a

pyramidal number w'hofe fide is lefs by Two than the num-
ber of thefe i that is, lefs by Three than the number of things

expofed j that is, in the prefent cafe, 20 ; which is a Pyra-

midal number of the fide 4, which is lefs by Three, than 7.

In like manner, (omitting af) there may with b, be fo

many Quaternions formed, as may be Triads of thofe that

follow it, (as c, dj <?, /, ^;) that is, a Pyramidal number
whofe fide is lefs by 1, than that foregoing; that is, 10;
whofe fide 3 is lefs by 4 than 7.

And (omitting a, b,) there may with c be formed fo many
Quaternions, as may of thofe that follow it (^/, e, /, ^,) be

formed Triads; that is, a Pyramidal number whofe fide is

yet lefs by i : that is, 4, whofe fide is 2. And fo onward,

till we come at i.

And then the aggregate of all thefe Pyramidals, that is,

the number in the fifth line, next under the greateft of

20 them, is (what they call) a Trianguli- triangular number,
10 whofe fide is lefs by three than the number of things

4 expofed. That is, in the prefent cafe, (where the

I number of things is 7,) 20 + 10 + 4 + 1 xz 35, (a

^ trianguli-rriangular number, of the fide 4 zz 7 — 3,)-

is the number of different Quaternions which may be

had w'hen the things expofed are 7.

(If any like not the name of trianguli-iriangular

^

and fo

of the reft that follow ; 1 am content to change them. For

I am not fond cf them, but ufe them becaufe I find

them.)

Which
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Which number is the fame which before we had for
Three’s ; which hence comes to pafs, becaufe, when the
number of things is 7, the number 4, is the fame with All
wanting 3 ;

where the variety is the fame as if 3 were taken *

as is fhewed in the prcceecling article.

10. The fame happens, (for the reafons already fliewed,)

if we were to rake All wanting Four. And as that is to be
found in the fifth line, fo this, in the fifth column, whofe
numbers are the fame with thofe of the fifth line.

11. In the fame manner will be fhewed, that, if we would
take Free (or All hut Five,) the varieties are then fo many as

is the aesregate of the numbers in the fifrh line, end-

ing with that whofe fide is lejs by Four than the number 15
of things expofed. That is, the number in the fixth 5
line (which is Trianguli-p^ramidals) next under the i

greateft of thofe, whofe fide is lefs by Four than the ^
number of things expofed. That is, in the prefent •

cafe, 15+5 4- I ~ 21, a Frianguli-pyramidal number,
whofe fide is 3 zz 7 — 4. And fo, if Six are to be taken,

(or All but Six,) the varieties are fo many, as is the aggre-

gate of numbers in the fixth line (or the number anfwer-

ing thereunto in the feventh,) ending with that whofe 6
fide is lefs by Five than the number of things expofed. i

And fo for Seven, Eight, &c, (or all but feven, eight,

&c,) we are to take the numbers of the following lines,

ending with that whofe fide is lefs by one, than that for the

line next above. As, in the prefent, (where 7 is the num-
ber of things, expofed,) the number of fixes is 7; the num-
ber of fevehs is i.

12. All thefe varieties of choice, for any number of things

expofed, are found in the Table foregoing, in a rank of

mimbers obliquely ddeending; in which that number which

is the number of things, expofed, is to be found in the

(econd line, and again in the lecond column, both whicli

are of Laterals. As, in the prefent cafe (where 7 is the

number of things expofed,) in the oblique ddeent paffing
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by 7 in the fecond line, and again in the fecond column ;

we have the numbers i, 7, ai, 35, 35, 21, 7, ij which

reprefent the variety of cafes for taking, o, 1,2, 3, 4, 5,

6, 7. And the like for any other number of things ex-

pofed.

13. And thefe numbers (as appears upon view,) are the

fame with thofe which are called uncia, prefixed to the pro-

portionals that conftitute the refpedive powers of a bino-

mial root ; or, (which is the fame) the refpedive powers of

I -f- I confidered as a binomial root. That is, the root,

fquare, cube, fourth, fifth power, &c, of i +1, accord-

ing as the number of things expofed are i, 2, 3, 4, 5, 6,

See.

14. The table thus begun, is eafily continued as far as

there is occafion ; for the number of each place, is the ag-

gregate of two numbers, whereof one is next above it, and

the other next before it, as 15 = 5 + 10, 20 = 10 -f- 10,

35
— 20 -b 15. And fo every where.

15. Having therefore any number of things expofed, let

that number be fought in the fecond line, (which is of La-
terals,) and again in the fecond column ; and then, in the

Doping rank of numbers paffing through thefe two, we have
the number of cafes for taking o, i, 2, 3,. 4, &c, in fuch

order as the index on the fide direfts; and likewife for

taking All hut b, i, 2, 3, 4, &c, in fuch order as the in-

dex on the top direds.

16. And if we would have the fum of all thefe varieties

(for any fuch number of things propofed) all together, it is

had by adding the numbers of fuch Doping rank; as in the

prefent cafe, 14-7 + 21 + 35 4-35 + 21 + 7 + ^ =
128.

17. Vyhich number is always that power of the number 2,

(that is, of I + i) which is of fo many dimenfions as is the

number of things expofed, (or ehat povver whofe exponent



279
Aliquot Parts, hy John Wallis.

is fuch number,) that is, the produft of fo many two’s con-
tinually multiplied, (as, in the prefent cafe, 2 x 2 x 2 x i
X 2 X 2 X 2 z= 128 ;) or, i fo many times doubled as is

the number of things expofed. That is, for o, it is i.

(For here, to take all, or to leave all, is but one and the
fame cafe.) For i, it is (the fide) i + i. For a, (the
fquare) 14-2 + 1=4. For 3, (the cube) i + 3 + 3 4. j

z= 8. For 4, (the biquadrate) i + 44-6 + 4 + 1 — ifi.

And fo of the reft.

18. And thus far we have confidered the variety of cafes

'concerning taking or leaving. None, One, ’Pwo, Three, &c,
of any number of things expofed, without regarding the

order of them, fo that ahe, acb, bac, bca, &c, are reputed

for one and the fame cafe. But if the different alternations,

or changes of order, in the fame things, be accounted as dif-

ferent cafes ; this we are to confider in the next Chapter.

‘And if therein, fome two or more are indifferently reputed

as one and the fame, or indifferently to be taken each for

other : what abatement of the former number will here-

upon arife, is confidered in the fame Chapter,

19. If, Combination, we underftand the taking of two
or more, (but not of one, or none,*) then, out of the num-
ber of cafes before found, we muft abate fo many as is the

number of things expofed, and one more. For, of thofe,

fo many as is the number of things expofed, anfwers to the

cafes of I. And one more, anfwers to the cafe of taking

None, But all the reft are combinations in that fenfe. For
though Combination (as coming from Bini,) in its proper

fignification extend only to the taking of couples, (or Two’s ;)

yet in common acceptation the word is now ufed of greater

numbers. And, in Englifh alfo, we fcruple not to fay,

that Three, dr Four, (or more than fo,) are coupled toge-.

ther, that is, connected.

20. If, out of the former number of cafes, we pleafe to

exclude that of taking None, or o, (becaufe, to take hone,

is not to take,) then is the number of cafes fewer by one,

than
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tlian*is above expreffed. And fo we have the cafes of taking

one or more. And fo many are the number of Oivifors of

a number compounded of fo many different Prime numbers
continually multiplied, as are the cafes of taking one or

more of fo many things expofed.

21. And if further we abate one more (which anfwers to

the cafe of taking all ;)
then have we the number of Aliquot

Parts of a number fo compofed of different Primes or In-

compofite numbers. The number of Aliquot Parts being

fewer by one, than is the number of divifors.

I fliall fubjoin to this Chapter (as properly appertaining

to this place,) an Explication of the Rule of Combinationy

which I find in Buckley % Arithmetick, at the end of Se-

/^)»’s Logick, (in the Cambridge edition-,) which (becaufe

obfeure,) Mr. George Fairfax (a Teacher of the Mathema-
ticks then in Oxford,) defired me to explain ; to whom
(Sept. 12, 1674,) I gave the explication under written ;

Confonant to the dodlrine of this Treatife, (which had been
long before written, and was the fubjedV of divers public

Ledures in Oxford, in the years 1671, 1672.)

Regula Combinationis.

^ot fuerint Numeri, quos Combinare velimus ;

*Iot fmt et feries, quibus ef proportio dupla ;

Quarum principium ducatur femper ab Uno»

Omnes hasferies conjunge per Additionem.

ProdubfOy numerum quot Combinatio conjlaty

Aufer, ^od fuperejt, numerum citat ; unde patebit,

^ot faciant numeros difinSios, undique ftquis

Propofitos numeros velit infe Multiplicare.

Si nihil dfummd pradUtd furripiatur

;

Reflabunt partes Aliquota, qu^e numerabunt

Illum, qui numeros efl inter Maximus omnes,.

Ex duSiu in fefe numerorum provenientem

.

\

I have taken the liberty, to alter the pointing (fo as to

make the fenfe the clearer,) and to reftore (in the fecond

verfe)
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verfe)/«/, ioxJunt ; and (in the third verfe) principium, for
principio; which had been mifprinted/ And (in the
verfe) 4 have reftored numerum, for numeros

; for it is but one
Number that is to be fubduded, namely, the Number of
thofe Numbers which are to be Combined. My Explication
was this :

'

“ Let as many Numbers as you pledfe, be propofed to be
Combined : Suppofe Five, which we will call abode.

I a ab ahe abed abode
2 b a c abd abce

4 c a d ahe abde I

d a e acd aede

16 e be ace bede
— — b d ade — 5
31 5 b e bed 5 10 io
-5 c d bee 10 10

r, f.
c e bde 5 5zo d e ede I I

10 19 31 26

‘‘ Put, in fo many Lines, Numbers, in duple prdpdrtiori,
** beginning with i.

“ The Sum (3 i) is theNumber of Sumptions, or Eleflions

;

wherein, one dr more of them, may feveral ways be
taken.

Hence fubduef (5) the Number of the Numbers pro-

pofed *, becaufe each of them may once be taken fingly.

“ And the Remainder (26) flicws how many ways they

may be taken in Combination
j
(namely. Two or more at

‘‘ once.)
‘‘ And, confequentlyj how many Producls may be had

“ by the Multiplication of any two or more of them f<3

‘‘ taken.

“ But the fame Sum (31) without fuch Subdudlion, (hews

“ how many Aliquot Parts there are in the greatell of thofe

‘‘ Produfts, (that is, in the Number made by the continual

‘‘ Multiplication of all the Numbers propofed,) abodes

For every one of thofe Sumptions, are Aliquot Parts of

2 Q a b cd e^
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abode, except the laft, (which is the whole,) and indead
thereof, i is alfo an Aliquot Part ; which makes the

number of Aliquot Parts, the fame with the Number of

Sumptions.
“ Only here is to be imderftood, (which the Rule jfhould

“ have intimated ;) that, all the Numbers propofed, are to

be Prime Numbers, anil each dillindt from the other. For
‘‘ if any of them be Compound Numbers, or any Two of
“ them be the fame, the Rule for Aliquot Parts will not
“ hold.”

C H A P. II.
I

Of Alternations
,

or the different Change of Order, in any

Number of Things propofed.

$ 0 P P O S E we a certain Number of things expofed, ;

different each from other, as a, b, c, d, e, &c. The quef-

tion is, how many ways the order of thefe may be varied ?

as, for indance, how many changes may be Rung upon a

certain Number of Bells; orj how many ways (by way of ',

Anagram) a certain Number of (different) Letters may be
differently ordered ?

1. If the thing expofed be but One, as a, it

is certain, that the order can be but one. That
is I,

2. If Two be expofed, as a, h, it is alfo mani-
feft, that they may be taken in a double order,

as ah, ba, and no more. That is i X 2 =: 2.

a

ah
ha}

I X 2=r2
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3. If J^hree be expofed ; as a, h, c: Then, be-
ginning with a, the other two b, c, may (by
art. 2,) be difpofed according to Two different

orders, as be, cb ; whence arife Two Changes (or
varieties of order) beginning with a, as ahe, acb

:

And, in like manner it may be fliewed, that

there be as many beginning with b \ becaufe the
other two, a, c, may be fo varied, as bac, bca.

And again as many beginning vdth c, as cab,

cba. And therefore, in all. Three times Two.
That is, I X2, X 3 = 6.

4. If Four be expofed, as a, b, c, d\ Then,
beginning with a, the other Three may (by art.

preceeding) be difpofed fix feveral ways. And
(by the fame reafon) as many beginning with b,

and as many beginning with c, and as many
beginning with d. And therefore, in all. Four
times fix, or 24. That is, the Number anfwer-

ing to the cafe next foregoing, lb many times

taken as is the Number of things here expofed.

That is, 1x2x3, x4 = 6x4— 24.

5. And in like manner it may be fhewed,

that this Number 24 Multiplied by 5, that is

120 = 24 x 5 — 1 X 2 X 3 X 4 X 5, is the

number of alternations (or changes of order) of
things expofed. ^Or,the NumberofChanges

on Five Bells.) For each of thefe five being put

in the firfl place, the other four will (by art. pre-

ceeding) admit of 24 varieties, that is, in all,

five times 24. And, in like manner, this Num-
ber 120 Multiplied by 6, fliews the Number of

Alternations of 6 things expofed
;
and fo on-

ward, by continual Multiplication by the confe-

quent N umbers 7, 8, 9, &c.

283

abc 1

acb
J

^

bca )

bac
J

^

cab )

cha \ ^

abed~\

abdc

acbd r

aedh
'' ^

adbc

adeb^

bacd

bade

bead

beda

bdac

bdea.

6.

cabd

cadb

ebad

cbda

edab

edba^

6

dabc

dacb

dbac

dbca

dcab

deba^

4x0— 2^

6. That is, how many fo ever of Numbers, in their na-

tural Confecution, beginning from 1, being continually Mul-

i O 2 tiplieJ,
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tiplied, give us the Number of Alternations (or Change of

order) of which fo many things are capable as is the lad of

the Numbers fo Multiplied. As for inftance, the Number
of Changes in Ringing Five Bells, is 1X2x3x4x511:1 20,

In Six Bells, ix2X3X4X5x6 zr 120 X 6 rc 720. In

Seven Bells, 720 x 7 5040. In Eight Bells, 5040 x 8

rz 40320. And fo onward, as far as we pleafe.

Thus Vojfius tells us, {Caf. 7, De Scientiis Mathematicis,)

That if an Hoft promife to entertain feven Guefts fo long as

they fit every day in a different order, this extends to 14
years. He means, almojl fo many years, namely, 5040
days, which of 14 years wants 73 or 74 days, according as

the Le^p-years may chance to fall,

7. This Number of Alternations, according as the Number
of things expofed doth.increafe, will proceed to a vaft Mul-
titude beyond what at firft one would expeft. As for Ex-
ample, the 24 Letters will admit of fo many Varieties or Al-
ternations-in Changing their order, as that if fo many 'Bells

were to be Rung according to all thofe Changes, it could

not have been difpatched (as the Learned John Gerard Voj-

fius, in the place laft cited, doth obferve,) from the begin-

ning of the World to this day. I add ; no, nor if for every

Minute of an hour which hath paffed, there had paffed Ten

Thoufand Ihoujand Years ; as will appear by the following

Computation.



Aliquot PartSy by John Wallis. 285

1

2

6

24
120

720
5,040

40,320
362,880

3,628,800

39,916,800
479,001,600

6,227,020,800

87,178,291,200
i»3°7»674j368,ooo

20,922,789,888,000

355,687,428,096,000

6,402,373,705*728,000
12 1,645, 100,408,832,000

2,432,902,008,176,640,000

51,090,942,171,709,440,000
1,124,000,727,777,607,680,000

25,852,016,738,884,976,640,000

620,448,401,733,239,439,360,000

1 X
2 X
3 X
4 X
5 X
6 X
7 X
8 X
9 X
10 X
11 X
12 X
13 X
14 X
15 X
16 X
17 X
18 X
19 X
20 X
21 X
22 X
23 X
24 X

In I year.

3654 days.
• X 24

1460

730
6

8766 hours.

X 60

525,960 Minutes
In 6000 years.

3,155,760,000 Minutes
X 5

15,778,800,000 Changes.

525,960 Min. in I year.

946728000000
1420092
788940

3^5576
788940

8,299,01 7,648,000,000
10,000,000

82,990,176,480,000^000,000,000

For, fuppofing in one year,

365!- days 5 and, from the be-

ginning of the World, to have

palTed 6000 years
;

(both of

which fuppofitions are at the

largeft,) and therefore the Num-
ber of minutes in all that time,

3,155,760,000. Suppofe we
then, in every Minute of an hour,

5 Changes to be difpatched, that

is, (becaufc of 24 Bells) 120

ftrokes fucceffively one after an-

other, (which allowance is alfo

at the largeft;) and therefore,

in 6000 years, 15,778,800,000
Changes, which Number if we

Multiply by 525,960, (theN um-
ber
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ber ofMinutes in one year,) we have 8,299,01 7,648,000,000
for the Number of Changes to be difpatched in fo many
years as there have been Minutes, which Multiplied by

10.000.000, (Ten Thoufand Thoufand, orTen Millions,) will

be but 82,990,176,480,000,000,000,000, which is lefs than

620.448.401.733.239.439.360.000, the Number of Changes

whereof 24 Bells are capable.

Nay, if we Ihould proceed no further than to 14 Bells,

and allow 10 Changes (that is, 140 (trokes) to every Minute,

the Number of Minutes requifite to Ring them all would be

8,717,829,120, (a tenth part of the Number of Changes,)

which is more than double (almoffc treble) the Number of

Minutes in 6000 Years ; and would require more than 16

Thoufand Years (yea, more than 16,575 Years) to Ring
them all.

8 . Hence it may appear, how many ways the Letters of

a Name or Word, (fuppofing them to be all feveral,) may be

differently difpofed by way of Anagram, (out of which
thofe that are of life may be feleffed, neglcfling the reft,)

by art. 6. For Example, the Word R O MAy (confifting of

four different Letters) may admit of Changes 24 z: i x 2 x
3 X 4-‘

Roma orma mroa arom
roam oram mrao armo
rmoa omra m ora aorm
rmao omar moar aomr
raom oarm m ara amro
ramo oamr maor amor

«

Of which (in Latin) thefe feven are only ufeful
; Ron?ay

ramoy oram, moray inaro, arrnOy amor. The other forms are

vdelefs, as affording no Latin Word of known fignification.

9. But in cafe fome one or more of the Letters do occur
more than once, the Number of Alternations fo found as be-
fore, rnuft be divided by fuch Number or Nunabers as inch
repetitions do require : Namely, if the fame Letter do twice

occur, we are to divide by 2 ; if three times, by 6 -y if four

.
• times.
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times, by 24 ; and fo onward, according to the varieties
that fuch a Nunibei is capable of. hot, if the J_ietcers ^ and
b be reputed for the fame ; then, whereas (the reft remaining
as before) ab and ba would every where aftbrd two varieties
they are in this cafe to pafs for one, and therefore the Number
of cafes will be only half fo many as otherwife they would
be. In like manner (the reft remaining as before) abc would
every where (according as they may change places one with
another) afford fix varieties ; but in cafe the three Letters
a, b, c be confidered as being all the fame, or as being

a, thefe Six cafes muft then pafs but for one. And in
like manner, if abed be feverals, they a'fford (the reft re-
maining as before) 24 varieties; but, if the fame, thefe 24
muft pafs but for one; And the like in other cafes. And;
if more Letters be fo repeated, there muft be for each of
them fuch divifion.

For Example, the Word MESSES having 6 Letters, if

they were all different, the Alternations would be 720 ~
1X2X3X4X5X6. But becaufe the Letter e comes twice,

that Number is to be divided by 2. (For if inftead of ee,

w'eputfr, then imssr.s a.nd mv\ssts would be. two forms,

both which are now Co-incident in messes: And fo everv

where.) Again, becaufe the Letter s comes three times, we
are (for the like feafon) to divide- by 6. (For if thofe three

were three different, they would in every pefition of the reft,

afford 6 cafes, all which are now Co-incident in sss,) And
therefore, (becaufe both happen,) 720 being divided by 2,

and again by 6, the different varieties will be = 60.

meesss emesss esmsse smeess seesms ssmsee

mesess emsess esemss smeses seessm ssemes

messes eensses esesms smesse sesmes ssemse

messse emssse esessm smsees sesmse sseems

mseess eemsss essmes smsese sesems sseesm

mseses eesmss essmse smssee sesesm ssesme

msesse eessms essems semess sessme ssesem

mssees eesssm essesm semses sessem sssmee

m'ssese esmess Gsssme semsse ssmees ssseme

msssee esmses esssem seemss ssmese ssseem

Of
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Of all which varieties, there is none befide messes itfelf,

that affords an ufeful Anagram.

In like manner we may fliew, that the Letters ahhcccdddd

•11 j • r I X2X^X4X5 x6)<7x8x9X 10=3628800 ^
will admit of ^

—-— — 12000
2 x6x24 = 288

r 1
• J ' LL C 1X2X3X4X5X6X7=5040

feveral varieties : And abbccad, or,
2 X 2x2 = 8

. . , 77 ^1x2x3x4x5x6x7x8 = 40320~ 620 1 And aaabbcccy of t— ~^ 6x2x6 = 72

56c. And the like in other cafes however varied.

10. The converfe of this, is of like ufe, when what waS
confidered but as one and the fame feveral times repeated,

comes afterward to be diftinguiflied. For then the Number
before found, is to be fo often Multiplied as the Number
of things fo diftinguifhed Ihall require,

' As, in the Word messes before mentioned, where sss arc

confidered but as one Letter thrice repeated, and ee as the

fame twice repeated, the Number of different pofitions is 6b %

but if sss be diftinguifhed as three feverals, and ee as two

feverals, the Number of all will be 60 x6 X2 zr 720.

Thus VoJJtus, Cap. 7, De Scientiis Mathematicis, tells us

that this verfe,

Rex, lex,Jol, lux, dux, fans, mons,fpes, pax, petra, Chriftus.

which (confifting of ii Words) may be turned fabfolutely)-

39,916,800 ways; and foasto preferve the Rules of an Hexa-
meter verfe, be turned 3,628,800 ways, he fhould rather have

faid 3,265,920. That is, the 9 Moriofyllables (which may
promifcuoully take each other’s place) 3 6z,880 times ; and
Chrijius is capable of 9 (not 10) different pofttions ; that

is, in the firft; fecond, third, fourth, fifth, fixth, feventh,

eighth, (but not in the ninth, and tenth,) and in the laft

place ;
(and petra confined, by the nature of the verfe, to

the place next before the laft fpondee.) That is, 3625880x9
= 3:265,920 ways ;
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He fays alfo that the verfe

Tot tihiJunt dotes, nsirgo, quotfidera calo ;

may be turned abfolutely 40320 ways; and, fo as to pre-
lerve the verle 1022 vvays

; which is very true, (and 1 have
been told, of fomebody, who, in praife of the Virgin Mary,
had made a Book of that verfe turned fo many ways, which
was wont to be reputed the Number of the Fixed Stars, ac-

cording to the ancient Catalogue of them.) But it is true

alfo, that it may be turned many more ways than fo, and
yet preferve the verfe true: Namely, 2628, retaining the

quantity of the laft Syllables in tibi and virgo as before ; and
468, Changing their quantity in virgo tibi. That is, in all

3096 ways. As will appear by the Scheme adjoyned, and
the brief Explication, (or Demonftration) of it : which is

thus to be underftood.

P"ot, Junt, quot, which may promifcuoufly fupply each

other’s place, are (in verfe i, 2, 3, &c,) fet down only in

this order, and fo pafs but for one cafe ; but are capable of

fix varieties ; which cafe I call a — And the like for do-

tes, virgo, Cido ; which cafe I call b ~ (i. And again, tot

tibi may change place with fidera', which cafe I call c ~ it

And, becaufe all thefe happen in verfe i, the varieties thereby

reprefented, are abc n: 72 =;6x6x2. And fo of the reft,

as the Scheme direcls.

I. Tot tibi Junt dotes virgo quot Jidera <<elo, abc

1. quot virgo

3. quot dotes

4. dotes Junt virgo quot

5. Junt dotes quot virgo tibi

6. (quot dotes tibi virgo

7. virgo till

8. dotes tibi Junt virgo quot

9 - quot vh'go

10. 'Junt virgo quot tibi

- n
abcdc=. 144
ace mi 152

ahdf— 144
^gh -
abi rr

abi —
ab ~
ak m
ablm —

180

324
324
3^
108

144

2 P

virgo tibi 262S

II. Vhgo



2^6

11.

12 .

13 *

14 .

Ii5-

ii6.

V*
i8.

I19.

20.

21.

22.
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Virgo tihi tot Jmt dotes qiiot fidera calo.

quot dotes

dotes Junt quot

’^otflint virgo tihi dotes

quot dotes

dotes virgo tihi quot

'Tot dotes Junt
_

funt dotes fidera calo virgo tihi quot

dotes funt

calo funt fidera

fidera tot dotes funt cab
cab funt

dotes tot

an

an

ao

an

an

an

ap

aq

apr

ap

apr

ap

apr

= 3S

36
36

3 ^

3 ^

36
12

144
24
12

24
1

2

24

virgo tihi

tihi virgo

468
2628

3096

Tot, funt, quot, a zz 6 , dotes, virgo, calo, h = 6 .

tot tihi, fidera, f r= 2. tot tihi, virgo, dzzT..

Tot tihi, funt quot, dotes, virgo, cab', e — izo — 24 n:

120 X T = 9 ^-

(Becaufe tot tihi cannot fiipply the place of cab, as of the

reft.) Tot tihi, dotes, f — 1. Tot funt, dotes, virgo, calo,

^
~ 24. ^ot tihi, fidera, ^ = i^.

(Becaufe when totfunt, or its Equivalent funt quot, comes

next before tihi, which is a fourth part of the cafes con-

tained in g, then will quot tihi, change with fidera-, which

adds of what was before.) Totfunt, (and funt quot,) do-

tes, virgo, calo, i zz g.

(Becaufe dotes, virgo, calo, contained in h, may each of

them change with totfunt, which Multiplies by 4, or adds a

Triple to what was before, as at g, and of that Triple, or

4 of that Quadruple, as at h \ that is, it adds a Quadruple
or Multiplies by 5 : And again, each of them withfunt quot,

which, for the fame reafon,' adds another Quadruple : There-

fore both together, add an Oduple, or Multiply by 9.)

Dotes,
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DoUs, Junt quot, virgo ', calo, ^ 24— 6 rr= 24x1- = 18.

(Becaufe, iffunt 'quot fupply the place of dotes, it will be
Co-incident with forne of the cafes of ver. 3,)

^ot tihi, Jidera, e — i.

tot funt, dotes, calo, n — 6 .

dotes, calo, p zz: 2.

Jidera, calo, r— 2.

virgo, quot tihi, tn—2^
dotes,Junt quot, calo, o~ 6 »

totfunt, dotes,fidera,calo,q:=Z2^^

I will not be pofitive that there may not be fome other

Changes : (and then, thofe may be added to thefe :) Or, that

moft of thefe be twice repeated, (and if fo, thofe are to be
abated out of the number

:) But I do not, at prefent, dif-

cern either the one and other

CHAP. III.

Of the Divijors, and Aliquot Parts, of a Number propofed.

1. BY Number, I here underftand only Integer Numbers,
as I, 2, 3, 4, 5, &c. Not Fradlions, as f, &c* Or
Mixed, as i^, 2J, 3I, &c. Much lefs Surds, as \/2, -y/j, /

\/ 6, &c.

2. By the of a Number, I here underftand, fuch

Integer as doth meafure fuch Number ; that is, being once
or oftener taken doth equal it. So, of the Number 6, the

Divifors are, i, 2, 3, 6 : Becaufe 6, once taken ; and 3,
twice taken; and 2, thrice; and i, (ix times taken; do
equal 6.

1)6(6; 2)6(3 ^ 3)6(2 ;
6)6(i. 6 — 1x6 = 2X3 =

3X2 = 6x1.

* The number of all the poffible variations of the words in this Hexa-
meter Verfe, without deftroying the meafure of it, has been inveftigated with,

greater accuracy by Mr. James Bcrnouilli, in the fecond part of his excellent

Treatifc, De Arte Conjehand't, and is there found to be 3312. See above,

pages 8, 9, and 10.

3' By2 P 2
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5. By Aliquot Part of a Numl'>er, 1 undeifland fiich 3

Divifor as is lefs than it. As ot 6, the Aliquot Paitsaie i,

2, 2 ; but not 6. For, though 6 be alio a Divifor of iifelf v

yet not an Aliquot Fart; becaufe the Word implies

fomewhat lefs than the whole.

4. The Number of Aliquot Parts, therefore, is always lefs

by one than the Number oi l!)ivilors. Becaufe all theDivifjrs

except one, are Aliquot Parts; all the Aliquot Paits arc

Uivifors, and there is likewile one more IDiviforof the Num-
ber, to wit, the whole Number itlell.

. 5. So that, the Number of Divifors being given, the Num-
ber of Aliquot Parts is given alfo. And contrarywife ;

if this,

then that. As, of the Number 6, the Divifors being 4, the

Aliquot Parts are 3, (that is, 4 — i ) And, thefe being 3,

the Divifors are 4 ~ 3 4- i

.

6. It is manifeft, that the Number 1, hath no Aliquot Part,

and but one Divifor, that is i. Becaule there is no Number
lefs than itfelf that may be a part of it : But it mcafures it-

felf; and therefore is its own Divifor.

7. Any other Prime Number hath one Aliquot Parr, and
Two Divifors. For a Prime Number, we call, fuch as is

meafured (beride itfelfj by no other Number but an Unit. As
5> 7’ Fach of which are meafured by i,

and by itfelf; but not by any other Number. And hath
therefore 2 Divifors, and i Aliquot Parc

;
but no more.

8. Every Power of a Prime Number (other than of i,

which here is underftood to be excluded,) hath fo many
Aliquot Parts as are the dimenfions of fuch Power ; and one
Divifor more than fo. As (fuppoling a, b, c, &c, to be fo
many Prime Numbers ;) a hath two divilbrs (i and « ;)

ov aa hath three, (i, a, aa or aaa, hath four, (i, a,
aa, aaa and fo of the refl. That is, the Number of Di-
vifors is one more than the Number of Dimenfons. Becaufe
l, and all the Degrees of fuch Power (not higher than itfelf)

are Divifors; but not any other Number, if be a Prime,
That is, onerriore than the Number of Dimenfions : Of which
the greateft Divifor (being tlie whole) is not an Aliquot Part;
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and Therefore the Aliquot Parts are juft fo many as are the

Dimenfions. Thus of 8 (the Cube of 2) the Divifors are four,

(I, 2, 4, 8 ;) the Aliquot Parts are three, (i, 2, 4;) Of 8r

fthe Biquadrate' of 3) the Divifors are five, (i, 3, 9, 27,
81 ;) the Aliquot Parts are four, (i, 3, 9, 27,) juft fo many
as are the Dimenfions. That is, (of fuch Biquadrate) the

Divifors are i, a, aa, aaa, aaaa ; the Aliquot Parts i, a, aa,

aaa ; and fo every where : For, though the higheft Dimen-
fion came not into the Number of Aliquot Parts, yet i being

fupernumerary, makes the Aliquot 'Parts juft as many as the

Dimenfions.

9. If a Prime Number, or arty Power thereof, be Multi-

plied by any other Prime Number, or any Power hereof;

the Produ(ft hath fo many Divifors, as is the Number of Du
vifors in That, Multiplied by the Number of Divifors in

This ; and, therefore, the Aliquot Parts fewer by one than fo.

For Example : Let a, b, be two dilferent Prime Numbers,
(fuppofe 2, 3;) and certain Pow'ers thereof, as <2^ (that

is 8, 9,) the Produ(ft (that is, 72 8 X 9.) Now
for as much as the Divifors of the former i, a, aa., aaa-,

(that is, I, 2, 4, 8,) divide ^3 (that is 8 ;) not only thefe,

or (which is the fame) every of thefe Multiplied by i ; but

alfo every of them Multiplied by b, and by bb, (that is by

3, and by 9,) will divide a^b'^. That is, every of the Di-

vifors of a}. Multiplied into every of the Divifors of will

divide a^b'^.

b

ah The fame Multiplied

aab by bb,

aaab

a The fame Multiplied

aa by h.

aaa

i The Divifors of a^

a Multiplied by i.

aa

1 2 2= 4 X
The
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The'Number therefore of all ;
is the Number of i, a, aa,

aaa, (that is 4,) fo many limes taken as is the Number of

I, h, hb, (that is, 3 times;) Tha^ is, 4 X 3 — The

Number of Divifors therefore is 12; and of Aliquot Parts,

II.

10. If a Produft made by the Multiplication of different

Prime Numbers, or of their Powers by one another, be

further Multiplied by another Prime Number different from

every of thofe : The Number of Divifors in this new Pro-

" duft, will be fo many as is the Number of Divifors in that

firft Produft Multiplied by the Number of Divifors in the

new Multiplier.

For Example : The Number of Divifors in the Produfi:

but now mentioned is 12; (as is already fliewed ;) if ,,

therefore this be Multiplied by any other Prime NumlDer, \

as c (fuppofe 5,) different from a, b
;
(whofe Divifors there-

fore are two, i and c ;) the Divifors of the Produ6l a^h^t ,]|

(that is, of 72 X 5 = 360) will be 12 X2. = 24, Namely,
j

all thofe (before found) which divided a^b"^, will alfo divide *

(dh'^c ; or (which is the fame) all thofe Multiplied by i J

(which is one of the Divifors of c ;) and the fame alfo Mul- !

tiplied by c, (which are as many more ;) and therefore both
]

together are twice as many ; that is, 12x2 = 24. Namely,
j

l, a, aa, aaa; h, ab, aab, aaab; hb, abb, aabb, aaabb ; c,
|

ac, aac, aaac ; he, ahe, aahe, aaahc ; bbc, abbe, cabbe, aaabbe.

That is, I, 2, 4, 8; 3, 6, 12, 24; 9, 18, .36, 72 : 5, :

10, 20, 40 ; 15, 30, 60, 120 i 45, 90, 180, 360. .

And if, for the new Multiplier c oz 5, where taken cc —
25, or ccc ~ 125; (the Number of whofe Divifors are 3
01*4;) the Number of Divifors of the Product a^b'^c^, or

,

a^h^c^, would (accordingly) be 12x3 = 36, or 12X4 — 48.
(And, in like manner, for any other Power of c.) For now
not only the Divifors of a^b"^ Multiplied, by i, and by c;

but the fame alfo Multiplied by cc, (which is a third time fo

many,) will be Divifors of a^b'^c^
; and the fame Multiplied

by (cc, (which is as many a fourth time,) will be Divifors

of a^b^c^.

5
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h

ai 6

aah 12

aaai 24^

>4

lb 9
«33 18 ^

aabh 36 ' ^

aaabb 72.

4x3=12
^

aac. 20
aaac 40

he I j'

ahe 30
aabc 60

«««3c 120,

lie 45

'

able 90
aahbc 180

'aaabbe 360.

cc

acc

nacc

aaacc

25
50

100

200

7 ?

I^'O

r4

12

bee

alee

aahee 300
aaabce 600

33cc 225
«33cc 430

1

aabbcc 900
aaabbec 1800

12

fee 1 2 5

«6'cc 250
aacce 500

aaacce 1 000

hece 375 '!

abcce 750 I

aabccc 1 500
(

4
aaahece 3000 J

bbcec 1 1 25*1

abbece 2250 {
aahbcce 4700 (

4

aaahbcce 9ooo_)

12

12X4=48

The fame will in like manner be fhewed, if this new Pro-
du61; a}b~c, (whofe Divifors are 24,) be further Multiplied

hy d, ox dd, &c. Namely, the Divifors of aH'^cd will be
24X2 zr 484 and, of a^h^cd"^, 24x3 72. And fo for-

ward.

Or (which comes to the fame pafs) if a'^b'^ (whofe Divifors

are J2 = 4 X 3,) be Multiplied by cd, (whofe Divifors are

4 2 X 2,) or by edd

;

(whofe Divifors are 2x3 zi 6;)
for then will the Divifors of a^h^cd be 12 X 4 rz 48 j and of

a^b'^cd'^, 12X6 iz 72; as before.

And in like manner, the fame will hold, how many fo-

ever Prime Numbers, and what ever Powers of fuch Primes,

be fo continually Multiplied
3

provided always (which is

heedfully to be attended,) that fuch Primes a, b, c, d, &c,
be all different each from other.

II. If any Number however Compounded, be further

multiplied by any of thofe Primes of which it was before

Compounded, or by any Power of fuch Prime ; the Num-
ber of Divifors thence arifing, will be fuch as would have
been by advancing that Prime fo many Degrees higher, as

is the Degree of fuch Multiplier.

As, for inllance, if r, d, were the fame Prime ; then in-

ftead of €df \vhofe Divifors, if different, would have been

4 =
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4 = 2X2, (i, c, d, cd,) we are to take cc, whofe Dlvifors

are but 3, (i, c, cc,) becaufe c, d, which would otherwife

have been two different Divifors, are now but one and the

fame. And accordingly, the Divifors of a^l/'cd, that is, (bc-

caufe c = d,) of aWc^, will now be (not 12X4 = 48, as

before,) but 12X8“ 3^* So if a}h^c be Multiplied by

and d — b. For then a^b'-cd'" is the fame with a^b^c ;

and the number of Divifors (not 4X3X2X3 = 72, but)

4x5 X 2 = 40. And the like in other cafes, as is of it-

felf manifeft.

12. And, univerfally : If a Number he made, by continual

Nlultiflication of how many foever Prime Numbers, (different

each from other,) or of any Powers offuch Primes : Phe Num-
ber of Divifors offuch Compound Number, is Compounded (by
continual Multiplication) of the exponents of the Degrees offuch

Primes or their Powersfo Compounded, increafed (each of them)

by I. And fuch Number of Divifors, wanting i, is the Num~
her of Aliquot Parts. (Which Theorem contains the main

fubftance of the Dodrine of Aliquot Parts.

As, for the Number a^b^cd ; the exponents of the Degrees

or Dimenfions of the Primes a, b, c, d, are 3, 2, i, i ;

and thefe increafed by i, are 4, 3, 2, 2. Thefe, continually

Multiplied, give us the Number of Divifors 4 x 3 X 2 X 2

= 48 ; and, of Aliquot Parts 48 — 1
~

47. (And, in like

^

manner, for any other Number however Compounded.) As
is evident by what is before Demonftrated.

Hence we may gather the folution of the following

Problems.

13. Any Number being propofed ; to find how many
Divifors it hath ; and, how many Aliquot Parts.

Divide the Number propofed (and the Quotients arifing

Irom fuch Divifion) continually, by Prime Numbers (or the

Powers of fuch) according as it is capable, till we come to i.

And we fhall thereby find, of how many different Prime N um-
bers, and what Powers of them, the Number propofed is

Compounded: which being done, we have the Number of

Divifors
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Divifors, and of Aliquot Pairs, by the propofition fore-

going.

As for Example ; Let the Number fo propofed be 5940 ;

we fliall find, upon Tryal, that it may be divided by 2,

twice ; by 3, three times ; by 5, once
;
(by 7, not at all

;)

and by 1 1, once.

105)3)3)3)^)^) 5940(2970(1485(495(165(55(11(1

And may therefore be thus defigned, a^Pcd j where a, b,

c, and d, denote the Numbers 2, 3, 5, and ii, refpeflively,

and the exponents of a, h, c, d, are 2, 3, i, i ; and thefe

increafed by 1, are 3, 4, 2, 2; which continually multi-

plied, are 3X4X2X2 rz 48. So many therefore (by the

propofition foregoing) are the Number of Divifors j and 47
the Number of Aliquot Parts,

14. Any Number being propofed ; to find', what are the

Divifors, and the Aliquot Parts thereof.

Firft find (as in the preceeding article) of what Prime
Numbers, and what Powers of them, the Number propofed

is Compounded. Then, taking any one of thofe Prime Num-
bers to whatever Degree it be advanced, fet-down in order

all the Divifors cf fuch Degree. Then Multiply every of

thefe by every Divifor of fuch Degree as fome other of thofe

Primes is advanced to. And every of the Divifors hitherto

found, by every Divifor of the Degree, to which a third

Prime is advanced. And all thefe, by thofe of a fourth ;

and fo onward, if yet there be more Primes. (In fuch

manner as is to be feen above in art. 10.) And the Num-
ber arifing from all thofe Multiplications, is the Number of

the Divifors of the Number propofed : And all thefe Di-
vifors, except itfelf, are the Aliquot Parts of it.

Thus for the Number 360 z:2X2X2X3X3 X5 — 8

X 9 X 5 ; fuppofe a^b^c.
'

All the Divifors of zz 8, are

I, a, aa, aaa\ that is, i, 2, .4, 8. Let thefe be multi-

plied by all the Divifors of 9 ; which are i, b, bh \

that is, I, 3, 9. And all the refults of thefe, by the Di-

vifors of c ; which are i, r ; that is, 1, 5. So have we all

the Divifors of 360.

zCL 1
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I a aa aaa I 2 4 8

b ab ar.b aaab 3 6 12 24
hh abb aabb aaabb 9 i3 36 72

c ac aac aaac 5 1

0

20 40
he abc aabc aaabc 15 30 60 120

be abbe aabbe aaabhc 45 90 180 360

And in like manner we may proceed, whatever Number
be propofed, and howfoever Compounded.

But the fame may alfo be done in divers other methods,

(for we are not confined to proceed always in the fame

order,) which in the refult will be the fame with this. Pro-

vided always, in whatever order we proceed, that we be

lure to take all the Prime Numbers, that arc Ingredients of

fuch Compound, with all the Degrees of them, and all the

poffiblc Combinations that may be made of (hem, not ex-

ceeding (in any) the Number of Dimenfions which they

have in the Compound. And, that we may be fure not to

mifs any, it will be convenient to proceed, if not in this, at

leaft in fome other regular order, that we may know when
we have all. And fome other forms of procefs we may after

have occafion to mention.

15. To find a Number, which fliall have juft fo many
Divifors, or fo many Aliquot Parts, as is propofed : And,
in how many forms the fame may be had ; and, the leaft in

each form ; or the leaft of all, that may have fo many.

The Number of Aliquot Parts propofed, increafed by i,

is the Number of Divifors. This Number, we are to con-

iider, how many ways it may be exprelfed in Integers
j

whether by one alone, or by the Multiplication of two or

more
:
(As is to be after fliewed in art. 17, 18.) And, as many

ways as this may be done, fo many forms there are of Num-
bers which have juft fo many Divifors ; Namely, for every

of the Integers by which fuch Number is to be exprelfed,

fo many different Prime Numbers are to be affigned ; and
fuch Degrees or Powers thereof, whofe exponents are lefs by

one than the 'refpective Integers which they reprefent ; and

thofe
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thofc Powers or Degrees, (continuall}^ multiplied, if there

be more of them,) vvill have luch Number of Divifors as

is required.

As for Example : If a Number be required which (hall

h^ve 99 Aliquot Parts, or, (which is the fame) 100 Divifors.

This Number 100, may be exprelled by Integers (lingle,

or multiplied into one another,) nine feveral ways ; 100
rz50X2~ 25 X4=25X2X2rr2ox 5=1 10 X
10 — ioX5X2==5X5 X4 = ,?X5X2X2: And
fo many leveral forms there are of Numbers which (hall

have 100 Divifors, or 99 Aliquot Parts, Namely, if (for

every of the forms wherein the Number
100 may be fo defigned) we take (b many
different Primes, as there are Integers In

fuch defignation ; and each of them ad-

vanced relpeffively to fuch Degree whofe
exponent is lefs by one than the Integer

It reprelents. As A 99

100
50x2
25x4 a'^b^

23x2x2 a^*hc

20x5
10X10

10x3x2 a^b*c

5 ^5^4 aW
3X3X2X2 a*'h*‘cd

a^b^, a^b'^c, a'^b^P, ; whatever

be thofe Prime Numbers a, b, c, d, dif-

ferent each from other. (As appears

from art. 12.) But not any other forms;

As may be thence (hewed, in cafe any other form be affign-

ed. As, for inftance, if any form be affgned wherein (what-

ever be the other Ingredients) there is the bare Square of a-

Prime Number, (fuch as in none of thefe appears) as

For whatever be the Number which the reft of the ingre-

dients defgn, tliat Number (becaufe of is to be Tripled

(by art. 9.) But 100 is not the 1 riple of any Integer (as

not being divifible by 3 :} And therefore cannot be fo de-

fgned. And in like manner may be ffewed, (with fuch

variation as the cafe fliall require,) concerning any other

form, different from thofe afligned.

Now for finding the leaft Number in each form, that

(hall have fo many Divifors j no more is to be done, but

for a, b, c, d, &c, or fo many of them as occur in each

form refpedively, to take fo many of the fmalleft Primes,

3 » 5 » 7 >
And, of thefe, ftill to afftgn the lelfer for

•that which is to have the greater Number of Dimenfions.

2 C^2 (As
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(As is of itfelf manifefl.) So for the form ofAc, it is mani-»

feft, that if for a, b, c, we take 2, 3, 5, the number muR
needs be lefs, than if we take 2, 3, 7, or 3, 7, 11, or any

other numbers : And, (fuppofing thofe three to be taken,)

it muft needs be lefs if we aflign a — 2,, b — c zz

than if we affign them any otherwife. Becaufe, in the

compofition, a is oftener to’ be repeated than b, and b

than c.

INovv when it appears, which is the leaft in each form ; it

is eafily determined upon view, which is the leaft of all.

As, in the prefent cafe, putting a ~ 2, ^ n 3, c = 5,

^ iz 7 ; it is eafy to judge that AAcd, that is, 16 X 81 X
3X7 = 4!J36o, is the fmalleft number that can have 100

Divifors. For it is, to ; as ia' ~ 7, to cc = 9 : And
it is, to ; as d — 7, to a* — 32 : And, to afA-, as cd

“ 35, to af'A —
7776. And fo ol the reft.

And, for the moft part, thofe are the fmaller numbers

wherein more Primes be ingredients j than where fewer

Primes, but in higher Degrees ;
as ~ 2 X 3 = 6, is Ids

than =: 8 ;
though each of them have four Divifors.

But it is not always fo ; for Ab — 8x3= 24, is lefs

than abc =2x3X52:2: 30; (though the number of

Divifors be eight in each.) For here one Degree of a

greater Prime c — 5, doth over- balance two Degrees of a

lefter aa = 4.

16. It appears moreover, That, wherever the number of

Divifors is odd, fuch Number is a Square : And, contrary-

wife, of every Square Number, the number of Divifors is

odd. And, of every Non-quadrate Number, the number
of Divifors is even : And, wherever the nurnber of Divifors

is even, inch Number is a Non-quadrate Number.

For every Divifor divides the Number propofed by fome

other Divifor, (whereof when one is the Diviforj the other

is the C^iotient ;) except only the Square Root, (where the

Divifor and Qj^otient are the fame.) All other Divifors

therefore go by couples, and make an even Number: To
which when the Square Root is to be added (which is the
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cafe of all Square Numbers, and of thefe only ;) this being
foiitary, makes the number of Divifors odd.

I 36 I aabb I 360 I aaabbe

2 18 a abb 2 180 a aahbc

3 12 h aab 0
:>

120 .b aaabc

4 9 aa bb 4 90 aa abbe

6 ah 5 72 c aaabb

6 60 ah aabc

I 72 I aaabb 8 45 aaa bbc

2 36 a aabb 9 40 bb aaac
n
0 24 b aaab 10 36 ac aabb

4 18 aa abb 12 30 aab abc

6 12 ab aab 15 24 be aaab

8 9 aaa bb 18 20 abb aac

u A Number being propofed ; to find1, how many
ferent ways it may be defigned by Integers ; whether fingly

or by the continual Multiplication of more than one.

Firft find out (by art. 14,) what are all the Divifors of

fuch propofed Number. Then, confidering them all fingly

(beginning at the greatefl: and fo proceeding to theleffer;

that, by keeping luch order, we may be the more fure not

to mils any;) inquire, what Number doth with every of

thefe compofe the Number propofed ; and if this chance to

be a Compound, let this in like manner be re-

folved into its Components, (and fo onward as 360
long as the Component is itfelf a Compound;) 180x2

whereby, having thus run through them all, we 120x3

fhall meet with all the ways whereby theNum- 90x4

ber propofed may fo be defigned by Integers. 90x2x2

As for Example: Let fuch Number pro- 72x5

pofed, be 360 ; whofe Divifors (found by art. 60x6

14,) are 360, 180, 120, 90, 72, 60, 45, 40, 36, 60x3x2

30, 24, 20, 18, 15, 12, 10, 9, 8, 6, 5, 4, 3, 2,

I, where we fliall find the firft defignation to be

360, (or 360x1.) Then 180X2, 120X3,
90X4, and (becaufe 4 = 2x2,) 90x2x2.
Then 72X51 6ox6i and (becaufe 6 3X2)

43x8
45x4x2
45x2x2x2
40x9
40x3x3

36x10



302 Of Combinations^ Alternations, and

36xro
,

36x5x2

JOX 1 2

30x6x2
30X4X3

3oxjx^x 2

24x15

24x5x3
20x1 8

20x9x2
20XuX 3
aox^x^xz

1 8 x 10X 2

38x5x4
18x5x2x2
15x12x2
15x8x3

1
5x6x4

15x6x2x2
15x4x3x2

1 5X3X2X2X2
12x10x3

12 x 5 x 5

12x5x3x2
10x9x4

1 CXC}X 2X 2

10x6x6
lGXf^X]X2

ICX3X3X3
lOX X 3 X 2 X 2

9x8x5
9X5X4X2

9 X5X2X2X2
8xjx3X3
6x6x5X2
6X5X4X3
6X5X3X2X2
5X4X3XJX2
5X3X3X2X2X2

60X3x2. Then 45x8; and (becaufe

8 =t 4X2=:2X2X2.) 45X4X2, 45 X
2X2X2. Then 40X9; and (becaufe 9 z:

3X3,) 40x3x3- Then 36x10; and

(becaufe 10=5x2,) 36x5x2. Then

30X12; and (becaufe 12 — 6x2224X3
— 3X2X2,) 30x6x2, 30X4X3, 30X
3x2x2. Then 24X15, and (becaufe 15

22 5X3.) 24X5X3. Then 20 X 18, and

(becaufe i 8 00 9X2 2= 6 x 3 = 3x3X2,)
20X9 X 2, 20 X 6X3, 20 X 3 X 3x2. Then,

(omitting 18x20, as being the fame with

20 X 18 ; and refolving 20 22 10 X 2 =
5x4 = 5 X2X2;) 18x10x2, 18X5x4»
18X5x2x2. Then (omitting 15x24,
as being the fame with 24 x 15; and lo

every where when a greater follows a lefs,

as being had before ; and refolving 24 =2

12X2228x3 = 6x4 = 6x2x2 =
4X3X2^13X2X2x2;) 15x12x2,
15X8x3, 15X6x4» 15X6x2x2, 15

X4X3X2, 15x3x2x2x2. In like

manner (omitting fuch Combinations of 1 2

as have been already,) 12X (30= 15X2
=) 10x3, 12 x 6 x 4 , 12x5x3x2. In

like manner, loX (36 = 1 8 x 2 zr 1 2 X 3
zr) 9x4» 10X9X2x2, 10x6x6, 10

X6X3X2, 10X4x3x3, 10x3x3x2
X2. '1 hen 9 X (40 zi 20 X2 zr 10X4
= ) 8X5, 9X5X4X2, 9X5X2X2X2.
Then 8 X (45 — ) 5x3x3. Then 6 x
(60=) 6X5X2, 6 X 5 X 4 X 3 , 6x5x3
X2X2. Ladly, 5X (72 r=) 4 x 3 x 3 X2,
5X3X3X2X2X2. (The Divifors 4, 3,
2, 1, afford no new cafes ; becaute every
of them is lefs than 5, and cannot without
It, or fome greater Number, make up 360.)
Which forms (in Number 52) are all the
forms in which 360, may thus be expreffed

by
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by Integers. And how, to every of thefe forms, we may
hr fo many forms of Numbers which (hall have 360 Di-
vilbrs, is before fliewed in art. 15. As, for 5X3X3X2X2
X2, a*b~Pdef

:

And fo of the rell.

But, why I have here omitted (for inftance) 5X72,
36x2, 5X24x3, 5x18X4» 5 Xi8X£X2, 5Xi2x6,5X.
12X3x2, 5X9x8, 5X9X4X2, 5X9X2X2X2, 5x8x3*
X 3 , 5X6x6X2, 5X6X4X3, 5X6X3X2X2, and others

of like kind; the caufe is evident ; Becaufe^ the Numbers
72, 36, 24, 18, 12, 9, 8, 6, being greater than 5, all the

Combinations which have thefe ingredients were had before.

For 5 X72, is but the fame with 72X5 j and fo of the reft.

And it is fo ordered all along, that whenever a greater

Number comes to follow a leller, we may know that that

cale was (or Ihould have been) had before.

But it is no way neceftary that we Ihould always obferve

this order ; for the fame will hold, in whatever method we
proceed

:
provided we be fure to take them all, in whatever

order.

18. The fame alfo may be thus had, if the Number it-

felf (of Divifors required) or the form thereof, be fo ex-

prcffed in Species, as it may thence appear in what form it-

felf is Compounded of the ingredient Primes : As if we put

a^b^c, for the Number 360 — 2 x 2 x 2 x 3 X 3 X 5 ; or for

any other Number which is Compounded of the I'hird De-
gree of one Prime, Multiplied by the Second Degree of

another Prime, and this by a Third Prime.

For, however we are not by this direfted how to proceed

(as before) from the greater to the leiTer in a continual or-

der, (becaufe the Second or Third Degree of a leffer Prime,

may poffibly be greater than the firft of fome greater Prime;)

yet we may thus, though in another order, meet with

them all.

And it will be then convenient (beginning with i,) to

take the Species or Symbols, firft fmgly, one by one, (as a,

by r,) m fuch order as they follow in the Alphabet. And
then by Two’s, (as aa, aby aCy bby &c,) and here, firft

chofe
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thofe that begin with a ;
and here again aa before ah," and

this before ac, i, &c, and then thofe that begin with b

;

and

here (omitting ba, as being the fame with ab which was had

before,^ beginning with bb, or (in cafe there be not a fecond

b) with be, and fo onward : And then by Threes, and Fours,

and fo onward as there is occafion ;
obferving all along, as

the cafe will permit, the Alphabetical onler, (that we may

be the more fure not to mifs any.) Placing always, oyer

againft each, the correfpondent Divifor ; which doth, with

it, conftitute the Number propofed. As, againft aa, put-

ting abbe, which, with if, compleats aaabbe.

I a^b^c 1 aaabbe

a a^b^c a aabbe

h a?bc b aaabe

c c aaahb

ab'^c aa abbe

ah

ac

a^c
a^b^

Or thus rather,
aabc

aabb

h^ a?c bb aaac

he a^b he aaab

b~c bbc

a^b abc aah abc

a^c ab^ aae abb

And this we are to purfue fo far, till, in that oppofitc

rank, we meet with the fame (in the cafe of a Square

Number propofed,) or, (if not a Square Number,) that

which was next to follow, in the firft rank. (As here, againft

aaac, we have abb ; which was next to have followed if the

firft rank had proceeded.) For, when we be come fo far,

thofe which were to have followed in the continuation of the

firft rank, do follow (in the fame order, but going back-

ward,) in the latter rank, till w^e come to the greateft

.of all.

And having thus difpofed all the Divifors in due order

;

we may then (beginning with the greateft, and fo proceed-

ing backward to the leaft,) compound each with its oppofite,

5 which
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which ftands againfl; it. (As
cbbaaa, cbbaa x a, cbaaa x b,

&c.) And when that fecond

Component is itfelf a Com-
pound, we are to refolve it

into its Components
;

(as

cbaY-aa, cbaXaXa, &c,) and

fo continually till it be refolv-

ed into Primes.

When we have thus dif-

patched all the Divifors of the

latter rank (for till then, there

is no danger,) we are to take

heed, that fome of the Com-
pofitions already taken, be not

taken a fecond time in an-

other order ; and when they

do fo occur a fecond time,

we are to pafs them by. And
accordingly, when I come at

caa, I do not Compound this

with the whole of bba v/hich

ftands againft it
;

(becaufe

this hath been already con-

fidered, and there joined in

all the Compofitions that it

is capable of;) but with all

thefe Components of bba,

which had not before been

fully confidered. And when
1 come at cb

:

I omit, not

only the whole of baaa
,
{which

ftands againft it) but all the

Components of it which have

three Members, (becaufe not

only thofe of Four, but even

of Three Components, have

been fully difpatched, before

>yc come at cb which hath but

2 R

cbbaaa 360
cbbaaxa 180x2
chaaaxb 120x3
hbaaay.c 72x5
cbbnxaa 90x4

y.axa 90x2x2
cbaaxha 60x6

xbxa 60x3x2
hbaaxca 36x10

xexa 36x5x2
caaaxhb 40x9

xbxb 40x3x3
baaaxbc 24x15

xbxc 24x5x3
cbbxaaa 45x8

xaaxa 45x4x2
xaxaxa 45x2x2x2

ebaxbaa 30x1

2

xhaxa 30x6x2
xaaxb 30x4x3
xbi(.axa 30x3x2x2

bbaxcaa 18x20
xcaxa 1 8x10x2
xaaxc 18x4x5
xcxaxa 18x5x2x2

caaxbbxa 20x9x2
xhaxb 20x6x3
xbxhxa 20x3x3x2

baaxcbxa 12x15x2
xcaxb 1 2x10x3
xbaxc 12x6x5
xcxhxa 12XCX3XZ

'

aaaxcbxb 8x15x3
xbbxc 8x9x5
xcxbxb 8X5X3X3

cbxbaxaa 15x6x4
xaxa 15x6x2x2

xaaxbxa 1 5X4X3X2

xbxaxaxa 15x3x2x2x2
bhxcaxaa
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hly.ca'x.aa

'xay.a

y^aa-ACAa

. ACAaxaAa

caAbaxba

9x10x4
9x10x2x2
9X4X5X2
9X5X2X2X2
10x6x6

yb^a 10x6x3x2

AaaAbyb 10x4x3x3
10x3x3x2x2

6x6x5X2
6X4X5X3
6X3X3X2X2
4X5X3X3X2
3X3X3X2X2X2

ybybyaya

haybaycAa

AaaACxb

Acybyaya

naycybybya

cybyb^ayaya

two Components.) And when
1 come at ca^ I omit cayhhyaa^

&c, becaufe bh had been be-

fore confidered. And in like

manner, at ba, I omit all the

Compofidons wherein cb, bb^

cay were ingredients ; becaufe

thefe had been before confi-

dered. And in like manner,

at aa, and c, I omit all thofe

of two Members which might
be Compounded with them ;

becaufe already had. As is to

be feen in the order adjoined.

And over againft the forms thus expreffed in Species; I

have fet rhe Numbers anfwering to them ; which are the

fame with thofe at art. 17, but not in the fame order. Be-

caufe here I was guided by the forms of Compofition, in di-

reding the order ;'but, there, by the bignefs of the Numbers.

Having thus laid the Foundation of this Dodrine of Di-

vifors and Aliquot Parts ; I fliall give fome Examples of

Operations concerning them.

Examples of the foregoing Operations.

19. Of the Number 110,880: How many are the Di-

vifors, and Aliquot Parts ? And which be they ?

The Number 1 1 0,880 divided, as is direded at art. 13,

is refolved into thefe Primes; 2, 2, 2, 2, 2, 3, 3, 5, 7, u*
And is therefore in this form a^'o^ede. -

1O5) 7)s) 5)2)2)2) 2)2) iic88o (53440(27720(13860
(6930 (3465 (1155 (385 (77 (II (I

Or, I might at firft cut off the Cypher ; and, for it, fet

down two Divifors 2, 5 : And then, becaufe it is obvious

to view, that 11,088 is divifible by i r ; I might next fet

dbwn II for another Divifor, (Becaufe by this means we
come
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come the fooner to fmall Numbers.) And then divide the
Quotient ioc8 2, and 3, as ott as I can; which done,
we (liall have

7 for the laft Divifor. Or, I might have di-

vided 11,088 by 9 ;
(and for it fet down two Divifors 3,

3 :) For it is obvious alfo to view that it may be fo divided

;

hecaufe the Figures put together without regard had to

the places, (as is ufual in the proofs of Multiplication and
Divilion,) may be fo divided ; or, calling away 9 as oft as

may be, nothing remains ; or, 1 may fo do, 'for the fame
reafon, with .1008 ; or, take any the like advantage for

expedition, as the view lljall direft. For it matters nor, in

what order we find the Component Primes, fo we have
them all.

The Number therefore appearing In this form a^lPcde\ it

is manifeft (by art. 12,) that the Number of Divifors is

6 x 3X2X2X2 ~ 144; and; of Aliquot Parts, 144 — 1

z= 143. And thofe, (according to the method of art. 18,)

are found to be thefe that follow.

I I 1 10880 aaaaahhcde

a 2 55440 aaaahbcde

b 3 36960 aaaaabcde

c 5 221 76 aaaaabbde

d . 7 15840 . aaaaahbce

e 1

1

10080 aaaaabbcd

aa 4 27720 aaabbede

ab 6 1S480 aaaabcde

ac 10 I 1088 aaaabbde

ad 14 7920 . aaaabbce

ae 22 5040 aaaabbcd

bb 9 I 2320 aaaaacde

be
1

15 7392 aaaaabde

bd 2

1

5280 aaaaahc^

be 33 3360 . aaaaabed

cd 35 3168 aaaaabbe

cs 35 2016 aaaaabbd

de 77 1440 aaaaabbe

aaa 8 13860 aabbede

aab , 12 9240 , aaabede

aac 20 5544 aaabbde

a R 2 aad
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aad 28 3960 aaabbee

aae 4 + 2520 aaahbcd

abb 18 6160 aacMcde

abc 30 .

*

3696 aaaabde

abd 42 2640 aaaabce

abe 66 1 680 aaaahcd

acd 70 1584 aaaabbe

ace 1 10 1008 aaaabbd

ade • ^ 54 ' 720 aaaabbe

hhc 45 2464 aaaaade

bbd ^>3 1 760 aaaaa ce

bbe 99 I J ?o aaaaacd
bed 105 1056 aaaaabe
bee .165 672 aaaaahd
bde 231 •480 aaaaabe
ede 385 288 aaaaahb

aaaa 16 6930 abhede

aaab 24 4620 aabede
aaac . 40 2772 aabbde
aaad 56 1980 aabbee

aaae 88 1260 aabbed
acibb 36 3080 aaaede
aabc 60 1848 aaahde
aabd . 84 1320 aaabce
aabe 132 840 aaabed
aacd 140 792 aaabhs
aace 220 504 aaabbd
aade 308 360 aaabbe
abbe . 90 1232 * daaade
abbd 126 880 aaaaee
abbe 198 c6o aaaacd
abed 210 528 aaaabe
abce 330 336

'

aaaahd
abde - 462 240 aaaabe
aede 770 144 aaaabh
bbed 3‘5 35 ^ aaaaae
bbee 495 224 aaaaad
bbde 693 160 aaaaae
hede 96 aaaaab

aaaaa
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aaaaa ^ 0 3465 bbcde

aaaab 48 2310 abode

aaaac 80 1386 abbde

aaaad 112 990 abbce

aaaae * 176 630 abbcd

aaabb 72 1540 aacde

aaahc 1 20 924 aabde

aaabd 168 660 aabce

aaabe 264 420 aabcd

aaacd • 280 396 , aabbe

aaace 440 252 aabbd

aaade 616 180 aabbe

The fame, ordered according to the greatnefs of the Num-
bers, will ftand thus ;

'

1 I 1 10880 aaaaabbcde

a 2 55440 aaaabbcde

b 3 36960 aaaaabcde

aa 4 27720 aaabbede

c 5 ‘ 22176 . aaaaabbde

ab 6 0CO00M aaaabcds
f ,

d 7 15840 aaaaabbce

aaa 8 13860 aabbede

lb 9 1 2320 aaaaacde

ac 10 11088 . aaaabbde

e 1

1

10080 aaaaabbcd

aab 12 9240 aaahcde

ad 14 7920 aaaabbce

he 15 739 ^ aaaaabde

CtCtClC^ m 1

6

6930 . abbede

abb 18 6160 aaaacde

aac 20 5544 aaabbde

bd 21 5280 aaaaabce

ae 22 5040 aaaabbcd

aaab 24 4620 . aabede

aad 28 3960 aaabbee

abc 30 3696 aaaabde

aaaaa 32 3465 bbcde
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he 33 3360 aaaaabed

cd 35 • 3168 , aaaaabbe

aahb 3 ^ . 3080 aaaede

aaac 40 2772 aabbde

ahd 42 2640 aaaabee

aae 44 2520 aaabbed

bbc • 45 2464 . aaaaade

aaaah 48 2310 abede

ce 55 2016 aaaaabbd

aaad 56 1980 aabbee

aabc 60 1848 aaabde

hbd 63 . 1 760 . aaaaace

abe 66 1680 aaaabed
acd 70 1584 aaaabbe

aaabb 72 1540 aaede

de 77 144a aaaaabbe
aaaac . 80 1386 . abbde
aabd 84 1320 aaabee
aaae 88 1260 aabbed
abbc 90 1232 aaaade

aaaaab 96 1155 bede

bbe^ 99 • 1120 . aaadaed
bed 105 1056 aaaaabe
ace 110 1008 aaaabbd

aaaad 112 990 abbee
aaabc 120 924 aabdd
abbd . 126 880 . aaaaee
aabe 132 840 aaabed
aacd 140 792 aaabbe

aaaabb 144 770 aede
ade 154 720 aaaabbe

aaaaac . 1 60 693 . bbde
bee

. '65 672 aaaaabd
aaabd 168 660 aabee
aaaae 176 630 abbed
aabbe 180 616 aaade
abbe 198 560 • aaaae

d

abed 210 528 aaaabe
aaee 220 504 aaabbd

aaaaad
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aaaaad 224 495 bbce

hde 231 480 aaaaabc

aaaabc 240 462 . abde

aabbd 252 440 aaaee

ambe 264 420 aabcd

aaacd 280 396 aabbe

aaaaabb 288 3S5 cde

aade 308 . 360 . aaabbc

bbcd 315 35 ^ aaaaae

abce 330 336 aaaabd

20. Of Numbers (for inftance) which have 12 Divifors :

To exhibit all the forms; and, all the Numbers in each

form; not exceeding the Number 2048; (which is the

lowed Number of the highed form;) according to art.

15. 18.

All the ways according to which 12 may be expreffed by

Integers (as in art, 17, 18,) are I2~ 6 x 2. 3
~

X 2 X 2 : Which affords us thefe forms, a^b, a^bc.

And in each of thefe, the Numbers are as follow; being in

all 211.

X 53
- 1 696

2048. X 59
— 1888

X 61 —
1952

32 X 3
—

96 243 X 2 — 456

32 X 5 160 X 5 — 1215

X 7 zz 224 X 7 1701

X 1

1

zz 352 a ^b^.

X 13
— 416 8 X 9

—
72

X 17 544 X 25 ZZ 200

X 19 ZZ 6c8 X 49 39 ^

X 23
—

736 X I 2 I — 968

X 29 zz 928 X 196 1352'

X 31 992 27 X 4
' 108

X 37

—

1 184 X 25
—

675
X 41 1312 X 49 — 1323

X 43
—

1376 125 X 4 500

X 47 1504 X 9 — 1125

343
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X 4 1372 4x5 X 7 I+O

X 1

1

-220

X 5 60 X 13 — 260

X 7
— 84 X 17 340

X I I 132 X 19
—

380
X 13 156 X 23 — 460
X 17

— 204 X 29
* 580

X 19 228 • X 31 ZZ 620

X 23
'

276 X 37 zz 740
X 29 348 X 41 HZZ 820

X 31 — 372 X 43 ZZ 860
X 37

'

444 X 47 940
X 41 492 X 53

— 1060
X 43

'

516 X 59
—

1 1 80
X 47 zz 564 X 61

—
1 220

X 53 HZ 636 X 67 ZZ 1340
X 59

— 708 X 71
—

1420
X 61 — 732 X 73

— 1460
X 67 — 804 X 79 - 1580
X 71 ZI 852 X 83

— 1660
X 73 — 876 X 89

—
1780

X 79
'

948 X 97
—

1940
X 83 996 X lOI — 2020
X 89 — 1068 4X 7 X 1

1

—
308

X 97 — 1 164 X 13
—

364
X 101 — 12 12 X 17 zz 476
XI03 ~ '

'

1236 X ^9 zz 532
X 107 — 1284 X 23

—
644

X 109 •—

~

1308 X 29 8 1

2

XII3 —
135 *^ X 3 ' 868

X 1 27 — X 37 z: 1036
X 131 1572 X 41 1148
X 137 — 1644 X 43 1 204
X 139

- 1668 X 47 z 1316
X 149

'

1788 X S3 - 1484
X15I ^ '

i 8 i 2 X 59 1 652
X 157 zz 1884 X 6 I - - .

1 708
X 163 — 1956 X 67

—
1876

X 1 67 2004 X 71 — 1988
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4X7 X 73 — 2044 9X2 X 79
— 1422

4X 1

1

X *3 — 572 X 83
—

1498
X *7 — 748 X 89 1602

X *9 — S36 X 97 ZZ 1746
X 23

* " 1012 X ioi — 1818

X 29 ZZ 1276 X103 —
1854

X 3 H — 1364 X 107 — 1926
X 37

— 1628 XI09 zz 1962

X 41
—

1 804 XII3 —
2034

X 43 1892 9X5 X 7 zz 3*5
4X13 X 17 884 X 1

1

z 495
X *9 — 988 X 13

—
585

X 23 zz 1196 X *7 765
X 29 1508 X 19

—

~

855
X 31 1612 X 23 ~ 1035
X 37

*' ™
1924 X 29 — *305

4X17 X *9 zz 1292 X 31 zz *395
X 23 — 1564 X 37 z: 1665

X 29 1972 X 41 zz *845
4X19 X 23 z:: 1748 X 43 zz *935
9X 2 X 5 ZZ 90 9 X 7 X 1

1

-
693

X 7 — 126 X *3
— 819

X 1

1

'

198 X *7
- 1071

X *3 zzz 234 X 19 1197
X *7 zz 306 X 23 zz *449
X *9 342 X 29 — 1827

X 23 — 414 X 31
”

-

*953
X 29 zz 522 9X 1

1

X *3 1287

X 3 *
—

558 X *7 zz 1683

X 37 zz 666 X *9 ; 1881

X 41 zz 738 9X 13 X 17 zz 1989
X 43

~~ " '

774 25 X 2 X 0
:)
— 15-0

X 47 846 X 7 35°

X 53 zz 954 X 1 1 55°

X 59
— 1062 X *3 zz 650

X 61 zz 1098 X *7 zz 830

X 67 z: 1206 X *9 zz 950
X 7 * zz 1278 X 23 1150

X 73 ~ 13*4
2 s

X 29 — 145°
2
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,
25X2 X 31 —

49 X 2 X 17
— 1666

X 37 '1850 X 19 1 862

25X3 X 7 5^5 49x3 X 5 — 735
X 1

1

zz 825 X 1

1

— 1617

X 13 '975 X 13 — 191

1

X 17 zz 1275 I2I X 2 X 3
—— 726

X 19 zz 1425 X 5 — 1210

X 23 1725 X 7
—

-

1694
25x7, X 1

1

— 1925 I 2 I X3 X 5 1815
49X2 X 3 — 294 169 X 2 X 3 — 1014

X 5 490 X 5 1690
X 1

1

— 1078 289 X 2 X 3 — 1734
X 13 — 1274

Thefe digefted according to their natural order^ ftand

thus

;

60 306 516 . 735 940
72 308 522 73 ^ 948 .

84 315 • 525 738 950
90 340 532 740 . 954
96 . 342 544 748- 968
108 348 55^ 765 975
126 350 558 774 988 .

132 352 . 564 804 992
140 3^4 572 812 . 996
150 . 372 580 819 1012
* 5 ^ 380 585 • 820 1014
160 39 ^ 608 825 *035 •

198 414 . 620 836 1036
200 416 636 846 . 1060
204 7 444 644 850 1062
220 460 650 . 852 1068
224 476 666 855 1071 .

228 486 . 675 860 1078
234 490 868 . 1098
260 . 492 708 , 876 1125
276 495 726 . 884 1 148
294 500 732 928 1150 .

1164
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1164 1312 1524 1725 1924
1180 1314 1550 1734 • 1925
1184 1316 1564 1746 1 926
1 196 1323 • 1748 1935
1197 1340 1580 1780 1940
1204 1352 1602 1788 1952
1206 1356 1612 1804 * 1953
1 2 10 1364 1617 . 1812 1956
1212 1372 . 1628 1815 1962
1215 1376 1644 1818 1972
1220 1395 1652 1827 1988
1236 1420 1660 1845 • 1989
1274 1422 1665 . 1850 2004
1275 1425 . 1 666 1854 2020
1276 1449 1 668 1862 2034
1278 1450 1683 1876 2044
1284 1460 1690 ] 881 . 2048
1287 1484 1694 . 18 84 !

1292 1494 . 1696 1888

1305 . 1504 1701 1892
1308 1308 CO0M

i

I9I I

Of the Numbers that are mofi convenient for the Purp^

dividing Large ^lan tities into Lejfer equal Parts,

21. Thofe Numbers which (for the bignefs of them) have

the greateft Number of Divifors, and Aliquot Parts; have

been wont to be made choice of, as moft convenient fof

ufe ; efpecially when there may be frequent occafion of di*

viding things fo defigned.
\

Hence it is, that the Englijh Penny is divided into Four
Farthings, (and almoft all things in Four Quarters of a dif-

ferent Name,) becaufe there is often occafion to divide into

halves, and then again into halves. Hence alfo the Roman
2 S a Poland^
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1 I I

2 2 a

4 3
6 4 ab

12 6 a~b

24 8 a}b

36 9 a'^hc

48 10 a^b

60 12 a^bc

120 16 a}hc

’180 18 a'^-b'^c

240 20 af^bc

360 24 a^b'^c

720 30 a*b'^c.

84.0 32 a^bed

1260 36 a^b\d

1680 40 a'^bed

2520 48 a^\d
5040 60 a^h^cd

7560 64 a^Ped

10080 72 a^b^cd

151 20 80 d^b^cd

20160 84 aH^cd

2 5200 90 a^ddd
27720 96 a'^dede

45360 100 db^cd

50400 108 ddPd
55440 120 ddede
83 160 128 a^b^ede

1 10880 144 a^dede

166320 '160 a*b^cde

221760 168 ddPde
277200 180 a^b^Pde

332640 1 92 a^dede

498960 200 a^b*^cde

554400 216 db'^Pde

665280 224 ddede

Pound, Cand that which we now
call the Pound ^roy Weight,) is

divided into 12 Ounces; and

the Englijh Shilling, into 12

pence ;'the Foot, into 12 Inches;

the Zodiack, into 12 Signs; the

Year, into 12 Months ; becaufe,

befide the Divifion into Quarters,

it is further divifible by 3. And
for a like reafon Ptolemy (and

otheis after him) makes ufe of

the Sexagenary divifion, of In-

tegers into firft Minutes, or fmall,

or minute, parts of the firft order;

and of thefe, into Second Mi-
nutes, or Seconds, or fmall, or

minute, parts of the Second or-

der ; and fo onward : becaufe

60 is divifible by 2 and 3, and
likewife by 5. And the Chinejes

(or Cathaians

)

Number their

Years (and other things) by Re-
volutions of 60. After this

; 360
is looked on as moft confiderable,

becaufe it may be further divided

by 2 and 3 once more : Which
therefore is made the Number of

Degrees in a Circle; admitting

of 24 Divifors. And if this be

not enough, each of thefe is di-

vided into 60 Minutes; (that is,

4> 5» once more j) and
thefe into Seconds, and fo forth.

And the Englijh Pound Sterling,

is divided into 20 Shillings

;

which Number is divifible by 4
and 5, (as 12, the Number of

Pence in a Shilling, is divifible

by 4 and 3 ;) which was ac-

counted
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counted more convenient than to make another Colle<5lioi\

of Shillings by 12 ; bccaufe this would not afford a divifion

by 5. So that now 960 the Number of Farthings in a

Pound Sterling, is for the firll ftep (from Farthings to Pence)

divifible by 4 ;
for the fecond ftep (from Pence to Shil-

lings) by 4 and 3 ; for the third ftep (from Shillings to

Pounds) by 4 and 5. And (without taking notice of the

divifion of Pence into Farthings) the Number of Pence in

a Pound Sterling, 240, is capable of 20 Divifors ; and, of

more than fo many, no Number is capable which is not

greater than it.

Of the foregoing Table of Numbers in page 316 .

In pnrfuance of which notion, I have here Collefted a

Table of all thofe Numbers, which (of all not greater than

ihemfelves) have the greateft Number of Divifors
;
(together

with the Number of Divifors in each of them, and the

Form of their Compofition ;) as far as 665,280, which hath

224 Divifors. All which (except i,) are made by the

Compofition of 2, 3, 5, 7, 1 1, (which I call a, b^ e, dy e,)

and the Powers of thefe, without admitting any other

Prime. (But, if we would proceed to a greater Number of

Divifors, we muft further take in / =: 13.) And, of thefe,

fome are of that nature, that none can have a greater

Number of Divifors, which is not at leaft the double of

them. Such are I, 2, 6, 12, 60, 360, 2520: But not any

after thefe for a great way.

Of
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Of the life of a Table of Prime Numbers.

22. For refolution of fome of the Queftions above men-

tioned, (as in art. 13, 14, 17, 18, &c,) it is very conve-

nient to have at hand a Table of Prime Numbers : That

we may know, by what Numbers to make trial of the Divi-

fions therein direded. And, becaufe, in great Numbers,
it would be tedious to make trial of all the Prime Num-
bers in order, it is convenient alfo to know, by what Prime

fuch greater Numbers may be divided.

In order to which, it is evident, in the firft place, that all

even Numbers may be divided by 2 ; and, if the Quotient

of fuch divifion be even alio, it may be again divided by

2, and fo continually as long as the Quotient is an even

Number.

It is alfo evident, in the fecond place, that all Numbers
ending in 5, are divifible by 5 ; and, if they end in o, then

by 2 and 5. And fo continually, as long as the Qtiotient of

fuch divilion ends in o, or 5.

It is known alfo, in the 3d place, that, if the Figures

of any Number being added promifcuoufly (without re-

garding the places wherein they ftand) are divifible by 9,
(or, carting away 9 as oft as may be, nothing remains,)

fuch Number is alfo divifible by 9. As in 29097 ;
when

(the Nines being left out, and) 2 + 7 zr 9 being cart:

away, nothing remains ; whence we may conclude, ’tis di-

vifible by 9 — 3 X 3. And I add further, as a fourth ob-

fervation, (though I do not find that others have taken no-
tice of it,) that the fame holds alfo as to the Number 3 :

That is, from the Figures fo promifeuoufiy added, if 3 be-

ing cart away as oft as may be, nothing remain, fuch Num-
ber is divifible by 3 ; Otherwife, it is not. As in 530,967 j

where, all the threes, nines and fixes being left out (as

manifertly divifible by 3,) the reft 5 -f- 7 zr 1 2, is fo alfo,

(or.
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(or, which is the fame, i + 2 = 3 ;) fo that all the threes
being call away, nothing remains ; whence we may conclude,
that the whole Number is divifible (though not by 9) at

laft by 3.

The ground of this and the former Obfervation is one
and the fame : Becaufe, the places increafing in decuple
proportion, if from 10, or any Number of tens, we call

away all the nines or all the threes, there remains i, or fo

many ones. So that, in cafe of fuch calling away of nines

and threes, i and 10, have the fame remainders; and fo 2

and 20; 3 and 30, &c. And confequently i, 10, 100,

100c, &c, 2, 20, 200, 2000, &c. So that the fame Fi-

gure, as to this, is of the fame influence in whatever place

it {land.

Of Dr. PellV 'Tahle of Prime Numbers,

23. Befde this, we have at the end of Dr. PelV% Algebra,

(Tranflated and Publifhed by 'Thomas Branker, in the Year

1668, with Dr. P^//’s diredlions,) a Compendious Table of

all odd Numbers (not ending in 5) as far as 100,000;
fhewing not only, which of them ate Prime Numbers ; but

alfo by what fmalled Prime Number every other of them
may be divided.

So that, whatever Number be propofed, having divided

it firll by 2 and 5, (and if you will by 3 alfo,). as oft as

may be, if it be capable of fuch divifion : If the refult of

fuch divifion do not exceed 100,000, we have diredlion in

that Table, by what Prime it may be next divided ; and

then, by what Prime to divide the Quotient of fuch Divi-

fion ; and fo continually, 'till we come to a Prime Number.

The reafon why, in that Table, he omits all even Num-
l^ers, and all Numbers ending in 5, is obvious: to wir,

Becaufc
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Becaufe it appears to view C without the help of a Table)

that fuch are accordingly divifibl^ by 2, or 5.

He might, for a like reafon, have omitted alfo all that are

divifible by 3, (becaufe this would prefently appear upoa

fuch promifcuous adding of the Figures as was but now
mentioned ;) but that he could not well omit thefe, without

difordering the Form of the Table.

Now, becaufe, in fuch Tables, it is of great moment that

they be carefully Computed, and cxa6tly Printed, (becaufe

millakes therein are not eafily obferved and Correfted by

the Readers Eye,) 1 have taken care to examine that whole

Table very exactly, (in the fame method and with the fame -

pains as if I were to compute it anew ;) and find that,

though it had been Computed and Printed with great care,

yet fome few miftakes (and but a few) have efcaped the

Corrector’s Eye. Moll of which are noted in the Table of

Errata, Printed with it. Befide which 1 have obferved thefe

that follow : Which (to fave another Reader the like labour)

I have thought fit (for his eafe and fatisfaftion) here to note.

And, thefe being alfo amended as is here diredted (befide

ihofe noted in the Printed Errata,) the Table will then be
very accurate ; and (I think,) without any Error.

Pag . Numb - For Set Pag . Nu mb . For
1
Set

3 S 579 P 7 28 55609 3 P
5 9287 19 37 3 ' 60701 01 lOI

8 14873 73 107 60799 63 i6^
1

1

20983 3 P 33 64499 13 P
16 30167 71 97 65479 3 P

31001 -29 29 34 67993 1 P
17

'

‘ 33409 47 P 38 75653 P
>9 37583 '3 7 4 ' 80561 17 13
21 40049 19 29 43 85909 137 P

40599 P
,3 44 86993 79 P

40759 3 P 47 93719 7 P
41581 41 43 48 94769 4 ‘ 97

24 46199 73 P 49 96109 3 13
27 5394 ' 13 17 97487 3 13
28 54449 71 P

Tag. 7, in the margin (after 43) for 37 fet 47.

By
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By the help of this Table, if we had the Number pro-
pofed 539,454,600, it is eafy to refolve it into the Primes
of which it is Compofed. For firit, (becaufe of two Cyphers
at the end) it is manifefl: that it may be divided twice by 2,

and twice by 5. And then (becaufe .thefe Cyphers being

cut off, the Remainder is yet an even Niimber'l it may be a

third time divided by 2; and the refult wi.l be 2,697,273.
And, if this Number were not beyond the reach of the

Table, I fliould feek it there
; to fee by what Prime it

may be next divided. Bur, becaufe it is too big for - it j I

find, upon confideration, that, the Figures being promif-

cuoufly added, and 9 caft away as oft as may be, nothing

remains ; and therefore that it may be divided by 9 : Which
being done, the next Quotient 299,697, may (for a like

reafon) be again divided (not by 9, but) by, 3. And the

Quotient 99899, us now come within the reach of this Ta-
ble. And (withdut aflaying the Prime Numbers 7, ii, 13, See,

in their order, till 1 come to a Prime Number by which it

may be divided,) I find, by the Table, that it may be divided,

by 283, but not by any fmaller Prime; and the Quotient

of fuch divifion will be 353, another Prime. And there-

fore the Number propofed 539,454,600 is “ 2 X 2 x 7,X S
X3 X 3 X5X5X283 X 353.

But if, inftead of 99,899, I had come to a Number
greater than this Table, and yet not divifible by 2, 5, or 3 ;

I muft then (for want of fuch Table large enough) have
been fain to make tryal of the confequent Prime Numbers

7, II, 13, &c, ’till by help of fuch 1 had brought it within

ihe Compafs of the Table; And, if no fuch can be found,

before I come at a Prime as great as the Square Root of
fuch Number; I may then conclude fuch Number to be a
Prime.

2 T CHAP.
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CHAP. IV.

Monfieur Fermat’s Trohlems concerning Dfvjfors and

Aliquot Parts,

t j i I ..-.

IT is here proper to confidcr of fuch Queftions (concern-

ing Aliquot Parts) as thofe on account of which Moqfieur

Fermat and Monfieur Frenicle did value themfclves ; as is

to be feen \n xny Commercium Epjiolicum.^ Epift. ii, 12,

22, 25, 26, 31, 33. And in a Treatife purpofely Pubr

lilhed on this occafion by Monfieur Frenicle^ intituled, Solu~

tio duorum Problematum, circa numeros Cubos IA ^adratos,

qua tanquam injolubilia univerfis Europa Mathematicis a Cla~

rifftmo Viro D. FermatJunt propofita, &c, d D. B. F. D. B. inr

venta, &c,(that is, d Domino Bernardo Frenicle de Bejfy.) Pari/iis

apud Jacobum Langldis, 8cc, 1657, in which he glories much
that he was able to folve them. And amongft Monfieur
Fermads pojihumous Works, (Publlflied fince his death) the

Publifher is pleafed to infert his formal Challenge of me to

folve them (with fome others Eetrers to and from Monfieur
Fermat, concerning the fame) in thefe Words ;

Problemata propcfila d D, Fermat,

Proponatur (ft placet) JValltfio, Cf reliquis Anglia Mathema-r
ticis

,
fequens ^afiio Numerica.

Invenire Cubum, qui, additus omnibus fuis partibus ediquotis,

conficiat Sluadratum. Exempli gratia. Numerus 343 eji Cubus
a latere q , Omnes ipftus partes aliquotafunt i, 7, 49, qua, ad-
junPta ipft 343, conficiunt numerum 400, qui efi Quadratus d
latere 20. ^uaritur alius Cubus numerus ejujdem natura»

^uaritur etiam numerus Quadratus, qui, additus fuis partibus
•eiliquotis, conficiat numerum Cubum,

^

Has
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Hasfolutloites txpe£iamus t Slytas^ ft Anglia aut Gallia Belgica

Gf Celtica non dederint^ Dabit Gallia JSarbonenfts i edfque, in

pgnus najcentis amicitia
y
Domino Digby offeret dicabit.

But was not fo kind (though he there infert alfo divers

Letters to and from Monfieur Fermat, concerning the fame)

as to infert thofe of illine, wherein I folved tliefe (and others

of) iiis Problems ; Nor thofe of Monfieur Fermat, where-

in he acknowledgeth that 1 had fo done. Which are to be
feen in my Commercium Epijiolicum, in Epift. 23, 28, 29, 47,
and elfevvhere.

To thofe two Problems, I added a third of a like nature

:

Invenire duos kumeros ^adratos, qui, partibus Juts aliquotis

additi, eandem efficiant fummam. Exempli gratia, 16 -f- 8 -f-

4 + 2+ I =:3i=-: 25 4- 5 + I. Inveniantur ijtiufmodf

alii duo.

The whole Myftery of folving thefe (and fuch like)

Queftions, I there difcover in Epift. 23, which depends on
what is here delivered in art. 8, 9, 10, ii, 12, of the

Chapter here next proceeding.

For, I. A Number added to all its Aliquot Parts, is al^

one as the Aggregate of its Divifors. 2. The Divifors o^

any Power of a Prime Number, (as of a) is a Geometrica^

Progreffion from i to fuch Power; as, for inftance, of a^,

the Divifors are i, a, aa,
,

a^, <2*. 3. And therefore the

fum of fuch Geometrical Progreffion is the Aggregate of

thofe Divifors. 4. This Aggregate is conveniently expreffed

by the Primes which Compofe it. 5. The Divifors of any
Power, or Degree, of one fuch Prime, feverally Multiplied

into all thofe of any Power, or Degree, of any other Prime,

give all the Divifors of the Compound of thofe Powers,

6. And therefore the Aggregate of thofe firft into the Ag-
gregate of thofe fecond, give the Aggregate of the Divifors

of fuch Compound. (For, by the common pradice of Mul-
tiplication, all the Members of one Number, or Aggregate,

Muliiplied feverally into all the Members of another, are

equivalent to the whole of the one, multiplied into the whole

of the other.) 7. And therefore the Primes Compofing this

2 T 2 laft
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laft Aggregate, are the fame with thofe of both the Aggre-

gates which Compofe it. 8. And the fame is in like man-

nerao be argued, in cafe any Power, or Degree, of a third,

fourth, or further, Prime, be continually Multiplied with

thofe foregoing :
provided always, that they be all feveral

Primes, and not any of the former Primes repeated ; for, \n

fuch cafe we are to follow the diredion of art. ii. Chap,

preceeding.

As, for inflancc ; fuppofing a zz 2, and therefore zz

32 : All the Divifors hereof (or the Aggregate of fuch Di-

vifors) are i -j- c -f* i~h’2,-f-4”b
84-164-321= 63 11:3 X3X 7. And fuppofmg b =
3, and therefore zz 81: The Aggregate of the Divifors

hereof are — 1+34*9 + 2,7

4 8ini2i=r II X II: And therefore, of the

Aggre^te of Divifors is 63 x 121 —3x3x7, X 11

XII. And fuppofmg further c ~ 5, and therefore =:

125; The Aggregate of the Divifors hereof are 14-C4-
<rr 4 ^’=i +5 + 25-hi25=i56rr:2X2 X3X
13: And therefore, of a^b^c^y the Aggregate of Divifors is

63 X I2I X 156 ~ 3 X 3 X 7, XII XII, X 2 X 2

X3X13, or2X2 X3X3 X 3 X 7 X 11X11X13.
And fo onwards, in cafe of further Compofitions.

Now, this being univerfal
j

it will be eafy to make appli-

cation thereof, to the particular cafes propofed ;
or to any

c her of like nature.

As for Exam-pie.

I. The firfi Qtieftion, is, Eo find a Cube Number
y

w'-icb

added to all its Aliquot Parts will make a Square
;

(that is,

the Aggregate of whofe Divifors fliall be a Square Number.)

Here it is manifeft, that fuch Cube Number mufl be
cither the Cube of fome Piime, (or at lead the fecond,
third, ^fourth, or further Cube of fuch Prime j chat is, fome
Power^thertof whofe exponent is divifible by 3 ;) or clfe

Compounded by the cpni;inual Multiplication of fuch Cubes
(firft, fecond, third, and fo forth,) ot two or more luch

Prime Numbers. (For all fuch, will be Cube Numbers,
and no other but fuch.} ;

r Now
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Now, if we can find any fuch Cube (firft, fecond, third,

&c,) of any one Prime Number, whereof the Aggregate of
Divifors being exprefled in Primes, thofe Primes will be all

Pairs, (chat is, each of them occurring an even Number
of times;) fuch Aggregate (his manifeft) will be a Square
Number; and therefore fuch Cube, will be fuch as is re-

quired.

And fuch Cube is 343 = 7x7x7; whofe Divifors

are I X 7 X 49 X 343 = 400 = 2X2X2X2X5X5;
which is the Square of 2 X 2 X 5 = 20.

When the Cubes (firft, fecond, third, or others,) of fe-

veral Primes, have not their Aggregate of Divifors exprelT-

able by Pairs of Primes; yet may the Compound of Two,
Three, or more of fuch Cubes continually Multiplied (which
will alfo be a Cube Number,) have its Aggregate of Di-
vifors (which is the Compound of the feveral Aggregates
continually Multiplied) fo exprelTed : Namely, if the Cubes
fo to be Compounded be fo chofen as that, what Primes in

expreffing fome of the Aggregates be fingle, may be Paired

by like fingle Primes in fome other of them.

Thus, for the . Cube of 47, the Aggregate of Divifors

(exprefled in Primes) is 2X2X2X2X2X3X3X13X
17; where (befide Pairs) we have 2, 3, 5, 13, 17; fingly :

And, for the Cube of 5, the Aggregate is 2 x 2 x 3 x 13,

where (befide Pairs) we have 3, 13, folitary ; which (joined

to thofe before) ferve to Pair 3, 13, but leave 2, 5, 17, yet

folitary : And, for the Cube of 13, the Aggregate is 2 x 2

X 5 X
7
X 17, which afford fellows to 5, 17, but leaves us

2, 7, yet folitary: And, for the Cube of 41, the Aggre-
gate is 2x2x3x7x29x29; where (befide Pairs) we
have 3,7, folitary ; which afford a fellow to 7, but leave 2,

3, folitary. So that for the Cube of 47 x 5 x 13 x 41, we have
(befide Pairs) 2, 3, folitary. Which may thus be Paired.

For the Cube of ii, the Aggregate of Divifors is, 2x2
x 2 X 3 X 61, where (befide Pairs) we have 2, 3, 61, fo-

litary; which afford fellows to 2, 3, but leave 61, folitary:

And, for the Cube of 27 (or the third Cube of 3, the

Aggregate is 2 X 2 X 1 1 X 1 1 X 61 ; which (befide Pairs) af-

fords a fellow to 61. So that, for the Cube of 47 X5 X 13

X41
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X41X 11X27, (or 27x5x11 X 13x41x47) AggrtJ

gate of Divifors, is 2x2x2x2x2x3x5x13x17, Xz
X 2 X 3 XI 3 ,

X2X2X5X7XI7, X2X2X3X7X29X
29, X2X2X2X3X6i, X2X2XiiXhx6i; Or (putting

the Primes in order) 2X2X2X2X2X2X2X2X2X2XZ
X2X2X2X2X2X3X3X3X 3x5x5X7x7x11x11
X13X13X17X17X29X29X61X61; where we have 2,

lixteen times; 3, four times; and 5, 7, ii, 13, 17, 29, 61,

twice; which therefore (being all continually Multiplied)

mull needs afford a Square Number. Which was the thing

required to be found in Monfieur Fermat’s firft Queftion.

In like manner; if with the Cube of 47 x 5 x 13 x 41

(as before) we Compound the Cubes of 2, and of 3, where

we have the Aggregates 3x5, and 2 x 2 x 2 x 5, which

(befide Pairs) afford us 2, 3, folitary ; which afford fellows

to 2, 3, that were folitary before. And therefore for the

Compound Cube of 47 x 5 x 13 x 41 x 2 ^ 3 (or 2 x 3 x

5 X 13 X 41 X 47) we fliall have (in the Compound Aggre-

gate of Divifors) thefe Primes Components, 2, fourteen

times; 3 and 5, four times; 7, 13, 17, and 29, twice ;

Which being all continually Multiplied will alfo make a

Square Number. Which was the thing required to be found

in Monfieur Fermat’s firft Queftion.

Thefe two Compound Cubes, if they be further Com-
pounded with the Cube of 7 (which is no ingredient in

either of them) will afford two more ; whofe Aggregate of

Divifors will (befide the Primes in each of them refpe6lively)

have thefe farther Primes Components, 2, four times ; and

5, twice : Which, being Compounded w'ith the fore-men-

tioned Squares, will ftill afford Square Numbers.
So have we five Cubes, whofe Aggregate of Divifors are

Squares,

Roots of the Cubes.

7 *

27 X 5 X II X 13 X 41 X 47.

2 X 3 X 5 ^ 13 4 t X 47 -

27 X 5 ^ 7 X II X ^3 X 41 X 47 *

2 X 3 X
5 X

7
X 13 X 41 X 47.

Roots



AVuiuot Parts, hy John Wallis.

Roots of the Sq^uares.

%n

2x2x5.

2X (Eight-times) X3X3X5X/X 11x13x17x29x61.

2X (Seven-times) X3X3X5X5X 7x13X17x29.

2X ( Ten-times ) X3X3X5X5X 7x11x13x17x29x61*
2X (Nine-times) X3X3X5X5X 5X 7x13X17x29. >

In all which I make ufe of no Cube of a Prime which is

tiot lefs than 100. And, in like manner, may other fuck

Cubes be found j as is there Ihewed in Epift. 23, and 2^*

Such as thefe :

Roots of the Cubes.

2x3x5x13x17x31x41X191.
2X3X5X 7x13x17x31x41x191.
3X3X3X 5x11x13x17x31X41X191.
3X3><3X 5X 7x11X13x17x31x41X191*
17X31 X47X191.

7x17x31x47x191.

Roots of the Squares.

2x(Twelve-times) 3x3x3x5x5x7x13x1:7x29x29x37.

2x(Fouiteen-times)3x3X3X5x5X5X7xi3xi 7x29x29x37,

2x(Thirteen-times)3X3X3X5x7x 1 1x13x17x29x29x37x61.

2x( Fifteen-times
)
3x3x3x5x5x7xiixi3xi7x29x29x37x6i,

2x(Ten-times ) 3x3x5x13x17x29x37'.

ax(Twelve-tiines ) 3x3x5x5x13x17x29x37.
‘ r

In all which I make ufe of no Cube of a Prime Number
which is not lefs than 200.

But, in order to make thefe Inquiries for fuch Cubes ; it

is expedient to have at hand a Table of the Cubes of Prime
Numbers (and of the fecond, thirds or further Cubes, of

the lefler of them,) or 'of the R9oi;s of fuch Cubes j with

the
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ibes.

1

2

4
8

i6

32

3

9
27
81

243

5

25

7
II

13

*7

19

23

29

31

37
41

43
47
53
59
61
67’

71

73

O/" emanations, Alternations, and

;are of Divifors (in each of thofe Cubes) ex-
crimes.

fave the Reader the labour of computing fuch

:re fubjoin what I have at hand.

Aggregate of their Divifors.

1

•3x5 •

127 .

3x11x31
8191

3x5x17x257
2 X 2 X 2 x5
1093
2 X 2 X II X II X6l
797.161

2X2X2X2X2X5X17X41X193 '

2x2x3 x,i3

19531
2x3x11x71x521
2X2X2X2X5X5
2x2x2x3x61
2x2x5x7x17
2x2x3x3x5x29
2X2X2X5X 181

2 X 2 X 2 X -2 X 3 X r X
2X2X3X 5X 421
2x2x2x2x2x2x13x37
2 X 2 X 5 X 2603
2 X 2 X 3 X

7 X 29 X 29
2X2X2X5X 5x11x37
2X2X2X,2X2X3X5XJ3XI7 -

2X2X3X3X3X5X 281
2X2.X2X3X5 X,l’74l

2X2X31x1861 ’

2X2X2X5XI7X 4492X2X2X2X3X3X 2521 '

:

2 X 2 X
5 X 13 X 37 X 41' ^ ^

Roots
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Aggregates of their Divifors.

329

Koots of

ihe Cubes.

79
83

89

97
loi

107

109
I '3

127

137

^39

149
15

1

V ^57
163
167*

173

179
181

191

^93
• 197

199

2X2
2X2
2X2
2X2
2X2
2X2
2X2
2X2
.2X2
2X2
2X2
2 X 2

2 X 2

2X2
2X2
2X2
2X2
2X2
2X2
2X2
2X2
2X2
2X2
2X2
2X2

X 2x 2x2x5x3121
^2x3x5x7x13x53
X 3 X 3 X 5 XI 7 X 233
X 5 X 7 X 7 X 941
X 3 X 17 X 5101
X2X2X5XI3X 1061
X2X3X3X3X 5x5x2 29
X 5 X 1 1 X 13 X 457
X3X5X 19x1277
X2X2X2X2X2X2X5X 1613
X 13 X 1 9 X 2293
X 3 X 5 X 23 X 1877
X 2 X 5 X 67627
X3X5X5XI1X 101

X2X2XI3XI9X 877
X5X5XI/X 29 X 79
X 41 X 2657
X2X3X7X2789
X 3 X 5 X 29 X 41 X 73
X 2 X 3

X 3 X 5 X 37 X 433
X7X13X 16381
X2x-2X2X2X2X3XI7X29X37
X 3 X 5 X 5 X 14453
X 3 X 3 ^ 5'X 42691
X2X2X5X5X 19801

11
,

in the Qiieftion propofed, it had been required that

the Aggregate of Divifors (of the Cube fought) ftiould be
(not a Square Number, but) the Double, Treble, or other-

wife of a Square Number: The procefs would be
jull the fam:, (and the fame Table will ferve,) fave that,

then, the Aggregate is to be divifible by 2, 3, or fuch other

Number as is- the exponent of the propolcd Multiple, and
the reft of the Primes compofing it to be all Pairs.

Thus, if the Decuple of a Square be required 5 the Cube
of 3 will an(\^ei it ; where the Aggregate is 2 X 2, X 2 X 5 i

that is, befide 2 X 5 rz 10, the other Components are Pairs.

Jf the ^(adruple of a Square (which muft therefore itfelf

2 U be
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be a Square;) the Cube 7
Anfwers it; whofe Aggregate is

2X2X2.X2X5X1;: Out of which, if we exempt

2 X 2 rr 4, the reft are Pairs. And fo will any other Cube

whofe Aggregate of Diviiors is an even Square, and there-

fore divifible by 4.

If the Sextuple be required : The Cube of 27 x ii anfwers

it; where the Aggregate is 2 x 2 X 11 X it X 61, x 2

X 2 X 2 X 3 X 61. Whence if we exempt 2X3 = 6, the

reft are Pairs: And fo will alfo (for the fame reafonj the

Cube of 2 X 3 ;
where the Aggregate is 3 X 5, X 2 x

2x2x5. And the like in other cafes.

But if fuch Multiple fliould be required, as that no Ag-
gregate can be found (.or not within certain limits) which,

being divided by the Exponent of that Multiple, will leave

the reft of the Prime Components Pairs ;,fuch cafe (at leaft;

within fuch limits) is an impofiible cafe.

As, if we demand a Square’s Multiple by 23, 43, or 47 ;

and confine ourfelves to the. Cubes of the Table foregoing ;

it is manifeft that (without afl’uming the Cube of fome
other Prime, or lome further Cube of fome of thefe,) it

cannot be done. For here, amongft afl the Prime Compo-
nents of the Aggregates, the Numbers 43, and 47, come
not at all ; and though 23 come once Cat the Cube of 137)
yet it is there joyned with 1I577, which (coming no more)
cannot be Paired by any fuch Compofition of the propofed

Aggregates. (Remembring always, what was before noted,

that the Aggregates for two or more Cubick Powers of the

fame Prime, are not here to be Compounded.) So that

(within the limits of the Table") the cafe is not polTible.

And the like may be flaewed of many others : I fay, not

polTible within the limits of this ’Table. Bur, to fay it is not

^at all pojftble, through the whole extent of all poftible Num-
bers; is (I think) too bold an afl'ertion for any to make our.

Of the Second ^efiion propofed by Monfieur Fermat. '

See above, page 322.

II. The Second Queftion is, {To find a Square ISUmber,
' which
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•oohich added to all its Aliquot Parts will make a Cube ; that is,

the Aggregate of whofe Divifors fliall be a Cubick Num-
ber.)

And here the procefs is much the fame as before ; fave

that here we (liall need a Table of Square Numbers, (as

there of Cubes,) with their Aggregate of Divifors exprefled

in Primes : And here we are to find out, or fo to Com-
pound, the Aggregates, as that the Primes expreffing them
may be (not Couples or Duplicates, as there, but) Tripli-

cates : That is, that each Prime may occur three, fix, nine,

or other Number of times divifible by three.

But, though the procefs be much the fame, yet the fuc-

cefs will not be altogether fo ready as there ; becaufe Tripli-

cates of the Components will not be fo eafily adjufted as

Duplicates. (And, for the fame reafons, if Biquadrates,

or Surfolids, or fome higher Powers, we're required ; the

procefs would ftill be much the fame, but the trouble of

finding fuch would flill be increafed.)

Such Table of Squares (becaufe I have it at hand) I fhall

here fubjoin
; to fave the Reader (who fiiall think fit to give

himfelf the trouble of inquiring into fuch (^leftions) the

labour of Computing the fame again.

Roots of

the Squares.

1

2

4
8

16

32
64
128

236

3
' 9

27
81

243 .

Aggregate of their Divifors.

7

31

127

311 z= 7 X 73
2047 zz 23 X 89
8191

32767 = 7 X 31 X 151

131071

13
121 r: II X II

1093
9841 zz 13 X 737

88573 = 23 X 385^

2 U a Root^
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Roots of Aggregate of their Divifors.

the Squares.

5 3 ^

25 00
t-<

11 X M

125 19531

625 488281 rr 19 X 31 X 829

7 57 = 3 X 19

49 2801

343 137257 = 29 X 4733
2401 6725601 =r

3 X 3 X 19 X
1

1

133 = 7 X 19

121 16105 — 5 X 3221

13 183 3 X 61

169 30941

17 307
289 88741

19 381 z= 3 X 127

361 137561 — 151 X 911

23 553 - 7 X 79
29 871 = 13 X 67

31 993 = 3 X 33 *

37 1407 = 3 X 7 X 67
41 1723

43 1893 r= 3 X 631

47 2257 1= 37 X 61

53 2863 = 7 X 409

59 3541
61 .3783 = 3 X 13 X 97
67 4557 = 3X7x7x31
71 5*13

73 5403 = 3 X 1801

79 6321 iz 3 X
7 X 7 X .43

83 6973 = 19 X 367
89 8011

97 9507 = 3 X 3169
lOI

1

10303
103 10713 =: 3 X 3571
107 **557 = 7 X 13 X 127
109 ** 99 * = 3 X 7 X 571

37 X ro63

>

Roots



of

jares

127

131

M7
139

149
151

^57
103

167

173

?79
181

191

?93

^97

199
21

1

223
227

229

^33
^'39

241

257
263

269
271

277
281

283

293
307
311

313

317

Aliquot PartSy hy John Wallis.

Aggregate of their Divifors.

333

12883
162 C7

17293
1 8 907
19461

22331

22953
24807

26733
28057
30103
32221

32943
36673

37443
37007
39801

44733
49953
51757
52671

54523
57361
58323
63253
60307

69433
72621

73713
77007

79243
80373
86143

94557
97033
98283
100807

13 X 991
3 X 5419

X 37 X 73
X 13 X 499
X 3193
X 7 X 1093
X 8269
X 7 X 19 X 67

X 4603
X 79 X 139
X 13 X 13 X 31

X 7 X 1783

= 3

- 3
zr 19 X 2053
=r 3 X 13267

= 3 X 13 X 31 X 37
= 3 X 16651
zr 73 X 709
= 3 X 97 X 181

= 7 X 7789
zz 19 X 3019
= 3 X 19441
=I 43 X 1471
zr 61 X 1087

= 7 X 7 X 13 X 109
zz 13 X 37 X 151
r= 3 X 24571
= 3 X 7 X 3667
zz 109 X 727
= 3 X 73 X 367

= 3 X 43 X 735
= 19 X 5107
zz 3 X 181 X 181

7 X 14401
Roots
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Roots of !

the Squares.

331

337
347
349
353

359
367
o n o
3 / :>

379
383
389

397
- 401

409
419
421

431

433
439
443
449
457
461

463
467

479
4S7

491

499

0/ CombiMtiom ,
Alternations^

and
i

Aggregate of their Divifors.-

109893 = 3 X 7 X 5233
1 13907 — 3 X 43 X 883

120757 = 7 X i3‘X 1327

122151 == 3 X 19 X 2143

1:4963 n X9 X 6577
1292 + 1 rr 7 X 37 X 499

135037 - 7 X loi X 191

139503 zr 3 X 7 X 7 X 13 X 73
144021 =: 3 X 61 X 787

147073
151711 =: 7 X 21673

158007 rz 3 X 31 X 1699

161263 =: 7 X 23029
167691 1= 3 X 55897
•175981 = 13 X 13537
177663 zz 3 X 59221

186193 zz 7 X 67 X 397
187923 = 3 X 37 X 1693

193161 = 3 X 31 X 31 X 67

196693
202051 zz 97 X 2083

209307 =z 3 X 7 X 9967
213083 zz 13 X 37 X 443
214833 = 3 X 19 X 3769
218557 = 19 X 11503
229921 zz 43 X 5347
237657'= 3 X 7 X 11317

241573 = 37 X 6529
249501 zz 3 X 7

X 109 X 1C9

Now it is manifeft, upon view, that (if we confine oiir-

felves to the limits of this Table) many of thefe Numbers
are not of ufe to the.prefent purpofe. Becaufe many of the

Primes (amongft the Aggregates) come but once ; as 5. 29.

7.1. 89. 101. 139. 191. 307. 331. 39.7. 409. 443. 571. 631,

709. 727. 733. 757. 787. 829. 883. 911. 991. 1063. 1087.

1327. 1471. 1693. 1699. 1723. 1783, i8oi. 2053. 2083.

2143.
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2143* 2801. 30T9. 3169. 3193. 3221. 3541. 3571. 3667.
3769. 3851.4603. 4733- 51C7. 5113. 5233. 5347. 54,9.
6529. 6577. 7789. Son. 8191. 8269. 9967. 10303. 11317.
11503. 13267. 13537. 14401- 16651. 17293. 19441- 19531-
21673. 23029. 24571. 28057. 30103. 30941. 55897. 59221.
86143. 88741. 131071. 147073. 196693. Others but twice

(not thrice) as 23. 79. 367. 499. 1093. And therefore

cannot by any Compofition (within thefe limits) make a

Cube. And, confequently, all the Squares to which any of

them belong, are to be laid afide as not of ufe. And thofe

are, the Squares of 32, 64, 256, 27, 81, 243, 25, 125.

625. 49> 343» 2401, 121, 169, 17, 289, 361, 23, 31,

41» 43» 53» 59» 71» 73» 83» 89, 97, 101, 103, 109, 113,

127, 131, 139, 149, 151, 157, 167, 173, 179, 181, 193,

197, ujg, 223,, 227, 233, 239, 241, 251, 257,271,277,
281, 283, 293, 307, 311, 317, 331, 337, 347, 349, 353,

359» 367» 379» 383» 389» 397» 4oi, 409» 4^9» 421,431»

433» 443» 449» 457» 461, 463, 467, 479,
_

487, 491.
(And the Square of i, is, in this cafe, infignificant ; be-

caufe a Multiplication by i makes no alteration.) And,
thefe being laid afide, we muft alfo lay afide the Squares of

128, 9, 13, 47, 61, 79, 229, 269. Becaufe, in thofe that

remain, 43 occurs but once; and 11, 61, 97, 151, but

twice. And, thofe being laid alide, we muft alfo lay afide

the Squares of 137, 211, 313, becaufe, in thofe now re-

maining, 37, 18 1, occur but twice. And (137 being laid

afide) the Squares of 16, 373, muft alfo be laid afide;

becaufe now 73 comes but twice.

So that we have now but thefe few left for confideration, to

wit, the Squares of 2, 4, 8, 3, 5, 7, ii, 19, 29, 37, 67, 107,

163, 191, 263, 439, 499. Vv hich, with their Aggregates,

ftand thus :

7 5 31 29 13 X67 163

31 7 3x19 37 3 X 7x67 191

127 1

1

7 X 19 67 3x7x7x31 263

^3 19 3 X127 107 7 X 13 X 127 439
499

3 X 7 X 19 X67
7 X 13x13X31
7 X 7 X 13X109
3X31 X31 X67
3 X 7 X 109 X 109

In



33^ Of ComhinaiionSi Alternations y
and

In which there is no Prime (amongft the Aggregates)

which doth not occur at leaft three limes. That is, 3 feven

times
; 7 eleven times; 13 and 31 times; 67 four times y

19, 109, 127, three times.

Of thefe I will firft conllder 127 ; which, becaufe it comes

but thrice, we muft take all or none of them. If all, then

this (at 107) brings in 13 ;
which muft therefore be trebled.

And it muft be done one of thefe three ways, either by

taking in the Squares of 3 and 29 ; or of 3 and 263 ; or of

V,
alone.

"8
1

127

19 3» 127

107 7 > 13» 127
0
J 13

29 '3» by

163 3> *9> by

7 3 » ^9
1

1

7 > 19

37 3> 7. by

• by V 7 > 31

499 3, 7, 109, 109

263 1 , 7 » 13» 109

191 7 .
i 3 > 3 ^

If the firft way, this fat 29) brings

in 67. Which (that it may be trebled)

brings in two of thefe 3 Squares 37,

163, 439. Of which, if 163 be one,

this (becaufe of 19) brings in the

Squares 7 and ii. And if, for the

other, we take the Square of 37 ; this

brings in 3 and 7 a fourth time, and
therefore either each of them muft

come in twice more (that we may
have them fix times) or elfe 37 muft

here be laid afide. Now if, for 3
twice, we take (for one of them) the

Square of 439, this brings in a fourth

67 ; which muft not be (unlefs we could have it fix times,

which we cannot.) Therefore, if at all, this 3 twice, muft

^

be fupplied by the Squares of 67 and 499 (for there is no
other fupply ;) which brings in 109 twice; and this (that it

may be tripled) requires the Square of 263. But, with thisy

comes in 13 a fourth time; and therefore (that we may have
it fix times) vve muft take in the Square of 191. But, by
this time, we-have

7 ten times; which muft not be, unlels

we could (which we cannot) have it twelve times. Therefore
the Square of 37 muft here be laid afide. If then (retain-

ing that of 163) we take (inftead of 37) the Square of 439 ;

this brings in 3 a fourth time ; which therefore vve muft
have twice more. But not from the Square of 37 (becaufe

already laid by, and becaufe it would bring in a fourth 67 ;)

ihereforcy
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therefore, if at all, from the Squares

of 67 and 499 (as before,) which re-

quires that of 263 ; and, this, that of

191, as before. But now we have 31
a fourth time, which requires it twice

more ; which is not to be had, fave

at the Squares of 4 and 5 ; whereof

that of 4 is not to be admitted, as be-

ing included in that of 8 already

taken. So that the Square of 163
cannot be taken either with that of 37
or of 439, and muft therefore be laid

afide
;

(and, with it, the Squares of 7
and II.) And confequently (retain-

ing that of 3 and of 29,) we muft

(for trebling of 67) take the Squares

of 37 and 439. And here we have

31 twice, and muft therefore have it

a third time : But not from the Square

of 4 ; (becaufe included in that of

8 :) Therefore either from that of 5,

or of 191. If from that of 5 ; we
Ihall want a third 7 (having yet but

two;) which vve cannot have from

the Square of 2 (becaufe included in

8 ;) nor from 163 (becaufe already

rejefted ;) nor from that of ii (becaufe already excluded

with that of 163 5) nor from that of 19 1, becaufe this

would bring in a fourth 31, (which may not be, becaufe

we cannot have it fix times without the Square of 4, which
is included in that of 8 ;) nor from that of 69 (for the

fame reafon ;) nor from that of 499, becaufe this cannot

ftand without that of 263; nor from both thefe together;

becaufe then we (hall have it live times, but cannot have

it a fixth
;

(all the reft wherein 7 is found, being already

excluded.) Therefore (omitting that of 5) vve muft (if at

all) have a third 31 from the Square of 19 1. But this

brings in a fourth and fifth 13 ;
which (for a fixth) will re-

quire the Square of 263 ; and this (becaufe of 109) the

2 X Square

' 8 127
19 3 , 127

107 7 y 13» 127

3 13

29 13, 67
163 3 > 7 » i 9 > 67

7 3. 19
1

1

7 > 19

439 3 »
3I5 3I5 67

67 3 » 7 > 7 » 31

499 3, 7, 109, 109
263 7 > 7 » 13» 109
191 7 > 13» 13» 31

4 31

5 31

8 127

19 3 y 127

107 7> 13» 127

3 13

29 13» 67

37 3> 7» 67

439 3» 3 h 67

S 31

\
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8

*9

107

3

29

37
439
191

26 'X

499

127

127

7 > * 3 »

13» 67

31» 31» 67

13» 13» 31

7 .
i 3 > 109

7, 1G9, 109

3 »

7 >

7 ,

3 j

127

7 »

7 »

19

7 »

19

7 i

31

7 » 7 *

13»

109,

109

109

Square of 499* And this (befidc

Triplicates) brings in a fourth 3 ;

(which therefore will afford, not a

Cube, but the Triple of a Cube, if

that had been required j) we want

therefore 3 twice more (to make it

up fix times ;) but can have neither

of them from the Squares ol 7 or 163

(as being already excluded,) nor from

that of 67, (as bringing in a fourth

31,) and therefore not at all. And,

confequently, this firft way (by the Squares of 3 and 29)

doth not fucceed.

The fecond way of fupplying 13

twice, (which at the Square of 107

were wanting ;) is, from the Squares

of 3 and 263 : Which (becaufe of

109) requires that of 499. And, be-

caul'e (amongff the Aggregates) wc
have 3 twice ;

we mult have it a

third time. If, for this, we take in

the Square of 7, or of 163 ; either

of thele (becaulc of 19) brings in the

other, and that of 11. And now, be-

caule of 67 once, we mult have it

twice moi e. But not from the Square

of 29 (being already excluded as not to be taken with that

of 3 ;) and therefore from the Squares of 37, and 439.
And, by this time we have 3 fix times (and more than lb,

we may not have it, unlefs we could have it nine times;)

and 7 we have 7 times, and therefore mull have it twice

more : But, not from the Square of 2 (as being included in

that of 8 ;) nor from that of 191, (becaufe this would bring

in 13 a fourth and a fifth time, which would require a fixth,

•from the Square of 29 already rejected ;) therefore, if at

all, from the Square of 67. But neither can this be, (be-

caufe it brings in a feventh 3 ; which may not be, there be-

ing no more to make it up nine times :) And, confequently,

the third 3 (wanting at the Square of 499) is not . to be

lupplied

8

19

107

3
263

499
7

163
1

1

37

439
6

/ 13 ^

127

3> 127

7 » i 3 j

13

7 .

3>

3>

3>

7 .

3 j

19, 67

67
^ TO ^ 67

31
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jTiippiied from the Squares of 7, or of 163. If then (omit-

ting thefe two) we (hould take (for a third 3) the Square
of 37 or of 439, either of thefe (becaufe of 67) would
bring in the other, and alfo require that of 29, or of 163,
already rejedled. If then (omitting

thefe of 37 and .439) we take (for a 8 12 7
third 3) the Square of 67 ; this brings 19 127
in 3 1 ,

which is therefore to be T ripled. 107 13= 127
But not from the Square of 4 (as in- rt 13
cluded in that of 8 ;) nor from the 263 7 > 7 > 13» 109
Square of 19

1
(becaufe that would 499 3 j Jy 109, 109

bring in a fourth and fifth 13, which 37 3 > 7 y 67
would require a fixth from the Square 439 31» 67
of 29 already rejeded ;) nor from the

Square of 439 (becaufe of 67 there.

which would bring in that of 29, or 8 12 7

37, or 163, already rejcfted) nor 19 3 > I2J
from the Square of 5, becaufe (though 107 7 > 13 = 127
that would afford a lecond 31,) a third 3 13
would yet be wanting, and not to be 263 7 » 7 >

i 3 > I 09
had. And, confequently, (there be- 499 3 > 7 > 109, 109
ing no other place from whence to 67 3 > ?y 7 > 31
fetch a third 3) this fecond way will

not fucceed.

The third way for fupplying T3 8 12 7
twice, (which at the Square of 107 19 3 » 12 7
were wanting) is (omitting the Squares 107 7 » 13 , 127
of 3, 29, 263,) from the Square of 191 7 » 13 . 13» 31

19 1. And, becaufe here we have 31 439 3 » 3 ^
. 31» 67

once, this muft be Tripled. But not 37 3 » 7 » 67
from the Square of 4 : (as included 163 3 » 7 » • 9. 67 .

in 8 ;) And therefore, if at all, either 7 3 f 19
from that of 439 (where it is twice,) 1

1

?y 19
or from the Squares of 5 and 67. If 67 3 » 7 y 7 y 31
from that of 439 j then 67 (here

found) muft be Tripled; but not from the Square of 29 (as

already excluded,) therefore from thofe of 37, and 163 ;

and this laft (becaufe of 19) calls in thofe of 7 and ii.

But, by this time, we have 3 five times, and therefore

2X2 fhould
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fbould have it a lixth time; but not from the Square of

499 (for that would recall that of 263 already rejcfted ;)

therefore, if at all, from that of 67 ; but we (hall then have

7 feven times ; which is not to be admitted, lince we cannot

have it nine times. Therefore (omitting that of 43 9 j

therefore thofe of 37 and 163) take we thofe of 5 and 67,

And, by this time ; we have 7 four

times; and therefore, if at all, we

mud have it twice more. But not

from the Square of 2 (as included in

8 ;) nor from that of 37 or 163 (as

already rejedled, with that of 439 ;)

nor from that of 1
1

(which, becaufe

of 19, would bring us back to that

of 163 already rejected ;) nor from 499 (which, becaufe of

109, would bring us back to that of 263 already laid

afidej) and therefore not at all. So that this third way

fails alfo : And, confequently, the Squares of 8, 19, 107,

(where we meet with 127,) mud all be laid alide.

8 127

19 3» 127

107 V 13. 127

7 > i 3 >
^ 3 > 31

5 31

6/ 3 > 7 » h 3 t

We have then but thefe left to be further confidered.

2 7 5 31 29 13, 67 163 377.19.67 439
4 31 7 3 >i 9 37 3.7767 391 7.^3.13.31 499
3 ^3 I I 7,19 67 3.777731 263 7.7.13.109

3,7,109,109

And here we will begin with the Prime 109 ; which, be-

caufe it comes but once at the Square of 263, and twice

at that of .499; thefe mud either both be taken, or both
omitted.

263 7 . 7 » 13. 109

499 3. 7» ^09, 109

3 ‘3

29 13. 67

37 3 . 7. 67
163 3 . 7 . 19. 67

7 3 . 19
1 1 7 . 19

67 3. 7. 7 . 31

435 3. 3I7 3 '. 67

And becaufe, in thefe, we have 13
once j this mud be taken twice more.
And therefore either from the Squares

of 3 and 29, or from that of 191
above ; (fince we have it novv but five

times in all.)

If the fird way, then, becaufe of

67 once, we mud take it twice more ;

from two Squares of thefe three, 37,

^^3> 439* thofe be the

Squares
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Squares of 37 and 163 ; therefore (becaufe of 19) we mufl:
take alfo thofe of 7 and ii. And, by this time, we have 3
four times, (and this affords us, not a Cube, but the Triple
of a Cube, if that were required ;) mufb therefore take
it twice more ; which is only to be had at the Squares of

67 and 439, (for now we have it but

fix times in all,) but this brings in a

fourth 67 which cannot be admitted.

Secondly, let it be the Squares of 37
and of 439: which brings in 31 twice,

and we mufl: therefore have it a third

time. Which if we take from the

Square of 67 ; this brings in a fourth

3 ; vvhich will require two more, from
the Squares of 7 and 163 ; which will

bring in a fourth 67. If from the

Square of 191 ; this brings in a fourth

and fifth 13, which cannot be admit-

ted, becaule we have not a fixth. If

from the Square either of 4, or of 5

;

either of thefe (befide Triplicates)

would leave us 7 four times (which

would afford, not a Cube, but the

Septuple of a Cube, if that had been

required;) but this requires 7 twice

more. Neither of which can be had from the Squares of

67, or 191, (as being already rejefted ;) nor from that of

163 (as bringing in a fourth 67 ;) and therefore, if at all,

from the Squares of 2 and ii. But this would bring in.

19 ; and therefore (to Triple it) will call in the Squares of

7 and 163 j (which laft is already rejeded, and would bring

in a fourth 67 ;) therefore not at all. Thirdly, (omitting

that of 37) let this 67 twice, be taken from the Squares of

163 and 439. But this (becaufe of 19) calls in the Squares

of 7 and 1 1 ; and confequently, (becaufe then we have 3
four times) the Squares of 37 and 67 already rejeded. So
that this firft way fucceeds not.

263 7, 7, 13, 109

499 3j 7> 109

3 ‘3

29 13, 67

37 3> 7. 67

439 3» 3ij 3I5 67
67 3> 7» 7» 3'

7 3» 19

163 3. 7» 19» 67

263 7j 7» 13» 109

499 3> 7» 109

3 13

29 ^3» 67

37 3^ 7’ 67

439 3> 3^ 3. 67
191 7j 13» i3> 31

263
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263 1 ^ ly i 3 > 109 263 7 » 7 > 13» 1 09

499 b ly 109, 109 499- 3 > 7 » 1095 1 09
13 3 ‘3

29 13 y 67 29 *3 j 67
6737 7 » 67 1&3 3 ^ 7 > 19,

439
1

T J 3 '
» 31 , 67 439 3y 3 C 3b 67

4 » 5 31 7 3 , ‘9

2 7
1

1

ly ’9

1

1

7 . 19 37 3 ,
^1

ON

7 3’ ly 67 3 » 7 > ly 3 I

163 3y ly 19» 67

263 7 > ly 13» ] 09

499 3y ly IC9, 109

191 ly 13 » 13 ) 31

439 3y 31 > 3 b 67

37 3y ly 67

163 3y ly 19» 67
>-r

/ 3 » 19

1 1 ly 19

67 3y ly ly 3 I

4
5

3
^

31

If we take the fecond vvay of fup-

plying 13 twice, (which at the Squares

of 263 and 499 were wanting) by the

Square of 191 (omitting thole of 3 and

29;) then, becaufe here we have 31
once, which muft therefore be fupplied

twice more : We will firft try whether

it may be done by the Square of 439
(where it comes twice;) and then whe-
ther it can be done without this.

If we fupply it from the Square ol

439; this brings in 67, which mull

therefore be Tripled : But not by the

Square of 29 (as already rejefted, and as bringing in a fourth

13 ;) therefore from thofe of 37 and 163. Where becaufe

we have 19 once, we muft have it twice more, from the

Squares of 7 and ii. And by this time we have 7 feven

times, and muft therefore have it twice more : And we have

3 five times, and muft therefore have it once more. Both
which we may have from the Square of 67 (and from thence

only, becaufe 3 is to be had no where elfe;) and now we
have 31a fourth time; which requires it twice more (that

it may be fix times ;) and thefe we have at the Squares of 4
and 5. So that now we have a Cube compleated ; whofe

Components are, 7, nine times; 3 and 31, fix

3

29

7

‘3

times; 13, 67, and 109, three times. And the

Square whence it arifeth, is that of 4 X 5 X 7 X
67 II X 37 X 67 X 163 X 191 X 263 X 439 X 499*

The



263 7> 7. i3> 109

499 3, 7, 109, 109
191 7 » i 3 > 13» 3 ^

37 3 » 7> 67
163 3 . 7 > 19» 67
29 i 3 > 67

Aliquot Parts, by John Wallis.
24^

*

The remaining Squares which are not ingredients into this

are rhofe of 2, 3, 29.

Now it from thefe (without the other) we could form
another Cube, fuch Cube would not only be another fuch
Cube as is dehred, but (being a Prime to that already found)
might be Compounded with that found, to make a third.

But this cannot be : Becaufe (for thefe) we have no Prime
that comes three times.

It remains to fee, if (omitting the

Square of 439) we can otherwife fupply 263
31 twice, which at the Square of 191
were wanting. Where, firft, it is mani-

feft, that (the Square of 439 being laid

alide) thofe of 37 and 163 (becaufe of 163

67) muft alfj be laid afide, unlefs we
can have a third 67 from the Square of

29. Which cannot be, becaufe this would introduce a fourth

13, and we have not two more to make up fix. Then,
having laid by that of 163, vve muft (becaufe of 19) lay by
thofe of 7 and 1 1 . So that there re-

main only the Squares of 2, 4, 5, 67,
to fupply 31 twice (becaufe we have it

once) and 7 twice (becaufe we have it

four times) and 3 twice (becaufe we
have it once.) Now 31 might be fup-

plied twice from the Squares of 4 and

5, (but then we could take no more, becaufe that of 2 is

included in 4; and 67 would bring in a fourth 31.) Or it

might be fupplied by one of thofe (fuppofe 5,) with that

of 67. And thus we ihould have a fupply of 31 twice,

and of 7 twice, and of 3 once : But there wants another 3
(which the remaining Squares of 2 and 4 cannot fupply) to

compleat the Cube. So that this affords, not a Cube, but

of a Cube. There is therefore no other Cube (but that

before affigned) here to be had, retaining (as is hitherto fup-

pofed) the Numbers 109, 109, 109.

Let us therefore now leave out J09, and confequently the

Squares of 263 and 499, where it is found; and fee whether

the

263 7 . 7 > i 3 > 109

499 3, 7, 109, 109
191 7 » ^ 3 . 13. 31

4.5 31

67 3 > 7 > 7 . 3 *
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the remaining Squares will afford fuch a Cube as is delired.

Now thefe are.

0.

4
7

31

13

31
713,19 29

1117,19 37

13,67

3.7^67

67

163

3J.7>3i 191

3 >7 *I 9>67 439

7>i3j*3)3I

3>3i^3I>67

Of thefe, we will firft begin with 19,

which comes thrice (and but thrice) at

the Squares of 7, 11, 163. Where we
have 67 once, and therefore muft have

it twice more. Now if, for one of thefe,

we take the Square of 37 ; we muft, for

the other, take either the Square of 439,
or of 29. If that of 439; this brings

in 3 a fourth time ; which may not be,

becaufe it comes not twice more to make
up fix times. Therefore (if at all) it

muft be that of 29, (or elfe 37 muft be

laid afide;) But this brings in 13 once,

for which we may have a fecond at the

Square of 3, but then we cannot have a

third without a fourth, at the Square of

1 91. Therefore (waving that at the

Square of 3) we muft take both (if at

all) at the Square of 191. Now this brings

in 7 a fourth time, which^ calls for a fifth

and fixth ; One of thefe we might have

at the Square of 2 ; but then we cannot

have a fixth without a feventh." There-
fore (waving that at 2) we muft (if at

all) take both at the Square of 67. But
here, befide a fecond 31 (for which we
may have a third at the Square of 4, or

of 5 >) we have 3 a fourth time (which
will make up, not a Cube, but the Tri-

ple of a Cube,} which is not to be ad-

mitted, becaufe we cannot have a fifth

and fixth. And confequently, the Square
of 37 muft be laid afide, (as not to be joined either with

that

7 3 » 19
1

1

7 » 19

163 3» 7, 19, 67

37 3. 7 ,

439 3. 3 h 3 h 67

7 3 , 19
1

1

7 > 19

163 3 , 7 , 19» 67

37 3» 7, 67
29 13. 67

3 13

7 3 > 19
11 7 » 19

163 3, 7 > 19» 67

37 3 , 7 , 67
29 13, 67

191 7 ’ * 3 , 13, 31
67 3 > 7 > 7 ^ 31

4,5 31

7 3 » 19
11 7. 19

163 3 > 7 > 19, 67
29 i 3 > 67

439 3 ’ 31, 3 i> 67
191 7 > 13, 13. 3 ^
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that of 439 or 29;) but (waving that) we mud have re-

courfe to the other two (at 29 and 439) for Tripling of 67.
Now here we have 13 once; and therefore muft have it

twice more ; not from the Square of 3, (becaufe, as before,

if we take a fecond here, we cannot have a third without a

fourth ;) but from that of 191. Which doth not only fup-

J)ly 13 twice; but alfo 7 and 31 which were alfo wanting;

So that we have now a fecond Cube, fuch as was delired ;

whofe Components are, 3, 7, 13, 19, 31, 67, thrice taken.

And the Square whence it arifeth, is that of 7 x ii X 29 X
163 X 19 1 X 439.
And if, from the remaining Square

of 2, 4, 3, 5, 37, 67, we could form

a third
; this. Compounded with the

laft foregoing (as Prime to it) would
form a fourth. But this cannot be,

becaufe no Prime doth here thrice od-

cur, but only 7 and 31 : And neither

of thefe can be thrice taken, without

being incumbered with 3, which cannot be Tripled. So

that, retaining 19 (as is hitherto fuppofed) we can have

(from thence) no other Cubs than what is already found.

Let us riow therefore lay by 19; and confequently the

Squares of 7, ii, 163, wherein it is fouhd. And we have

then thefe only left for confideration.

4

3

5

37
67

7

3 t

^3

31

3 , 7 ^

3 > 7 j

67

7y 31

7 3 13 29 13,67 67

3 ^ 5 31 37 3,7,67 191

3»7>7^3I

7jI3»i353i

439l3»3^3i>67

We have here 67 three times, at the Squares of 29, 37,

439. And (with thefe) we have 3 twice; which calls for a

third from the Square of 67. And we have 13 once, for

which we might have a fecond at

the Square of 3 ; but could not then 29
have a third without a fourth ; there- 37
fore (waving that) we take both from 439
the Square of 191. And we have 67
then 31 four times, and therefore muft 191

take it twice more from the Squares 4
of 4, and of 5. But \ye have 7 four 3

2 y

67

7» 67

31» 3 i> 67

7 > 31

7 »
^ 3 > » 3 > 3 ^

3 *

13

3 »

3 »

3 .

times j
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times
;

yet cannot find it twice more to make it up fix

times ; nor indeed once more, becaule we cannot here

Compound the Square of 2, as being included in that of 4.

So that, with 67, we may make, up, not a Cube, but a Sex-

tuple of a Cube.

Suppofe.we then that 67 be laid afide ; and therefore the

Squares of 29, 37, 439. Thofe that then remain are,

2I7. 4I31 3U3 5I31 6713,7,7,31 19117,13,13,31

Of thefe, that of 67 muft be laid afide (becaufe 3 occurs

but once,) and confequently (becaufe 7 comes then but

twice) that of 2 and 19 1. And for the other three (of 3,

4, 3,) the Number 13 comes but once; and 31 but twice.

So that no further Cube can be hence expecfled.

We conclude therefore (having

fully confidered all) that (within the

extent of this Table) we may have

two Squares (and but two) fuch as

are defired ; whofe Aggregate of Di-

'

vifors lhall be a Cube. Namely, the

Square of 7X11X29X163X191X
439, whofe Aggregate of Divifors is

the Cube of 3X7X13X 19x31 X 67.

And the Square of 4X5X7XIIX
37X67X 163X 191 X 263 X 439X499 j

whofe Aggregate of Divifors is the

Cube of 3X3X7X7X7X13X19X
31 X31 X67X 109.

And, if any think it worth the pains to feek out more

;

they muft enlarge the Table, to take in more Primes, or

more Q^adratick Powers of thefe Primes.

4 31

5 31

/ 3 > 19
1 I 7 > 19

37 3» 7» 67

67 3 . 7 » 7 » 31

163 3 > 7 > 19. 67
I91 7 > i 3 > 13» 31

263 7 , 7 >
i 3 > 109

439 3 y 31» 3 ^ 67

499 3, 7, 109, 109

7 3 > 19
1

1

Jy 19

29 ‘ 3»'67

163 3 > 7 » 19» 67
191 7 y » 3 > i 3 j 31

439 3 y 3 ^y 3 h 67

5

It had been eafy to have rendered

this bufinefs more ftupendous (as

fome other Would have done,) if (con-

cealing the methods whereby I came
- at them) I would have performed the

Multiplications here directed ; and
• then, in thofe great Numbers, exhi-

- -
,

bited
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bited thefe two Squares, with the two Cubes thence arifing

;

affirming, that (within fuch extent of Numbers) there is

no other Square Number (befide thefe two, vaftly great,)

which added to all its Aliquot Parts will make a Cube ;

Or perhaps, having affigned thofe two, propofed a Chal-

lenge to all the Mathematicians in France,') to find a third

within thofe limits. But this would ferve only to amufe a

Reader, not to inftruifl him. And I chufe rather (in what
I publilh) to inform my Reader, by what fteps I come at

thofe difcoveries I make, and whereby he may (if he pleafe)

attain the like ; defigning more, the benefit of others, than

oftentation.

1 may here add (as is done after the former Queftion,)

that the fame method is to be ufed, if (inftead of a Cube) it

had been demanded, that luch Aggregate fhould be the

Triple (or other defigned Multiple) of a Cube: (fuppof-

ing fuch defigned Multiple to be poffible :) Of which I have

given fome in'tances as I palfed along ; and might have

done more if it had been needful.

But we muft not then demand the Duple, Quadruple,

Sextuple of a Cube, or otherwife Multiple thereof by an
even Number : For all fuch are impoflible. For, fince every

Quadratick power of a Prime Number (be it the firft, fe-

cond, third, or further Square thereof,) hath, for its Di-

vifors, (befide i) all its Degrees or Powers fo far ;
(as, for

inltance, hath for its Divifors i, a, aa, a}, a\ a^, a^,)

and all thefe (becaufe it is a Quadratick Power) are (ex-

cluding i) in Number even •, (and every of them either odd
or even according as is the Prime a whence it arifeth ;) and
confequently, the Aggregate of all except j,an even Num-
ber ; (tor an even Number of as well as an even Num-
ber ot evens, will ftill make an even Number;) to this

even Number, if i be added (which is alfo an Aliquot Parr,

and therefore a Divifor,) this always makes the whole Ag-
gregate an odd Number ; Which therefore cannot be Du-
ple of Cube, or its Multiple by an even Number. And
the fame will hold as well tor the Quadratick Powers of any

Compound Number: For (as was ilaewed before) the Ag-

Z Y 2 gregate
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gregate of Divifors of fuch Compound Square, is always

Compounded of fuch Aggregates of Divifors of fome Qua-

dratick Powers of Primes ; which, being (as is now (hewed)

odd' Numbers, their Cohipound muft be fo too. For aq

odd Number, Multiplied by an odd Number (and fo con-

tinually) will ftill produce an odd Number ; and therefore,

not the Duple (or otherwife Multiple by an even Number)

of any Number whatfoever.

In the former Queftion, concerning Cubick Powers,

yvhofe Aggregate of Divifors fhould be eqvial to a Square,

(or a defigned Multiple of a Square,) this will not hold,

For there the Aggregate may be either an oc^d or an even

Number. Yet with this diverfity : If the Prime a be 2, theq

all the Degrees thereof will be even Numbers, to which

when I is added the Aggregate will be odd. If the Prime

be 3 (or other odd Prime,) and the Cube thence arifing

Idc the firft, third, fifth Cube, (or other in odd places)

whofe Number of dimenfions is 3, 9, 15, or other odd
Number; the Number of Divifors, without i, will be odd

alfo ; and therefore, with i, it will become even. But if

fuch Prime be odd, and the Cubick Power thereof be the

fecond, fourth, fixth, or other in even places, whofe Num-
ber of dimenfions will therefore be 6, 12, 18, or other even

Number (which will therefore be Qiiadratick as well as

Cubick;) here the Number of Divifors without i, will be

even, 'and their Aggregate even ; and therefore with i, the

Aggregate will be odd. And accordingly an eftimate is to

be made of the Compounds of llich Aggregates : For, if

ail the Compounding' Aggregates be odd, the Compound
will be alfo ' odd ; but it any one of them be even, the

Compound Aggregate will be even. I forbear to purfue

this to any nicer determination ; But any who pleafe may
purfue it further.

Of



Aliquot Parts, by John Wallis. 349

Qf the Third ^efiion mentioned above in pages 322, 323 ^

which was propojed by Dr. Wallis to Monfieur Fermat,

III. A third Queftion I added to thofe two; not as a ne\f

difficulty, but as a trial whether Monfieur Fermat did
thoroughly underftand the myftery of his own two Queftions;

and did not only by chance light on them : For if he
thoroughly underftood thofe, he muft needs be able to folve

this with much eafe ; which it feems, by Epift. 37, he did

not find fo eafy ; and therefore, what folution he did find,

he chofe rather to conceal than let us know it. Nor doth
any where let us know, whether he were able to folve his

own Queftions. But Monfieur Frenicle gives folutions both
of this and thofe ; but without acquainting us by what me-
thods he came at them

;
which makes me think they are

not better than mine.

The Queftion is this : To find two Square Numbers, which

added to their Aliquot Farts Jhall make the fame Number (or,

whofe Aggregate of Divifors fhall be the fame ;) Asfor in-

fiance 16-^8 + 4 + 2 + 1 2^ = ^5 S i i Let
twoJuch other be found.

Now -tis manifeft (by what hath been before delivered)

that any Multiple of thofe two (16 and 25) by any other

Square which is a Prime to both of them (as 9, 49, 121,

&c,) will do what is defired. For the Multiple of 31, by
the /Aggregate of Divifors of any fuch other Square, will

be the Aggregate of Divifors, both of 16, and ot 25, Mul-
tiplied by fuch Square. As for inftance, becaufe 9 + 3
-f- I zz 13; therefore 31 X 13 — 403, is the Aggregate

of the Divifors, as well of 16 X 9 — 144» as of 25 x 9
225-

But, if we would have others than the Equimultiples of
16' and 25; we may make life of the former Table of

Squares 5 wherein (becaufe we do not meet with any fingle
* '

‘ Squares,
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Squares, (other than tbofe of 4 and of 5,) whofe Aggregate

of Divifors is the fame) we are fo to Compound two or more

of them in feveral parties, as that the Aggregates be the

fame. As), the Squares of

29x67
2x3x5x37 j

3x7x7x13x31x67.

2x19x29

1

3^8x37;
3x7x13x67x127.

7x8x29x67
3x4x11x19x37

7x8x92x76
3x5x11x19x37

I

1

3x3x7x7x13x19x31x67x127.

3x3x7x7x13x19x31x67x127.

All which arife from Compounding the Squares of the

Primes lefs than 100, taking into the Number the fecond

and third Squares of 2.

And more Couples than thefe are not to be found within

thofe limits, unlefs by Multiplying both the Numbers of

fome of thefe Couples by fome common Square v/hich is

a Prime to both of them ; which may be done at plea-

fure. But if wc extend the limits, to other Primes, and
other Powers of thefe Primes, we may have more with-

out flint.

And by the fame means we may have Three or more
fuch Squares, whofe Aggregate of Divifors fhall make the

fame fum. As (amongll thefe) we have Three. Namely
the Squares of

7x8x29x67
3x4x11x19x37 .

3x5x11x19x37.
3x3x7x7x13x19x31x67x127.

But if we enlarge the bounds, we may find others (Two’s,

ThreeS;, Fours, 6cc,) in great Multitudes, whofe Aggregate

of
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of Dlvifors fliall be the fame. As any man by expe-
rience, may find, who (without going farther) will give

himfelf the trouble of purfuing the whole Table here

given, as I have done thofe Primes which are fmaller than

loo.

I forbear to purfue more Queftions of this nature ; but,

according to the fame method, any others of like kind may
be difpatched. '

F I N I S.

0
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APPENDIX
TO THE

ENGLISH TRANSLATION
f

o f''

mONTUS'^ GERMAN TREATISE OF ALGEBRA,

MADE BY

Mr. THOMAS BRANCKER, M. A.

And Publifhed by him,

With the Advice and Afliftance of Dr. JOHN PELL,

At London, in the Year 1668 j

CONTAINING

A TABLE. OF ODD NUMBERS
LESS THAN ONE HUNDRED THOUSAND,

SHEWING,

Firft, Which of them are INCOMPOSIT, or PRIME, NUMBERS,

And, Secondly, The FACTORS, or CO-EFFICIENTS, by the Multi-

plication of which the others are produced j Supputated, or Computed,

by the fame Thomas Brancker.
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( 355 )

THE

TRANSLATOR’S PREFACE.

THE Title-Page fays that this Book was a Tranllation, hut

hath been much altered. Jf any man defire ter know what
the alterations. and why they were made \ he may do well

to compare it with the Original : A Printed Copy whereof may
be had at Franefort in Germany, by any that inquires therefor

it by this Title^ Algebra Rhonii Germanice ; Tiguri * apud
Bodmerum, 1659, in quarto. The Copy which I have^ was
given me anno 1662, by a good Friend, who then told me he

much dejired to read it infame Language that he underflood ; I
then promifed him to Englilh it. Asfoon as my leijure permitted,

1 correbied it according to the Printed Catalogue of Errata,

and then began the Trariflation, When it was finijhed, I defined

tofee it Printed, and got it Licenfed May 18, 1665, with the

name of An Introduftion to Algebra. And fo without any
alteration either in the Precepts or Examples, fave only the cor-^

reblion of many Mifiakes : It was fent to the Prefs, with order

to Re print the fix leaves of His Table of Incompofits pre^

cifely as they fiand there.

A little after, I heard that there was at that time in Lon-
don, a Perfon of Note very worthy to be made acquainted with

n.y defign, before I made any farther progrefs in the InipreJJion,

Being admitted to fpeak with him, 1 found him not only able

to direEi me, but alfo very willing yb to do, fo far as his leijure

would permit. He gave me divers cautions concerning the Work.

He fijewed me the way of making the Table of Incompofits,

of examining it, and of continuing it asfar as 1 would. He en-

couraged me to extend it to 100 thoufand : Telling me that by

that time that I had Calculated and Printed that Table, he

* That is, at Zurich, in Switzerland,

f Dr. John Pell.

2 Z 2 hoped



336 THE translator’s PREFACE.

hoped to he at leijure to review fame of Monfieiir Rhonius his

ProblemeSy and to work them anew ; and that he would fend

them to me, with leave to publijh them or to keep them by me,

I had finijhed and Printed that Table, as alfo Twelve

fbeets of the Book itfelf, before he Jent me his Alterations.

They begin with Probl. 24, pag. 100. Allfrom thence to the

end is his Work: As alfo pag. 79, 80, 81, 82, which he

fent lafi^ of all: So that inftead of thefirft 124 pages of Rho-

nius, this hath jujl twice as many : Inftead of thof

e

8 or 9 Jheets

remaining in Rhonius, how much Jhall be hereafter fubliftoed,

J will not adventure to foretell, becaufe of the uncertainty of

life, health, leifure, and of the acceptance which this Jhall find

amongft the hovers of thefe Studies, to whom this might have

been more acceptable, if it had been wholly void of Prefs faults.

As for the Table of Incompofits, I was very fenfible of the

bad effects of perfundiorinefs in Supputating, Tranfcribing, or

Printing of it. My care therefore was notJmall
:
yet pag. 198,

is almoft filled with Errata, and^ 1 dare not warrant that none

have efcaped unfeen : But feeing fo few are fit to undertake to

Supputate it anew, whofoever Jhall happen to difeover any other

fault in that Table, Jhall do well to fignify it to the Book- feller,

or to any other likely h be concerned in the next Imprejfion.

The Errata in the reft of the Book are many, notwithftand-

ing my care, and the diligence of a good friend, who Corredied

part of it, after my removal to an abode fo far from hondon.
Mcft of them cannot trouble the more exereijed fort of Readers.
But fear of leaving any fiumbling- block in the way of Beginners
hath caufed this larger Enumeration of them in the three next

following pages.

White-gate in Chefliire,

April 22
, i668. T. B.

Prom
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From pages 34 a7id 35 of Bkaucker^s Franjlation of

Rhonius’j Algelra,

B U T it is oftentimes very troublefome to find a Square,

Cube, &c, whereby this Abbreviation may be performed.

Find therefore all the Partes aliquotie, or jufi Dividers, and
thefe will tell us whether, and how often any Cube, Square,

&c, is contained in the Quantity affigned.

Forafmuch then as the Difcovery of the Partes aliquotce is

many waies ufeful in Vulgar Arithmetick, I have adjoyned

a Table in the End of this Book, which difcovers them in

all uneven Numbers as far as 100,000.

In which Table [pj (lands for a Prime Number tluough-

out.

Fhe l^e of that Fable is

To difcover at view whether any given Qj.iantity be com-
pound or limple, i. e. be divifible or indivifible, and how
many Partes aliquots it hath. On the left fide you fee, run

down all the odd Numbers to 99, which muft be fet after

the Numbers in the Head-Row, as Occafion is, thus. Let
the Number given be 21449, 49
other 214 in the head, then run downward, and fide-waies

till their Rows meet in a Square, where we find 89, which

is a Pars aliquota, which dividing 21449, gives Quotient

241. With this 241 do as before (/. e, feek 41 on the fide,

and 2 in the head) and in its Square you find (P) which

(hews that it is an indivifible or Prime Number. Wherefore

the aliquot Parts of this 21449 (land thus.

I
'

89 • 241

21449.

If



358 An Appendix concerning the

If the even Number 21696 were given, Juldhide it con-

tinually by 2 till the Quotient be an odd Number (as at the

fixrh Time you will here find 339.) Seek this 339 in the

Table as you are direfted above* In its Square we find 3,

which dividing 339 gives Quotient 113, which 113 we find

to be a prime Number. The Partes aliquota of the Num-
ber 2 1696 ftand as follows. Out of I, 2, 3, 113, we ntay

find the reft.

i

X 2.2.22.2.2
4.8. 16.32. (34

3. 0.12.24. 48. 96. 192

1 13.226.432.904.1808.36 I 6.7232.339.678.1336.27 1 2.3424
10848 . 21696.

Viow x\\o(e. Primipal Divifors (1, 2, 3, 113,) are multi-

plied into each other, and into their Produds, lies plain

before the Eyes without any more words.

Mr. Thomas Brancker’j Preface to his long Pable of In-

compofity or Primei Numbers; from pages 194, 195,

196, 197, and 198, of his Pranflation of RhoniusV

Algebra^ publiped in the Tear 1668.

This is the Table mentioned page 34,'line 8. It fills 50
pages. Its firft page calls it a Table of Inccmpcfit numbers

lefs than 100,000 ; but it contains far more compojit numbers,
than incompoftt

;

For it doth not only give an Orderly enume-

ration of all odd numbers which are iipt co?npoJit

:

but alfo it

Ihews that none of the reft are fo. To every other odd num-
ber there exprelfed, the Table fets Tome incompofit that will

divide it without fraltion.

Each page hath 21 columels, whereof the firfi is filled

with 40 odd numbers ftanding in their natural order. The
following columels are diftinguilhed on their Tops, by

numbers

(



Long Table of Incompofits. «59

numbers in tlieir natural order o, 1,2, 3, to 998, 999.
Thefe Top numbers are hundreds ; the 40 marginal numbers
are Unites adhering to the Centuries. A line running from
any marginal crol's the page, (hews, in any column, the

place of the number made up of the Top-number anc|

that marginal. In every fuch place of concourfe you fliali

either find the letter or fome incompofit lefs than 3
1
7.

The letter p (hews the number to be a prune or incompofit^

(See Euclid, VII. def. ii and 13.) If any number lefs thaia

100,000, do end in i, 3, 7, or 9, you may find its place

in one of thofe 50 pages, and then fee whether it be 2^ prime

or no : If it be compofit, you will there find its leafi Divifor.

Thus in page i, where the line marked with the marginal

67, croffeth the columel whofe Top-number is 16; there

you find p, that is, 1667 is a prime. Where the fame line

croffeth the next columel, you find 3 ; That is, 1767 is no
prime, and 3 is the leafi Divifor of it. So in page 25, you
lee 49031, 49033, 49037 are primes ; but 49039 is a Com-
pofit, and 19 is its fmalieft Divifor.

It may be of great ufe fometimes to have a complete and

orderly enumeration of all incompofits between o, 100,000,

without any mixture of Compofits \ thus i. 2- 3. 5. 7. 11. 13,.

&c, leaving out 9, 21 and all other compofits. The numbers

2 and 5 are primes, though they be left out of the long

Table, becaufe no other incompofit ends fo. Thefe two

prime numbers 2 and 5 being duely placed, all the reft of

the primes are taken out of the long Table as they there

ftand marked with p, from
7 in the firft page to 99991 in

the end of the 50/^

If to each of thefe primes you fet the Briggian Logarithm,

you may find the Logarithms for all the refi of the numbers

in the firft loo Chiliads, by addition of the Logarithms of

their incompofit Fadfors.

The Refolving of a number into all its incompofit Fac-

tors [254620 into 2. 2. 3. 5. 7. II.] is altogether. neceiTary,

for the determining how many Divifor

s

that number hath,

zxvA which they be: As in pages 194, 195.

XXIX



360 XXIX different Examples of a Compoftt,

(29)
i.abcdef

a. bcdef

b. acdef

c. abdef

d. abcef

e. abcdf

f. abode

ab. cdef

ac. bdef

ad. beef

ae. bedf

af. bede

be. adcf

bd. aeef

be. aedt

bf. aede

.cd. abef

ce. abdf

cf. abde

de. abef

df. abee

ef. abed

abc. def

abd. cef

abe. cdf

abf. ede

aed. bef

aee. bdf

acf. bde

ade. bef

adf. bee

aef. bed

ab

ae

ad

ab. aede

ac. abde

ad. abee

ae. abed

be. aade

bd. aace

be. aacd

cd. aabe

ce. aabd

de. aabe

aab. ede

aac. bde

aad. bcelaad

aae. bed

abc. ade

abd. ace

abe. aed

c. aaabd

d. aaabc

aa. abed

. aatd

, aabd

. aabe

be. aaad

bd. aaac

cd. aaab

aaa. bed

aab. aed

aac. abd
abc

aac. abb

(23)
i.aaaabc

a. aaabc

aaaac

aaaab

aabe

aaac

aaab

aaaa

abc

aa. aaaa

aaa. aaa

b.

c.

ab.

ac.

be.

aaa

aab.

(23)

i.aabcde

a. abode

b. aacde

c. aabde

d. aabce

e. aabed

aa, bede

{27)
aabbed

a. abbed

b. aabed

c. aabbd

d. aabbe

aa. bbed

ab. abed

ac. abbd

ad. abbe

bb. aacd

be. aabd

bd. aabe

cd. aabb

aab. bed

aac. bbd
aad. bbc
abb. aed

abc. abd

aac

(25)
i.aabbcc

a. abbcc

b. aabce

c. aabbe

aa. bbcc

ab. abee

ac. abbe

bb. aace

be. aabe

cc. aabb

aab. bee

aac. bbc

abb. ace

abc. abc

(
22 )

i.aaabbb

a. aabbb

b. aaabb

aa. abbb

ab. aabb

bb. aabb

aaa. bbb
aab. abb

(18)
[. abode

a. bede

b. aede

c. abde

d. abee

e. abed

ab. ede

ac. bde

ad. bee

ae. bed

3C. ade

ad. ace

ae. aed

cd. abe

ce. abd

de. abc

(26)
i.aaabcd

a. aabed

b. aaacd

(24)
i.aaabbc

a. aabbe

b. aaabc

c. aaabb

aa. abbe

ab. aabe

ac. aabb

bb. aaac

be. aaab

aaa. bbc

aab. abc

(
21

)

i.aaaabb

a. aaabb

b. aaaab

aa. aabb

ab. aaab

bb. aaaa

aaa. abb
aab. aab

(
20 )

i.aaaaab

a. aaaab

b. aaaaa

aa. aaab

ab. aaaa

aaa. aab

(iy)

I. aabed

I. abed

aacd

c. aabd

d. aabe

aa. bed

ab. aed

ac. abd

ad. abc

be. aad

bd. aac

cd. aab

bb. aac a. abc

be. aab b. aac'

(15)
i. aaabc

c. aab

aa. be

a. aabe ab. ac

b. aaac (9)
c. aaab I .aabb

aa. abc a. abb

ab. aac b. aab

ac. aab aa. bb

be. aaa ab. ab

C‘4, (B)

I.aaabb I. aaab

a. aabb

b. aaab b. aaa

aa. abb,aa. ab

ab. aab (7)

bb. aaa 1 . aaaa

(13)
I . aaaab

a. aaab

b. aaaa

aa. aabl

ab. aaa

I

.

la.

b.

(
6 )

. abc

be

U2)
1 . aaaaa

a. aaaa

aa. aaa

C19J
i .aaaaaa

(16)
I. aabbe

a. abbe

b. aabe

c. aabb

aa. bbc
ab. abc

ac. abb

(lO
I. abed

a. bed

b. aed

c. abd' 'ab

ac

c. ab

(5)
I. aab

a. ab

b. aa

(4)
i. aaa

a. aa

(3)

d. abc

ab. cd

ac. bd

ad. be

(
10

)

, . aabe

a. b

(2)
I. aa

a. a

(0
1. a



rejolved into all its FaSiors and Bivifors. 361

(29)

I.30030
2-150^5

3.10010

5.6006

7.4290
I I.2730
13.2310

6.5005

10.3003

14.2145
22.1265

26.1153

15.2002

21.1430

33- 910

39

35

55
65

77
91

770
858

546
462

390
330

143.210

30-1001

42.715

66.455

7 S‘3^5

70.429 g
1 10.273

130. 231

154 195
182.165

286.105

6.770
1 0.462

14-330
22.210

15.308

2 1.220

33-Mo
35-^32

55- 84

77. 608.

12.385

20.231

28.165

44.105

30-154
42.1 10

66, 70

(28)
I.4620
2.2310

3- 1540

5.924

7.660
I I.42c

4- 1155

14. 60

15-

21. 40
35. 24

105

12. 70
20. 42
28. 30

(27)
1.1260

2.630

2.420

5.252

7.1 80

4-315
6.210

10.126

[4. 90
140

84
60

6

15

21

35- 3

12.105

20. 63

28. 45
18. 7c

30. 42

(26)

1.840

2.420

3.280

5.168'

7.120

4.210

6.140

C23)
1.240

2.1 20
10. 84 3o

(25)
1.900

2.450

3-300

5.180

4.225

6.150

10. 90
9.100

15. 60

(i8j ( 15 ) 5

231Q 1.120

2.1155

. . 7703 .

5 ° 4. 60 5. 462 5. 24

6.407. 330
1 1.210 6.

6-385

10.23 ^

14.165

22.105

15-154
21. 1 10

33 - 70

35. 66

55 ' 42

77 - 30

5. 48

10.24
I C.16

8.30

1 2.20

2
.5
'-

12.

20.

18.

30-

36

75

45
50

30

(
24 )

1.360

2.180

3.120

S '

4 -

72

90
6. 60

10. 36

9- 40
15. 24
8 . 45

12. 30

20.1

8

(
22

)

1.2 16

2.108

3- 72

4-54
6.36

9.24

8.27

12.18

(2l)

1. 144
2.72

3- 48

4- 36

6.24

9.16

8.18

I 2.12

(
20

)

1.96

2.48

3-32

4.24

6.i6

8.12

4*

8 .

16

8

4-*5

2. 60 6-10

40 ( 9 )

1.36

2.18

3.12

4. 9
6 . 6

(• 7 )

1.420

2.210

3.140

5 ' 84

7. 60

4.105

6. 70
10. 42

14. 30
15. 28

21.

35 ‘

20

1 2

(19)
1.64

2.32

(16)

1.180

2. 90

3

5 *

4 -

60

36

45
6. 30

10. 1

8

3 A

9.20

15.12

30
20

10.12

15. 8

(14)

1.72

2.36

3-24
4.18

6.12

9. 8

C8)

1.24

2.12

3- 8

4. 6

(13)

1.48

2.24

3.16

4.12

6 . 8

(12)

1.32

2.i6

4. 8

1 .2 10

2.10c

3-70

5.42

7-30

6-35

10.21

14.15

2.30

3-20

M 2

(7 )

1. 16

2. 8

4 - 4

(6)
f .30

2.15

3.10

5 - 6

( 5 )

1.12

2 . 6

3 - 4

(10)

1.60

(4)

1. 8

2. 4

(3)
1. 6

2
- 3

(2)
1 ,-4
2. 2

(I)

I. 2

Sort

I Forme b

29 abcdef 64
28 aahcde 48
27 aahhcd 36
26 aaabcd 32

25 aabbcc 27

24 aaabbc 24

23 aaaabc 20

22 aabbb 16

21 aaabb 15

20 ciaaaab 12.

19 'laaaaa 7

18 abode 32

17 aabcd 24
16 aabbc 18

'5 aaabc 16

M aaabb 12,

13 aaaab 10

12 aaaaa 6

11 abed 16

10 aahe 12

9 aabb 9
8 aaab 8

7 aaaa 5

6 abc 8

5 aab 6

4 aaa 4
0 ab 4
2 aa

I a 2

That u, 1 nc

fort hath 64 Di-

vifors ;
the i8th

hath but 3%, &c.

U/e



( 3^^ )

Vfe of the Long Table of Numbersj ending in

I, 3>-7» 9-

Every Aliquot part ot a Number is one of the juft DIvifors

of it. The greateft Divifor being equal to the whole Di-

vidend, muft not be called a Part

:

Wherefore, fubftraft i

from every number in the laft columel of page 195, you

fhall have the number of aliquot parts belonging to every

one of thofe 29 forts.

Having the leaf Divifor of any Number of the long Table,

to find all its other incompofit Co-efficients»

If that Divifor' end in i or 9, and have a black ftroke

under it in the Dividend’s place in the long table ; or if the

Divifor end in 3 or 7, and have fuch a ftroke over it in the

Dividend’s place ; the Dividend is the /quare of an incom-

pofit, and the Quotient is given, for it is equal to the Di-

vifor.

If the leaft Divifor have no fuch ftroke by it, let it di-

vide the propofed number, the Quotient (hall be the greateft

aliquot part of that Dividend : Seek that Quotient in the

fame long Table ; if it be there marked with p, your inquiry

is at an end ; the Dividend is of the form AB. If it be not

Jo marked, by the Prime there found, divide your firfi Quo-
tient, deal with the Jecond Quotient as you had done with

the finjl, repeating fuch Divifions, till the Quotient be in-

compofit. Thus 53 19 1 is found in page 27, with its

fmalleft



life ofthe long liable of Numbers, ending ini, or g. 363

fmalleft Divifor 43. N0W53191 divided by 43 gives 1237.
Page I fays, this 1237 is a prime. Inquire no farther.

But, defiling the incompofit faftors of 93611, I find it

in page 47 of the long Table, with 7 for its leaft Divifor.

The Quotient 13373 is found in page 7, with its lead: Di-
vifor 43. This 43 gives a fecond quotient 3 ii. Page i

fays, this 31 1 is an incompofit. So the prime Co-efficients

of 93611 are 7. 43. 31 1. (Hence infer that 53191 is to

93611, as 1237 to 2177 7
* 311, or 7x311.

If you divide any odd number by all the primes in order,

beginning with 3, The firft Divifor that finds a Quotient

without fraftion, is the leaft Divifor that the Dividend can
have. Thus, 239 is the leaft number that meafures i 1 1 1 1 1 1.

Try 3, 7, II, &c. No prime can divide i iii iii till

you come to 239. If no fuch Divifor find an Integer Quo-
tient, before the Quotient is lefs than the Divifor, pro-

nounce your Dividend to be incompofit, and that laft Di-

vifor to be greater than the Dividend’s fquare root. Fre-

quent occafion of Dividing by Incompofits calls for a ^ariffa

of as many primes as fhall be needful. For refolving of

numbers lefs than 100,000, it fufficeth if it be extended to

313, as in the next page. .•

3 A 2 ’4 farifa.
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( 3^6 )

Amendments to the following ^ahle.

P, Guldin fayes, 149 is divifible by 7, and 229 by 31.

Schooten leaves 809 out of his Catalogue of Incompofits. Rhonius

makQs X209 and 1673 incompofits, and fays 11833 is divi-

fible by 19. But this 'Table fayes more truly, that 149.229.

809.11833 are Incompofits : and that 1209 is divifible by 3,

and 1673 by 7. Yet truft it not, before you have amended
tbeje faults in it.

Pa Numb. For. Set, Pa Numb. For. Sot. Pa Numb. For. Set. Pa Numb. For. 1 Set.

5 9211 19 61 21 40277 13 P 60779 63 163 72381 3

9799 40 41 40591 3 P 61779 P 3 72383 3I P
6 10199 P 7 40593 P 3 32 6201 1 3 p 72557 73 37

1081

3

13 1

1

40597 3 P 62013 P 3 726QI 97 i 79

7 13201 23 43 23 44659 1

1

17 62017 3 p 73023 P 3

9 17563 3 7 45353 P 7 62019 P 3 73051 7 1

1

17981 41 p 45837 P 3 63839 71 p 73481 179 197
10 18903 7 3 24 466 .

.

476 466 63883 191 193 73493 P 7

1 8907 3 7 46089 7 3 33 641 . . 541 641 73913 P 7

18909 7 3 46457 3 P 659 .. 569 659 40 178199 P 11

12 23203 3 p 47201 1

1

7 64237 61 p 41 80333 67 1 1

23381 193 103 47577 7 3 64693 3 P 80663 P 11

13 2401

1

3 13 47579 3 7 64973 23 43 42 83123 103 101

25093 13 23 47663 P 7 65959 17 71 43 84311 57 59

25873 23 p 25 48601 53 7 34 66239 19 p 44 86699 281 181

27233 31 113 27 53361 7 3 66561 7 0 46 91189 P 7

27517 P 7 53791 3 P 66563 3 7 91707 P 3

'5 28201 3 p 28 54507 7 3 66567 P 3 91793 23 17
28203 P 3 54509 3 7 66569 3 p 47 92701 3 7

29599
blank

p 54589 71 79 66761 191 lOI 92703 7 3

17 32297 71 p 29 56323 157 151 66951 2 3 92773 163 113

33259 97 79 30 58123 1 1 13 35 688og 53 13 93101 151 157

33591 7 3 58181 71 73 36 70313 167 P 93161 52 59
35593 3 7

00 0 137 73 70981 167 P 48 95371 281 283

18 34089 7 3 58901
blank

P 71113 3 7 95797 P 13

34209 23 3 59901 7 3 71603 P 7 49 97903 3 '3

35089 3 p 59909 137 139 71983 167 P 50 98099 26 263
20 39263 P 7 31 60079 63 73 37 72357 7 3 98551 39 139

39589 P 1

1

60293 7 P ) 17^59 3 7 1 99444 17 277

THOMAS

/
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Mr, THOMAS BRANCKER’j TABLE of INCOMPOSIT ov
PRIME, NUMBERS, lejs than 100,000.

0 I 2 3 4 5 6 7 8| 9 10 1

1

12 '3 14 15 16 17 18 19
OI 1 - P P 3 « P 3 P P 3 17 7 3 P P 3 19 P 3 P P
03 P P 7 3 U P 3 ^9 1

1

3 17 P 3 P 23 3 7 13 3 1

1

07 P P 3 P II 3 P 7 3 P 19 3 17 P 3
1

1

P 3 13 P
09 3 P II 3 P P 3 P P 3 P P 3 7 P 3 P P 3 25
1

1

P 3 P P 3 7 13 3 P P 3
1

1

7 3 17 P 3 29 P 3
13 P P 3 P / 3 P 23 3 1

1

P 3 P 13 3 17 P 3 7 P
17 P 3 7 P 3 II P 3 ^9 7 3 P P 3 13 37 3 17 23 3

P 7 3 1

1

P 3 P P 3 P P 3 23 P 3 7 P 3 17 19

21 3 1

1

U 3 P P 3 7 P 3 P 19 3 P 7 3 P P 3 -iZ
23 P 3 P 17 3 P 7 3 P 13 3 P P 3 • P P 3 P P 3
27 3 P P 3 7 17 3 P P 3 13 7 3 ,P P 3 P 1

1

3 4*-

29 P 3 P 7 3 23 17 3 P P 3 P P 3 P 1

1

3 7 3« 3

31 P P 3 P P 3 P 17 3 7 P 3 P 1

1

3 P / 3 P P
33 3 7 P 3 P 13 3 P 7 3 P II 3 31 P 3 23 P 3 P
27 P P 3 P 19 3 7

II
3 P 17 3 P 7 3 29 P 3

11 13

39 3 P P 3 P 7 3
p

P 3 P 17
:)

13 P 3 11 37 3 7

41 P 3 P II 3 P P 3 29
UiM)

P 3 7 17 3 ' II 23 3 P 7 3

43 P 1

1

3 7 P 3 P P 3 23 7 3 II 17 3 P 31 3 19 29

47 P 3 ^3 P 3 P P 3 7 P 3
31 29 3 P 7 3 P 3

49 7 P 3 P P 3 1

1

7 3 U P 3 p 19 3 P 17 3 43 ,..P

51 3 P P 3 1

1

19 3 P 23 3 P P 3 7 P 3 13 17 3 P
53 P 3 11 P 3 7 P 3 P P 3 P 7 3 P P 3 P ^7 3

57 2 P P 3 P P 3 P P 3 7 13 3 23 31 3 P 7 3 19

59 P 3 7 P 3 U P 3 P 7 3 ^9 p 3 P P 3 P 1

1

3

6t P 7 3 19 P 3 P P 3 31 P 3 '3 P 3 7 1

1

3 P 37

63 3 P P 3 P P 3 / P 3 P P 3 29 7 3 P 41 3 *3

67 P P 3 P P 3 2 : 13 3 P 11 3 7 P 3 P P 3 P 7

69 3 U P 3 7 P 3 P 1

1

3 P 7 3 37 13 3 P 29 3 It

P 3 P 7 3 P 1

1

3 13 P 3 P 31 3 P P 3 7 P 3

73 P P 3 P 1

1

3 P P 3 / 29 3 19 P 3
1

1

7 3 P P

77 / 3 P U 3 P P 3 P P 3
11 P 3 1 19 3 P P 3

79 P P 3 P P 3 7 19 3
1

1

13 3 P 7 3 P 23 3 P P

81 3 P P 3 '3 7 3
1

1

P 3 23 P 3 P P 3 JL 13 3 7

83 P 3 P P 3 1

1

P 3 P P 3 7 P 3 P P 3 P 7 3

87 3 II 7 3 P P 3 P P 3 P P 3 19 P 3 7 P 3 P

89 P 3 n P 3 ^9 »3 3 7 23 3 29 P 3 _P _7 3 P P 3

9' 7 P 3 17 P 3 P 7 3 P P 3 P 13 3 37 19 3 3J 1

1

93 3 P P 3 ^7 P 3 13 19
0

P P 3 7 P 3 P I I 3 P

97 P P 3 P 7 3 *7 P 3 P P 3 P 1

1

3 1
- P 3 7 P

99 3 P ^3 3 P P 3 »7 29 3 7
11 3 P F 3 P / 3



36S Mr. Thomas Btancker’j ^ahle of

20 2

1

22 23 24 2'5 26 27 28 29 31 32 33 34 35 36 37 38''39

01 3 1 1 31 3 7 41 3 37 P 3 P 7 3 P 19 3 ^3 P 3 47
03 p 3 P 7 3 P 19 3 P P 3 29 P 3 4' 3' 3 7 P 3
07 3 7 P 3 29 23 3 P 7 3 3* 13 3 P P 3 P 1

1

3 p
On 7 3 47 P 3 13 P 3 <;3 P 3 P P 3 7 1

1

3 P 13 3

1

1

p P 3 P P 3 7 P 3 4' P 3 ‘3 7 3 P 23 3 37 P
>3 3 P P 3 '9 7 3 P 29 3 23 1

1

3 P P 3 P 47 3 7
J7 p 29 3 7 P 3 P 1

1

3 P 7 3 P 3' 3 P P 3 1

1

P
*9 3 13 7 3 4' I 1 3 P P 3 P P 3 P 13 3 7 P 3 P

‘ZI 43 3 P 1

1

3 P P 3 7 23 3 P P 3 1

1

7 3 61 P 3

23 7 1

1

23 P 3 43 7 3 37 P 3 1

1

P 3 13 P 3 P P
27 p 3 17 13 3 7 37 3 1

1

P 3 53 7 3 23 P 3 P 43 3

29 p P 3 17 7 3 1

1

P 3 29 13 3 P P 3 P 19 3 7 P

3' 3 P 23 3 1

1

.
P 3 P 19 3 7 3^ 3 P 47 3 P 7 3 P

33 «9 3 7 P 3 17 P 3 p 7 3 >3 53 3 P P 3 P P 3

37 3 P P 3 P 43 3 7 3 P P 3 47 7 3 P 37 3 31

39 p 3 P P 3 1^ 7 3 17 P 3 43 41 3 19 P 3 P 1

1

3

4* 13 P 3 P P 3 ’9 P 3 17 P 3 7 ‘3 3 P 1

1

3 23 7

43 3 P P 3 7 P 3 ’3 P 3 17 7 3 P 1

1

3 P 19 3 P
47 23 •9 3 P P 3 P 41 3 7 1 \ 3 17 P 3 P 7 3 F P
49 3 7 13 3 3i P 3 P

"
3 P 47 3 17 P 3 41 23 3 1

1

5' 7 3 P P 3 P 1

1

3 P >3 3 23 P 3 7 53 3 1 ) P 3

S3 p P 3 .
13 11 3 7 P 3 P 43 3 P 7 3 1

1

13 3 P 59
57 1

1

3 37 P 3 P P 3 P P 3 7 P 3 P P 3 13 7 3

59 29 17 3 7 P 3 P 3 1

1

7 0 P P 3 P P 3 17 37

61 3 P 7 3 23 ‘3 3 1

1

P 3 P 29 3 P P 3 7 P 3 17

63 p 3 31 17 3 n P 3 7 P 3 P »3 3 P 7 3 53 P 3

,^7 3 1

1

P 3 P n 3 P 47 3 P P 3 7 P 3 19 P 3 P
69 p 3 P 23 3 7 3 19 P 3 P 7 3 P 43 3 P 53 3

19 13 3 P 7 3 P 17 3 P 37 3 P P 3 P P 3 7 1

1

3 4> P 3 P 3' 3 47 J3 3 7 19 3 P 23 3 P 7 3 29
77 3« 7 3 P P 3 P P 3 13 17 3 29 1

1

3 7 P 3 P 4‘

79 3 P 43 3 37 P 3 7 P 3 P 1

1

3 31 7 3 13 P 3 23

81 P 3 P P 3 29 7 3 43 1

1

3 P 17 3 59 P 3 19 P 3

83 • P 37 3 P 13 3 P ] 1 3 19 P 3 7 17 3 P 29 3 1

1

7
87 P 3 P 7 3 13 P 3 P 29 3 P 19 3 1

1

17 3 7 13 3

89 P 1

1

3 P 19 3 P P 3 7 P 3 1

1

P 3 37 7 3 P P

91 3 7 29 3 47 P 3 P 7 3 1

1

P 3 P P 3 P 17 3 13

93 7 3 P P 3 P P 3 1

1

4' 3 31 37 3 7 P 3 P 17 3

97 3 13 P 3 1

1

7 3 P P 3 ‘9 23 3 43 13 3 P P 3 7

99

/

P 31"

1

P 3 23 P 3 13 P 3 7 P 3 P 59 3 29 7 3

/



Imcmpofit, cr Prime, Numbers, lejs than loo.ooo. 3(>9

40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59
DI P 3 P 1

1

3 7 43 3 P >3 3 P 7 3 1

1

P 3 P 1’ 3
03 P 1

1

3 13 7 3 P P P P 3 I X p 3 P 13 3 7 P
07 P 3 7 59 3 P 17 3 II 7 3 P 41 3 p P 3 ^3 P 5
09 19 7 3 3« P 3 1

1

17 3 p P 3 P p 3 7 7* 0
D 37 19

1

1

3 P P 'X 1

1

13 3 7 *7 3 P '9 3 47 7 3 3‘ P 3 23
13 P 5 1

1

19 3 P 7 3 P 17 3 P 13 3 p 37 3 29 P 3
17 3 23 P 3 7 P 3 53 ,P 3 29 7 3 13 p 3 41 P 3 6t
19 P 3 P 7 3 P 31 3 61 P 3 p ^7 3 p P 3 7 II 3

21 P 13 3 29 P 3 P P 3 7 P 3 23 17 3 P 7 3 P 3t

23 3 7 41 3 P P 3 P 7 3 P 47 3 p I X 3 P 59 3 P
27 P P 3 P *9 3 7 29 3 13 1

1

3 P 3 P >7 3 P P
29 3 P P 3 43 7 3 P 1

1

3 47 23 3 Ts' 6i 3 13 17 3 7

31 29 3 P 61
3 23 1

1

3 P p 3 7 P 3 P P 3 1

1

7 3
33 37 P 3 7 1

1

3 41 P 3 p 7 3 P p 3 II 43 3 19 27

37 1

1

3 19 P 3 13 P 3 7 p 3 1

1

P 3 P 7 3 P 13 3

dl 7 P 3 P 23 3 P 7 3 1

1

P 3 13 19 0
0 29 P 3 P P

4« 3 41 P 3 P 19 3 1

1

47 53 3 7 P 3 P P 3 13

43 13 3 P 43 3 7 P 3 29 p 3 37 7 3 P 23 3 P P 3

47 3 1

1

31 3 P P 3 47 37 3 7 p 3 p 13 3 P 7 3 19

49 P 3 7 P 3 P P 3 13 7 3 19 29 3 P 31 3 P P 3

51 P 7 3 19 P 3 P P 3 p P 3 59 p 3 7 P 3 P It

S3 3 P P 3 61 29 3 7 23 3 31 p 3 53 7 3 P II 3 P
57 P P 3 P P 3 P 67 3 p 13 3 7 1

1

3 P P 3 P 7
59 3 P P 3 7 47 3 P 43 3 P 7 3 23 53 3 P *3 3 59
61 3' 3 P 7 3 P 59 3 P 1

1

3 »3 P 3 43 .67 3 7 P 3
63 17 23 3 P P 3 P 1

1

3 7 61 3 19 31 3 P 7 3 1

1

67
67 7 3 17 1

1

3 P 13 3 31 p 3 P 23 3 7 19 3 73 P 3

13 1

1

3 17 41 3 7 19 3 p 37 3 1

1

7 3 P P 3 P 47

71 3 43 P 3 17 7 3 ^13 P 3 1

1

P 3 41 P 3 53 29 3 7

73 P 3 P P 3 17 P 3 1

1

p 3 7 P 3 13 P 3 23 7 3

77 3 P 7 3 1

1

23 3 J7 P 3 P 31 3 19 P 3 7 53 3 43
79 P 3 1

1

29 3 19
_ P 3 7 13 3 P P 3 P P 3 P F 5

81 7 37 3 13 P 3 31 7 3 17 P 3 P p 3 P 13 3 F P
3 47 P 3 P P 3 P 19 3 13 71 3 7 P 3 P P 3 31

87 61 53 3 41 7 3 43 P 3 p P 3 17 p 3 37 II 3 7 P

89 3 59 P 3 »3 3 P P 3 7 P 3 17 T I 3 P 7 2 S3

91 P 3 7 P 3 P P 3 67 7 3 29 1

1

3 ^7 F 3 F 43 3

93 P 7 3 23 P 3 13 P p 1

1

3 67 p 3 7 F 3 7’ 13

97 17 S P P 3 P 7 3 59 ^9 3 P r 3 23 29 3 11
I 3

99 P '3 1 3 55 3 37
i

. P
1

^ P P 3 7 p
i

3 II 4« 3 i7[ 7

3 »
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6g 61 62 63 64 (>5 66 t>7 68 69 70 71 72 73 74 75 76 77 78
-

—

¥
79

OI ^7 F 3 P 37 3 7 P 3 67 P 3 19 7 3 13 1

1

3 29 P
03 3 17 P 3 19 7 3 P P 3 47 ]> 3 67 1

1

3 P p 3 7

07 r 3' 3 7 43
0
0 p 19 3 P 7 3 P P 3 P P 3 37 P

OQ 3 41 7 3 13 23 3 P 1

1

3 43 P 3 P 3' 3 7 >3 3 1

1

11 p 3 P P 3 17 1

1

7 P 3 13 P 3 P 7 3 11 73 3
13 7 P 3 59 1

1

3 17 7 3 31 P 3 P 71 3 1

1

23 3 13 41

37 1

1

3 P P
r\

s 7 13 3 17 P 3 ] 1 7 3 P P 3 P p 3

^9 13 29 3 71 7 3 p P 3 1

1

P 3 P *3 3 73 19 3 7 P

21 3 P P 3 P P 3 1

1

^9 3 / P 3 P 41 3 P 7

23 19 3 7 P 1

1

/> ^

5 / 3 P 7
'1

17 31 3 ^3 P 3 P p 3

27 3 1

1

I ? 3 P 61 3 7 P 3 P P 3 »7 7 3 29 P 3 p
29 p 3 P P 3 7 3 P 13

n
0 P P 3 17 P 3 59 p 3

31 37 P 3 13 59 3 19 S3
0
3 29 ' 79 3 7 P 3 17 13 3 41 7

33
0
0 P 23

0
5 7 47 3 P P 3 13 *«

/ 3 P P 3 17 1

1

3 p

37 p 17 3 P 4'
"1

3 p V 5 7 31 3 P 1

1

3 P 7 3 17 p
39 3 7 n 3 47 13 3 23 7 3 P 1

1

3 41 43 3 P 7* 3 17

4» 7 j 79 ^7 3 3> 29 3 P 11 3 37 J3 3 7 P 3 P p 3

43 p P 3 P 17 3 7
1

1

3 S3 P 3 P 7 3 19 P 3
1

1

47 p 3 P 1

1

3 P 17 3 41 P 7 P 3
1

1

P 3 61 7 3

49 23 1

1

,3 7 P 3 61 >7 3 P 7 3 1

1

P 3 P P 3 47 p

51 3 P 7 3 P P 3 43 13 3 11 P 3 P P 3 7 23 3 p

53 p 3 13 3 P p 3 7 17 3 23 P 3 29 7 3 r

^7 3 47 P 3 1

1

79 3 29 P 3 P 17 3 7 F 3 13 P 3 73

59 73 3 1

1

P 3 7 p 3 19 P 3 P 7 3 P P 3 P 29 3

61 1

1

61
3 P 7 3 p P 3 P 23 3 53 17 3 F 47 3 7 19

63 3 P P 3 23 P 3 P P 3 7 13 3 37 17 3 79 7 3 p
67 1’ 7 3 P 29 3 59 67 3 P 37 3 13 53 3 7

1

1

3 p 31

69 3 3^ P 3 P P 3 7 P 3 P 67 3 P 7 3 P 17 3 13

71 ‘3 3 P 23 3 P 7 3 P P 3 7‘ 1

1

3 31 67 3 19 n 3

73 P P 3 P P 3 p 13 3 »9 1

1

3 7 73 3 P r 3 p 7

77 59 3 P 7 3 P 1

1

3 13 P 3 P 19 3 P P 3 7 p 3

79 ,P 37 3 P 1

1

3 p P 3 7 P 3 29 47 3 1

1

7 3 F 79

81 3 7 1

1

3 P P 3 P 7 3 73 43 3 1

1

P 3 p 3^ 3 23
83 7 3 61 13 3 29 41 3 P P 3 1 1 P 3

r-

J P 3 43 P 3
87 3 23 P 3 ^3 7 3 1

1

7' 3 ^9 P 83 P 3 p n 3 7

,P 3 19 P 3 1

1

p 3 83 29 3
N

7 37 3 P P 3 V 7 3

91 P 41 0
0 7 P 3 p P 3 P 7

—
3 23 19 3 P p 3 ^3 61

93 3 1

1

7 , 3 43 19 3 P 61
3 41 P 3 P 59 3 7 p 3 p

97 7 P 3 P 73 3 37 1 3 P 47 3 P 13 3 71 43 3 53 1

1

99| 3 P P 3 67 P 3
i

13 !'
3 31 23 3

f-

t P 3 p II 3 '9



Incompofit, or Prime, Numbers, lefs than 1003000 371

So 81 82 83 84 8? 86 00 8b 89 90 91 92 93 94 951 9 ^> 97 98 99
01 3 P S9 3 31 P 3 7 13 3 P 19 71 7 3 P 89 3 P
03 53 3 13 19 3 1

1

7 3 P 29 3 P P 3 P 13 3 3‘ P 3
07 3 1

1

29 3 7 47 3 P P 3 P 7 3 4' 23
rjauas

3 13 17 3 P
09 P 3 P 7 3 67 P 3 23 59 3 P P 3 97 37 3 7 3
1

1

P P 3 P 13 3 79 3' 3 7 P 3 61 P 3 P 7 3 P 1 L

13 3 7 43 3 47 P 3 P 7 3 P 13 3 67 P 3 P 1

1

3 23
17 P P 3 P 19 n

3 7 23 3 37 71 3 13 7 3 31 59 3 P 47
19, 3 23 r 3 P / 3 P P 3 29 1

1

3 P P 3 P P 3 7

21 13 3 p S3 3 P 37 3 P 1

1

3 7 P 2 P P 3 P 7 • 3
23 71 P 3 7 P 3 P 1

1

3 P 7 3 23 P 3 89 P 3
1

1

P
27 23 3 19 1

1

3 P P 3 7 79 3 P •F 3 11 7 3 71 31 3
29 n

/
) I 3 P P 3 P 7 3 P P 3 II 19 3 13 P 3 P P

3^ 3 47 P 3 P 19 3 P P 3 1

1

23 3 7 P 3 P 3' 3 P
33 29 3 P 13 3 7 89 3 1

1

P 3 P 7 3 P P 3 P P 3

37 3 79 P 3 1

1

P 3 P P 3 7 P 3 P P 3 23 7 3 19

39 P 3 7 31 3 P 53 3 P 7 3 13 P 3 P P 3 P P 3

41 II 7 3 19 23 3 P P 3 P P 3 P P 3 7 31 3 13 P
43 3 17 P 3 P P 3 7 37 3 P 41 3 P 7 ,3 F P 3 6f

47 13 P 3 17 P 3 P P 3 23 83 3 7 13 3 P 1

1

3 43 7

49 3 29 73 3 7 83 3 13 P 3 P 7 3 P 1

1

3 P P 3 P

SI 83 3 37 7 3 17 41 3 S3 P 3 P 1

1

3 13 P 3 7 P 3

S3 P 31 3 P 79 3 17 P 3 7 II 3 19 47 3 4' 7 3 59 37

57 7 3 23 61 3 43 II 3 17 13 3 P P 3 7 19 3 1

1

P 3

S9 P 41 3 13 1

1

3 7 19 3 17 P 3 47 / 3 1

1

13 3 P 23

61 3 P 1

1

3 P / 3 P P 3 13 P 3 1

1

P 3 P 43 3 7

63 1

1

3 P P 3 P P 3 P P 3 7 59 3 P 73 3 13 7 3
67 3 F 7 3 P 13 3 1

1

P 3 P 89 3 17 P 3 7 P
0

P
69 P 3 P P 3 1

1

P 3 7 P 3 53 13 0 17 7 3 P 71 3

7^ 7 P 3 11 43 3 13 7 3 P 47 3 73 P 3 17 '9 3 P 13

73 3 1

1

P 3 37 P 3 31 19 3 43 P 3 7 P 3 17 29 3 P
77 41 13 3 P 7 3 P 67 3 47 29 3 P P 3 61 P 3 7 I r

79 3 F 17 3 61 23 3 P ^3 3 7 67 3 83 P 3 P 7 3 17

Si P 3 7 17 3 P P 3 83 7 3 P P 3 19 11 3 P 41 3

83 59
»1

/ 3 83 17 3 19 P 3 J3 31 3 P 1

1

3 7 23 3 F 67
87 P 3 P P 3 3' 7 3 P 1

1

3 P 19 3 S3 P 3 P F 3
89 P 19 3 P 13 3 P 1

1

3 89 61 3 7 4' 3 43
1

P 3 1

1

7

91 0 P P 3 7 1

1

3 59 17 3 P 7 3 P P 3
I’ V 3 97

53 P 3 P 7 3 13 P 3 P 17 3 29 P 3 u S3 3 7 13 3

97 3 7 P 3 29 P 3 19 7 3 1

1

17 3 r P C
I 9/ 3 13

5̂ 3 43 37 3 P P 1

1

p

3 £

3

5 2

F 17 3

1

7 2(.
;

4J

.

) 3
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100 101 102 103,104
—
105 106 107 108 109 1 10 in I I z 113 114 «15 1 16 117 118 J19

oi 73 3 lOI P 3 P P 3 7 1

1

3 17 23 3 13 7 3 P P a

03 */ P 3 P lOi 3 23 7 3 P P 3 17 89 3 P 41 3 11 B
07 P 3 59 1

1

3 7 P 3 lOI 13 3 29 7 3 1

1

37 3 23 P a

09 P 1

1

3 13 7 3 103 P 3 P lot 3
1

1

43 3 17 13 3 7 p

1 1 3 P P 3 29 23 3 P 19 3 7 41 3 P P 3 17 7 3 43
33 '7 3 7 P 3 P P 3 1

1

/ 3 P P 3 101 29 3 13 P 3

37 3 67 '7 3 1

1

13 a 7 29 3 23 P 3 P 7 3 P P 3 17

19 43 3
1

1

17 3 67 7 3 31 61 3 P 13 3 19 P 3 P 53 3

21 1

1

29 3 P 17 3 13 71 3 67 103 3 7 P 3 41 P 3 P 7

23 3 53 P 3 7 17 3 P 79 3 73 7 3 13 P 3 59 19 3 p

27 37 ^3 3 23 P 3 17 3 7 P 3 103 47 3 P 7 3 P p
29 3 7 53 3 P P 3 P 7 3 41 31 3 P 3 29 37 3 79

3* 7 3 13 F 3 P p 3 P ‘7 3 P 1

1

3 7 3 P P 3

33 79 P 3 P P 3 7 P 3 >3 1

1

3 47 7 3

8?
P 3 P p

37 P 3 29 P 3 41 1

1

3 P P 3 7 17 S P 1 ] 7 a

39 P P 3 7 1

1

3 p P 3 P 7 3 P 17 3 1

1

103 3 P . p
’41

3 P 7 3 53 83 3 23 37 3 61 13 3 1

1

17 3 7 59 3 p

43 1

1

3 P P 3 13 29 3 7 3' 3 1

1

P 3 P 7 3 P 13 a
47 3 73 P 3 3‘ 53 3 1

1

P . 3 P 7' 3 / _P 3 19 17 3 13

49 13 3 37 79 3 7 23 3 19 P 3 P 7 3 107 P 3 31 17 3

i’l 19 P 3 1

1

7 3 p 13 3 47 43 3 P P 3 P 61 3 7 17

53 3 11 r 3 P 61 3 P P 3 7 19 3 P 13 3 43 7 3 p

57 89 7 3 P P 3 p 3' 3 P P 3 P 41 3 7 P 3 71 1

1

59 3 P p 3 P P 3 7 P 3 P P 3 37 7 3 89 1

1

3 p

61 P 3 3' 13 3 59 / 3 P 97 3 P P 3 73 1

1

3 19 29 3

^3 29 P 3 43 P 3 p 47 3 19 13 3 7 1

1

3 3' 107 3 P 7

67 P 3 1^ 7 3 P p 3 P 1

1

3 13 19 3 P 43 3 7 P 3

69 P P 3 P 19 3 47 1

1

3 / P 59 P 3 23 7 3 1

1

p

71 3 7 P 3 37 1

1

3 P 7 3 P P 3 83 - P 3 1

1

79 3 p

73 7 3 P 1

1

3 97 13 3 83 P 3 P P 3 7 71 3 61 31 3

77 3 P 43 3 P
n
/ 3 I -K 73 3 1

1

P 3 31 23 3 P P 3 7

79 P 3 19 97 3 7 ' 59 3 1

1

P 3 7 P 3 13 P 3 P 7
n
3

81 17 P 3 7 47 3 1

1

P 3 79 7 3 29 19 3 37 P 3 109 P

83 3 17 7 1

1

19 3 4> P 3 P 53 3 P P 3 7 P 3 23

87 7 6 j 3 ^3 P 3 p /'
. 3 P P 3 P 59 3 P 15 3 P P

89 3 23 P 3 17 P 3 P P 3 13 67 3 7 P 3 P P 3 19

91 P
•

•3 41 P 3 7 p 3 P 29 3 19 7 3 P 67 3 13 11 3

93 P P 3 19 7 3 17 43 3 P P 3 23 P 3 P 1

1

3 7 67

97 23 3 7 37 3 P ^9 3 17 7 3 P 1 1 3 P P 3 47 P 3
99 P 7 3 P P 3

.3I
P 3 17 1

1

3 P P 3 7 p| 3 73 13
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1 20 12

1

122 123 124 125 126 127 128 129 130 131 132 ‘33 >34 '35 136 >37l ‘381149

OI( 1

1

P 3 P P 3 P 13 3 7 P 3 43 47 3 23
-t

7 3 37 P
03 3 7 P 3 79 P 3 P 7 3 P P 3 53 13 3 61 71 3 P
07, P p 3 31 19 3 7 97 3 P P 3 47 7 3 13 1

1

3 P P
09 3 p 29 3 P 7 3 -I P 3 P P 3 P 1

1

3 31 P 3 7
1 1, P 3 P 13 3 P P 3 23 P 3 7 II 3 P 59 3 P 7 3
13 41 p 3 7 P 3 P P 3 37 7 3 73 P 3 P p 3 ‘9 P
17I 61 3 19 109 3 P 1

1

3 7 P 3 13 P 3 P 7 3 1

1

4‘ 3
19' p 3 97 1

1

3 P 7 3 P 47 3 P 19 3 1

1

p 3 ‘3 31

21 3 17 n 3 P 19 3 P P 3 29 P 3 7 P 3 53 P 3 P
23 1

1

3 17 P 3 7 13 3 P P 3 1

1

7 3 31 P 3 P 23 3
27 3 67 P 3 17 P 3 1

1

lOI 3 7 P 3 P 29 3 p 7 3 ‘9

29 23
0
0 7 P 3 ii 73 3 P 7 3 19 P 3 13 83 3 P P 3

31 S3 -7 3 I'l 31 3 17 29 3 67 83 3 101 P 3 7 43 3 P P
33 3

II 13 3 P 83 3 7 41 3 P 23 3 67 7 3 p 3‘ 3 P

37 P S3 3 13 P ‘ 3 P 47 3 17 P 3 7 P 3 P 13 3 lOI 7

39 3 6

1

P 3 7 P 3 P 37 3 13 7 3 P 89 3 23 1

1

3 53

41 P 3 P '7 3 P P 3 P P 3 17 P 3 P 1

1

3 7 P 3

43 P P 3 P 23 3 47 P 3 7 P 3 17 T 1 3 29 7 3 109 73

47 7 3 37 P 3 P P 3 29 1.1 3 P 13 3 7 19 3 59 61 3

49 P P 3 S3 59 3 /
1

1

23 P 3 P 7 3 17 p 3 1

1

‘3

SI 3 29 P 3 P 7 3 41 ‘71
3 31 P 3 13 P 3 1

1

P 3 7

53 17 3 P 1

1

3 P P 3 P P 3 7 29 3 1

1

P 3 ‘7 7 5

57 3 P 7 3 P 29 3 P 13 3 1

1

59 3 19 P 3 7 P 3 ‘7

59 31 3 13 17 3 19 P 3 7 P 3 P P 3 43 7 3 P P 3

61 7 P 3 47 17 3
j 1 7 3 13 37 3 89 3‘ 3 7‘ ‘9 3 83 23

63 3 P P 3 1

1

17 3 P 19 3 P P 3 7 P 3 13 P 3 P
67 1

1

23 3 B3 7 3 53 17 3 P 73 3 P P 3 P 79 3 / P

69 3 43 P 3 37 P 3 113 17 3
n
/ 13 3 29 P 3 P 7 3 61

71 P 3 7 89 3 13 P 3 61 7 3 P 23 3 ‘9 41 3 47 1

1

73 P 7 3 P P 3 19 53 3 P 17 3 13 43 3 7 il 3 P 89

77 13 3 P P 3 P 7 3 79 19 3 P 1

1

3 P P 3 23 P 3

79 47 19 3 P P 3 3« 13 3 P I j 3 7 ‘7 3 37 P 3 P 7

81
3 13 P 3

»•

/ 23 3 P 1

1

3 103 7 3 P ‘3 3 P P 3 1 1

B3 43 3 71 7 3 P 1

1

3 13 P 3 P 37 3 97 ‘7 3 7 P 3

«7 3 7 1

1

3 P 41 3 19 7 3 23 P 3 11 P 3 P 17 3 71

89 7 3 P 13 3 P P 3 P 31 3 1

1

97 3 7 107 3 P 17 3

91 107 73 3 P P 3 7 P 3 1

1

13 3 P 7 3 P P 3 29 ‘7

93 3 89 19 3 13 7 3 1

1

P 3 P 79 3 59 103 3 P ‘3 3 7

97 P P 3 7 P 3 P 67 3 41 7 3 P P 3 P P 3 13 P

99 3 1

1

7 3 29 43 3 P P 3 P 67 3 P P 3 7 P 3 P



374 Mr, Thomas BranckerV Table of

140 141 142 '43 144 '45 146 »47 148 149 150 »5' 152 »53 »54 »'55 156 »57 158 159

oi 3 59 II 3 P 17
»»

2 61 »9 3 7 P 3 1

1

P 3 P 7 3 P
®3 1

1

3 7 P 3 P *7 3 M3 7 3 1

1

23 3 73 37 3 4» P 3
07 3 P P 3 P 19 3 7 »3 3 43 P 3 P 7 3 P 113 3 P
09 P 3 13 41 3 1

1

7 3 59 17 3 29 67 3 '9 »3 3 23 P 3

11 P 103 3 I X P 3 19 47 3 »3 »7 3 7 61
3 P 67 3 97 7

13 3 11 61 3 7 23 3 P P 3 P 7 3 P P 3 »3 »9 3 P
17 107 19 3 J03 ^3 3 47 P 3 7 P 3 P »7 3 59 7 3 P I r

19 3 7 ^59 3 P P 3 41 7 3 23 »3 3 P »7 3 P 1

1

3 P

21 7 3 P P 3 13 P 3 P 43 3 P 31 3 7 I X 3 79 »3 3

^3 37 29 3 P P 3 7 P 3 P 83 3 »3 7 3 »9 »7 3 P P
27 13 3 4» P 3

.
73 P 3 P 1

1

3 7 P 3 P P 3 P 7 3

29 P 71 3
M
/ 47 3 P 1

1

3 P 7 3 97 P 3 53 P 3 1

1

»7

31 3 13 7 3 P 1

1

3 P P 3 P P 3 P »3 3 7 P 3 89

33 P 3 43 11
3 P P 3 7 109 3 37 P 3 1

1

7 3 P 7» 3

37 3 67 23 3 P P 3 P 37 3 1

1

P 3 7 43 3 »9 P 3 P
39 101 3 29 13 3 7 P 3 1

1

P 3 P 7 3 P 4» 3 P 47 5

41 19 79 3 P 7 3 1

1

P 3 67 »3 3 P 23 3 P P 3 7 »9

43 3 P P 3 1

1

P 3 23 P 3 7 »9 3 67 P 3 ,P 7 3 107

47 11 7 3 P P 2 97 P 3 P 41 3 79 103 3 7 P 3 »3 37

4^ 3 P P 3 P P 7 31 3 lOI P 3 P 7 P P 3 4»

5^ P 3 P »'3 3 P 7 3 P 3 109 lOi 3 P P 3 »9 1

1

3'

53 13 P 3 3' 97 3 P P 3 »9 P 3 7 13 3 103 1

1

3 83 7

57 P 3 53 7 3 P P 3 83 P 3 23 1

1

3 »3 47 3 7 lOI 3

59 17 P 3 83 19 3 107 P 3 7 1

1

3 P P 3 P 7 3 P P
61 3

r*

/ 13 3 P P 3 29 7 3 P P 3 P P 3 P P 3 1

X

63 7 3 17 53 3 P 1

1

3 89 »3 3 59 P 3 7 79 3 II 29 3
67 3 3' 1

1

3 17 7 3 P P 3 »3 29 3 1

1

P 3 P P 3 7
69 1

1

3 ^9 P 3 17 P 3 P 3 7 P 3 3» P 3 »3 7 3

71 P 37 3 7 29 3 17 P 3 1

1

7 3 P »9 3
23 P 3 59 P

73 3 P 7 3 4' 13 3 1

1

73 3 P p 3 P P 3 7 P 3 P
77 7 P

0
2 1

1

31 3 13 7 3 »7 P 3 P P 3 37 61 3 P »3

79 3 1

1

109 3 P 61 3 P P 3 '7 43 3 7 23 3 P 3» 3 »9

81 P 3 P 73 3 7 S3 3 23 7» 3 »7 7 3 lie? P 3 43 P 3
83 P 13 3 19 7 3 P P 3 P P 3 17 P 3 P P 3 7 I X

«7 P 3 7 P 3 29 19 3 P
r'

/ 3 P P 3 »7 1

1

3 P P 3
73 7 3 P P 3 37 23 3 »3 7Q 3 P 1

1

3 7 29 3 P 59

9^ 3 23 31 3 43 P 3 7 1
» 3 P 1

1

2 P 7 3 »3 P 3 P
93 17 3 P 37 3 P 7 3 S3 1

1

2 P 4» 3 P 3» 3 »7 23 3
97 3 P ^7 3 7 1

1

3 P P 3 3' 7
n
2 89 P 3 1

1

P 3

99 23 3 79 7 3 n P 3 47 53 3 P P 3 1

1

^9 3 7 »3 >
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i6o|i6i 162 163 164 i6j 166 167 i68 169 170 171 172 ‘73 '74 17s 176 77 F78 79
oi| P 3 17 P 3 29 *3 3 53 P 3 7 103 3 P 1

1

3 3 ' 7 3
03! 13 ? 3 7 47 3 P p 3 P 7 3 P 1

1

3 23 29 3 '9 P
o 7

|

P 3 19 23 3 17 P 3 7 1

1

3 P P 3 '3 7 3 P P 3
09

:

7 89 3 47 61 3 n 7 3 37 73 3 P 19 3 P P 3 II P
I rj 3 P 13 3 P 1

1

3 ^7 P 3 P 7 ^ 3 7 23 3 11 89 3 P
131 67 0 31 1

1

3 7 37 3 17 13 3 109 7 3 1

1

83 3 P 47 3
J 7 i

3 7 > P 3 P 83 3 73 67 3 7 P 3 P P 3 79 7 3 19

^91 83 3 7 P 3 P p 3 1 1.
7 3 17 67 3 P P 3 13 103 3

21 37 7 3 19 P 3 1

1

23 3 P P 3 ‘7 P 3 7 67 3 71 P
23

n
s 23 P 3 1

1

13 3 7 P 3 29 P 3 17 7 3 P 37 3 P
^ #•
-^y 1

1

Pa m 3 29 P 3 13 43 3 P P 3 7 P 3 P 3 P 7

-9 3 127 P 3 7 P 3 P P 3 P 7 3 13 29 3 17 P 3 P

31 »7 3 P *5
3 01 p

ry

:> P P 3 37 P 3 P 47 3 7 1

1

3

33 P 13 3 p P 3 p 29 3 7 P 3 19 P 3 89 7 3 17 79
37 7 3 13 17 3 23 127 3 P 3 P 1

1

3 7 13 3 P P 3

39 43 P 3 p 17 3 7 19 3 11 3 P 7 3 P 31 3 P P

41 3 P 109 3 41 7 3 P 1

1

3 P 61 3 P 107 3 13 113 3 7

43 61 3 37 59 3 71 II 3 P P 3 7 43 3 P 53 3 1

1

7 3

47 3 67 7 3 P P 3 P 17 3 P 13 3 1

1

73 3 7 P 3 131

49
i

1

1

3 P p 3 p 3 7 17 3 II 47 3 P 7 3 P 13 3

7 31 3 83 P 3 p
>7

/ 3 1

1

17 3 13 P 3 P '9 3 P 29

53 i
3 29 P 3 P P 3

1

1

19 3 P »7 3 7 3 ' 3 127 4 » 3 13

57 P 107 3 1

1

7 3 p 13 3 31 37 3 P 17 3 97 P 3 7 P
59 3 1

1

71 3 109 29 3 P 23 3 7 P 3 P 13 3 P 7 3 P
61 P 3 7 p 3 P p 3 ^3 7 3 ^3 ^

41 3 19 17 3 P 53 3

63 P 7 3 p 101
3 19 P 3 P 113 61 97 3 7 17 3 P II

671 P 3 P 13 3 P 7 3 lOI 19 3 P 3 ’ 3 P 1

1

3 109 17 3

69. P 19 3 p 43 3 79 41 3 7 ' 13 3 7 1

1

3 P P 3 107 7

7 ij 3 103 53 3 7 73 3 31 P 3 43 7 3 29 P 3 .41 13 3 P
73 P 3 P 7 3 P p 3 47 1

1

3 13 23 3 lOI P 3 7 61 3

77 i
3 7 41 3 P 1

1

3 19 7 3 P 89 3 P P 3 1

1

29 3 P

79 / 3 73 1

1

3 59 13 3 P P 3 41 37 3 7 P 3 23 19 3

8T! ^3 1

1

3 p P 3 7 97 3 P 19 3 II 7 3 P P 3 P P
S3; 3 P 19 3 53 7 3 13 P 3 1

1

F 3 P P 3 F 3 7

S7 P P 3 7 P 3 1

1

P 3 P 7 3 59 P 3 43 23 3 ' P

89: 3 P 7 3 1

1

S 3 3 103 P 3 23 P 3 P P 3 7
’

3 P

9I1 P 3 1

1

37 3 47 p 3 7 13 3 P P 3 P 7 3 F 3

93I 7 P 3 ^3 P 3 p 7 3 P P 3 P P 3 73 13 3 29 19

97 P 3 43 19 3 7 59 3 61 23 3 29 7 3 P F ^3 I' 3

99 I 7 97 3 23 7 3 p 107 3 89 P 3 P 127 3 1 3 7 41



37^ Mr, Thomas Brancker’j 'Table of

180|i8t 182 183 184 00
:'«r\ i86 187 188 189 190 191 192 1931194 *95 196 197 ig8 ‘99

OI 4l 23 3 P P 3 1

1

p 3 4‘ P 3 7 P 3 P *7 3 P 7

03 3 43 109 3 7 P 3 59 P 3 3‘ 7 3 97 P 3 P *7 3 ‘3

07 1

1

19 3 P 79 3 23 ’3 3 7 83
. 3 P 43 3 P 7 3 29 »7

09 3 7 £31 3 4' 83 3 53 7 3 P 97 3
,

P >3 3 P P 3 43

1

1

7 3 P P 3 107 37 3 13 P 3 29 P 3 7 109 3 23 1

1

3

13 P 59 3 P P 3 7 P 3 P P 3 7 3 *3 1

1

3 P P
J7 43 3 -P ^3 3 P P 3 3‘ P 3 7 1

1

3 P 29 3 P 7 3

*9 37 P 3 7 113 3 43 P 3 P 7 3 P P 3 131 23 3 P P

Zl 3 P 7 3 13 P 3 97 1

1

3 23 P 3 P 3 7 *3 3 11

23 67 3 P 73 3 P 1

1

3 7 127 3 13 47 3 P 7 3 1

1

43 3

27 3 P 11 3 P 97 3 61 67 3 53 3' 3 7 P 3 ^9 P 3 P
29 1

1

3 P P 3 7 13 3 ^9 23 3 1

1

7 3 P 59 3 109 79 3

31 »3 P 3 23 7 3 3V P 3 1

1

P 3 P 13 3 P 67 3 7 *9

33 3 P P 3 P 43 3 1

1

37 3 7 19 3 ,P P 3 29 7 J 3*

37 17 7 3 11 103 3 P 41 3 29 P 3 P 61 3 7 73 3 83 P

39 3 1

1

'3 3 P P 3 7 P 3 79 P 3 83 7 3 41 P 3 127

41 P 3 n P 3 P 7 3 83 ^5 3 P 71 3 P P 3 *9 P 3

43 P P 3 13 P 3 103 P 3 19 137 3 7 23 3 P 13 3 P 7

47 P 3 V 7 3 17 29 3 47 P 3 41 19 3 1> 11 3 7 89 3

49 P P 3 59 19 3 *7 P 3 7 43 3 P 1

1

3 **3 7 3 23 ,P

51 3 7 p 3 P ^3 3 17 7 3 P 11
3 37 S3 3 43 P 3 7‘

S3 7 3 p P 3 P 23 3 17 1

1

3 107 13 3 7 P 3 P P 3

57 3 67 p 3 P 7 3 P 109 3 17 P 3 13 P 3 I i 23 3 7

59 P 3 19 1

1

3 67 47 3 P P 3 7 P 3 1

1

P 3 P 7 3

61 P 11 3 7 P 3 P 73 3 67 7 3 1

1

*9 3 3* P 3
!
P P

63 3 4' 7 3 37 19 3 29 13 0
3 11 P 3 17 P 3 7 P 3 P

67 7 37 3 P 59 3 1

1

3 13 23 3 P 107 3 »7 7* 3 P 4*

69 3 P p 3 1

1

31 3 137 P 3 P 29 3 7 P 3 *3 53 3 19

7* 17 3 11 P 3 7 P 3 ‘^3 61 3 19 7 3 P P 3 17 3* 3

73 1

1

17 3 19 7 3 71 P 3 P P 3 P P 3 23 103 A
; 7 P

77 P 3 7 17 3 ^3 19 3 43 7 3 127 37 3 P P 3 P 1

1

3

79 lOI 7 3 P 17 3 P 89 3 P P 3 13 P 3 7 1

1

3 103 P

8j 3 P lOI 3 P 17 3 7 79 3 P P 3 P 7 3 P *3* 3 13

83 13 3 47 31 3 P n
t 3 23 4« 3 P 1

1

3 P P 3 73 59 3

87 3 13 P 3 7 P 3 P I j 3 P 7 3 P ^3 3 P 47 3 II

89 P 3 P 7 3 29 1

1

3 13 17 3 31 P 3 P *9 3 7 P 3

91 79 P 3 S3 1

1

3 p 19 3 7 17 3 lOI P 3 1

1

7 3 P P

93 3 7 11 3 P P 3 P 7 3 61 ^7 3 1

1

lOI 3 47 P 3 P

97 P 3» 3 P S3 3 7 P 3 II 13 3 23 7 3 P P 3 lOI P

99 3 P 29 3 13
pm

/ 3 1

1

P 3 71 73 3 19 17 3 P 13 3 7
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' 200 201 202 203 204 205 206 2071208 209 2 10 21 1 212 213 214 21^- 219 217 218 2

01 0
p 3 23 13 3 127 1

1

3 P P 3 7 P 3 P P 3 1

1

03 83 3 89 79 3 7 1

1

3 7* P 3 47 7 3 '7 P 3 1

1

P 3
07 3 P 1

1

3 P P 3 P P 3 7 P 3 1

1

P 3 '7 7 3 '9
OQ 1

1

3 7 23 3 P 37 3 P 7 3 1

1

127 3 79 '37 3 1^7 "3 3

I I p 7 3 19 P 3 P '39 3 1

1

P 3 P lOI 3 7 P 3 17 P
13 3 P 17 3 73 3 7 '3 3 P 43 3 P 7 3 P P 3 '7
»7 37 P 3 1

1

17 3 53 P 3 12 P 3 7 P 3 P P 3 P 7
3 1

1

P
0

7 >7 3 P 109 3 P 7 3 P P 3 '3 37 3 25

p 3 73 7 3 P 17 3 47 P 3 P P 3 3' P 3 7 P 3
23 p P 3 P 13 3 41 '7 3 7 P 3 19 P 3 P 7 3 139 II
2'

i 7 3 ”3 P 3 >3 P 3 59 '7 3 37 P 3 7 II 3 P '3 3
29 p P 3 29 3' 3 7 '9 3 P '7 3 13 7 3 . P 43 3 83 P
3> 3 41 P 3 P 7 3 P 37 3 P 1

1

3 83 29 3 97 3' 3 7

33 13 3 P P 3 P 47 3 83 1

1

3 7 17 3 P 61 3 103 7 3

37 3 '3 7
*»

107 1

1

3 89 67 3 109 23 3 '9 13 3 7 P 3 P
39 29 3 37 1

1

3 19 P 3 7 P 3 P 67 3 1

1

7 3 P P 3

4> 7 1

1

3 P P 3 P 7 3 43 53 3 1

1

P 3 '3 '7 3 P 37

43 3 P 31 3 P P 3 P 19 3 1

1

P 3 7 4' 3 23 '7 3 P
47 p P 3 P 7 3 1

1

P 3 P 13 3 P P 3 29 P 3 7 '7

49 3 P P 3 1

1

P 3 P P 3 7 P 3 37 89 3 P 7 3 47

51 p
n
0 7 47 3 P 107 3 29 7 3 ‘3 79 3 19 23 3 P P 3

53 1

1

7 3 P fi3 3 19 P 3 23 37 3 S3 '3' 3 7 59 3 13 29

57 31 3 47 P 3
61

7 3 P ^9 3 P 29 3 43 P 3 P 11 3

59 13 19
. 3 P 4? 3 73 . P 3 P P 3 7 13 3 P II 3 P 7

61 3 P P 3 7 29 3 '3 23 3 P
*T

/ 3 4' 1

1

3 P 47 3 P
63 p 3 23 7 3 P P 3 31 P 3 P 1

1

3 '3 P 3 7 P 3
67 3 7 »3 3 97 '3' 3 '9 7 3 P 61

3 23 P 3 47 P 3
II

69 ! 3 P P 3 67 1

1

3 4' 13 3 P P 3 7 P 3 1

1

19 3

:> P 23 3 13 1

1

3 7 P 3 67 '9 3 89 7 3 II '3 3 P 127

73 3 P 1

1

3 59 j 3 P F 3 '3 31 3 1

1

109 3 P P 3 7

77 17 P 3 7 P 3 23 79 3 11 7 3 P P 3 P 53 3 '3' P
79 .3 17 7 3 P ’3 3 1

1

P 3 107 P 3 P 47 3 7 29 3
3t

81 43 3 17 89 3 II P 3 7 P 3 59 '3 3 P / 3 23 P 3

83 7 P 3 1

1

P 3 13 7 3 P 29 3 P P 3 "3 P 3 79 '3

87 53 3 P 19 3 7 137 3 P 31 3 P 7 3 P P 3 P 43 3

89 P 13 3 P
M
/ 3 17 P 3 '39 P 3 61 73 3 P 23 3 7

II

91 3 61 103 5 31 59 3 '7 13 3 P 3 P F 3 109 7 3 P
93 7' 3 7 P 3 P P 3 17 7 3 P 107 3 F 1

1

3 '9 F 3

97 3 19 P
n
2 103 43 3 7 P 3 '7 I ]

3 P 7 3 '3 7' 3 P
99 lOI

3

1

P

*

3 P 7 3 F 1

1

3 '7 '9 3 F F

e

3 F 61 3

3 C
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Z20 22

1

222 223 224 225 226 22*/ 228 229 230 231 232 235 234 235 23b 237 238 239

OI 7 3 H9 29 3 P 97 3 15 ‘ P 3 13 P 3 7 7» 3 ‘37 P 3

03 P 23 3 P 43 3 7 73 3 37 P 3 P 7 3 »9 P 3 »3 If

07 39 3 S3 P 3 71 13 3 P P
0
a 7 23 3 89 1

1

3 ‘5' 7 3

09 13 P 3 7 P 3 23 P 3 31 7 3 P 1

1

3 P P 3 29 P

II 3 P 7 3 73 P 3 »3 P 3 P 1

1

3 P 41 3 7 »3‘ 3 P

.33 P 3 97 S3
'3 47 P

n
a 7 1

1

3 29 139 3 »3 7 3 23 P 5

17 3 27 13 3 29 1

1

3 P P 3 P P 3 7 P 3 1

1

37 3 P

^9 97 3 17 1

1

3 7 P 3 19 »3 3 61 7 . 3 1

1

29 3 P P 3

ii 19 1

1

3 13 7 3 P P 3 P P 3 1

1

P 3 43 »3 3 7 ‘9

23 3 P 71 3 17 toi 3 3' 29 3 7 »9 3 83 59 3 P 7 3 47-

27 P 7 3 83 41 3 1

1

P 3 lOI P 3 P P 3 7 P P 7»

^9 3 P P 3 1

1

13 3 7 37 3 P lOI 3 41 7 3 P bi 3 P

P 3 1

1

137 3 P 7 3 »7 23 3 P »3 3 P P 3 ‘9 P 3

33 1

1

P 3 23 P 3 13 127 3 >7 3» 3 7 P 3
lOI P 3 P 7

37 1' 3 37 7 3 31 P 3 4' P 3 17 »9 0
a 23 P 3

t-

/
1

1

3

39 P J3 3 89 19 3 ,P P 3 7 P 3 17 P 3 P 7 3 3‘ 37

4' 3 7 23 3 P P 3 P 7 3 P 73 3 17 1

1

3 47 P 3 89

43 7 3 13 P 3 P P 3 53 P 3 P 1

1

3 7 »3 3 P 115 3

47 3 . P 1
^

3 P 7 3 23 1

1

3 »9 79 3 37 P 3 »3 P 3 7

49 17 3 19
, P 3 P 1

1

3 73 S3 3 7 67 3 »31 P 3 1

1

7 3

5 ' P 17 n
3 7 1

1

3 P P 3 59 7 3 P 19 3 1

1

67 3 ‘7 43

53 3 P 7 3 F 19 3 61 P 3 P 13 3 1

1

47 3 7 P 3 ‘7

57 7 P 3 79 17 a »39 7 a 1

1

P 3 »3 P 3 P 4» 3 P P
59 3 P P 3 37 17 0

a 1

1

P 3 P P 3 7 P 3 59 23 3 ‘3

61 13 3 113 59 3 7 »7 3 P P 3 19 7 3 29 1’ 3 P 107 3
^3 P 37 3 1

1

7 3 '3« »3 3 P P a 43 61 3 P P 3 7 3‘

67 P
f%

j 7 P 3 P »9 3 »3 7 3 P 53 3 31 P 3 P 29 D

69 29 7 3 P _P 3 P P 3 103 »7 3 1^ P 3 7 P 3 P 1

1

71 3 P P 3 23 P 3 7 P 3 P »7 3 P / 3 P 1

1

3 P

73 P
r

P 13 3 P 7 3 89 P 3 P »7 3 P 1

1

3 P P 3

77 3 67 P 3 7 107 3 P P 3 47 7 3 97 »7 3 P »3 3 P

79 P 3 P 7 3 67 P 3 »37 1

1

3 >3 P 5 53 »7 3 7 P 3

£i 71 41 3 P P 3 37 1

1

n
a 7 P 3 3» »03 3 P 7 3 1

1

P
83 3 7 P 3 P II 3 P 7 3 41 97 .3. 67 23 3 1

1

»7 3 29
87 »3 U 3 61 ‘I3

3 7 P 3 127 P 3 1

1

7 3 103 P 3 P »7

89 3 P 31 3 43 7 3 13 47 3 1

1

P 3 19 83 3 P P 3 7

9 * P 3 P P 3 19 P 3 1

1

83 3 7 P 3 13 3» 3 37 7 3

93 P P 3 7 83 3 11 23 3 P 7 3 P 149 3 P »9 3 P P
97 19 3 1

1

P 3 59 P 3 7 13 3 P P 3 P 7 3 S3 23 3

99 7 79 3

J

13 149 3 P 7 3 109 P 3 23 P 3 P »3 3 P 103
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240 241' 24? 243 244 24 V 246 247 24b '49,250)2 qi '52 253 '54255 156 2 57 2 58259
oi P 7 3 «9 13 3 73 ‘7 3 37 23 3 1

1

P 3 7 P 3 P 59
03 3 P p 3 23 107 3 j 17 3 1

1

'3 3 P 7 3 P p 3 p
07 P F 3 109 P 3 1

1

31 3 P 17 3 7 P 3 23 29 3 3 ' 7
09 3 P 43 3 7 p 3 P P 3 89 7 3 P P 3 P 47 3

1

1

‘3 3 1

1

7 3 127 p 3 43 29 3 P 17 3 P 97 3 7 53 3
13 1

1

P 3 4! P
A
3 '3 3 7 P 3 19 17 3 3 '

7 3 83 p
17 / 3 61 P 3 p 103 3 13 P 3 P '

5 ' 3 7 17 3 p 1

1

5
19 P 89 3 83 P 3 7 19 3 P 127 3 F 7 3 13 1

1

3 P p
21 3 P 53 3 P / 3 59 P 3 ' 3 ' P 3 P 11 3 P 17 3 7
23 P 3 p 13 2 137 p 3 103 P 3 7 1

1

3 P P 3 29 7 3
2,7 3 23 7 3 13 p 3 79 11 3 29 P 3 19 47 3 7 '3 3 I L

29 P 3 p P 3 19 1

1

3
'/ 97 3 '3 P 3 59 7 3 1

1

23 3

3 > 7 59 3 29 1

1

3 p 7 3 107 P 3 23 73 3 1

1

'9 3 13 P
33 3 P T I 3 53 p 3 P '9 3 P 4 ' 3 7 29 3 P P 3 P
37 13 P 3 P

•f

y 3 li 29 3 11 P 3 P '3 3 P 31 3 7 37

39 3 101 F 3 p 53 3 1

1

59 3 7 23 3 P P 3 P 7 3 P
41 29 3 7

lOI 3 1

1

41 3 P 7 3 3 ' 43 3 13 P 3 P P 3

43 P 7 3
1

1

p 3 19 109 3 P 79 3 P P 3 7 P 3 43 P
47 139 3 P 97 3 p 7 3 P 13 3 P P 3 P 59 3 P P 3

12 P ^9 3 13 23 3 '57 P 3 61 37 3 7 P 3 29 ^3 3 P 7

5 ' 3 P P 3 7 p 3 -53 F’ 3 13 3 lOI 31 3 113 11 3 P
53 i

67 3 79 7 3 43 89 3 29 P 3 P P 3 P 1

1

3 7 103 3

Sl\ 3 7 127 3 37 ^3 3 '9 7 3 P 1

1

3 P P 3 P 43 3 lot

59' 7 3 «7 P 3 4 > P :) P 1

1

3 '39 13 3 7 61 3 P 19 3

6ij P 37 3 17 61 3 7 1

1

3 109 '9 3 F 7 3 P 67 3 1

1

13
63I

3 73 19 3 17 J 3 1^ 23 3 71 P 3 13 P 3 1

1

P 3 7
^’ 7 i

41 1

1

3 7 43 3 17 3 P 7 3 1

1

])
3 37 P 3 P 23

69
1

3 P 7 3 p 79 3 17 '3 3 II P 3 23 P 3 7 73 3 P
jv P 3 13 P 3 P P 3 7 P 3 P 37 P 7 3 P 4 ' 3

73 7 23 3 P p 3
1

1

7 3 13 p 3 127 P 3 107 P 3 P 19

77 P 3 1

1

19 3 7 P 3 F P 3 17 7 3 73 P 3 149 113 3

79 1

1

P 3 P 7 3 23 71 3 P 3' 3 '7 4 '
3 F F 3 7 83

81 3 P p 3 p 47 3 F '39 3 7 13 3 I? 83 3 61 7 2 P
83 P 3 7 37 3 13 F 3 149 7 F 131 3 17 F 3 19 11 3

1 87 3 19 149 3 47 23 3 7 4 ' 3 89 3 52 5 3 li 107 J

89 13 3 107 29 3 67 7 3 F F 3 1
11 7 ’ f 3 *7 i) 3

I91 P 17 3 F 19 3 r 13 67 I
3

) c ' 5 /
2

: 2
I

7 7

93 3 13 ‘7 3 7 F 3 F 11
3

23 1

3
6' i; F

5
I
3

5
II

97 ' F r 3 31 n 2 r '37 2
7 4 ' lOC

) J
I

1 ?
1

5» P
29

li

2 7
II

3 r 3 F '5 1 “1 5 5 a
1 \
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26c 261 1262 263 26^ 269 266 267 268 269 270 271 272 273 274 275 276 277 278 279

01 3 43 7 3 17 P 3 P P 3 13 41 3 23 1

1

3 7 P 3 P
03 P 3 F 29 3 >7 37 3 7 P 3 p 1

1

3 67 7 3 >3 P 3

07 3 f 73 3 r 13 3 17 II 3 I >3 p 3 7 P 3 >9 103 3 II

09 3' 3 P F 3 7 1

1

3 17 7> 3 p 7 3 P P 3 1

1

P 3

1

1

19 F 3 83 7 3 >3 P 3 17 P 3 P 3> 3 1

1

P 3 7 >3

33 3 I 1

1

3 61 P 3 P P 3 7 >9 3 1

1

79 3 53 7 3 103

P 7 3 P p 3 43 P 3
1

1

P 3 >7 59 3 7 P 3 P P
^9 3 r>157 3 29 23 3 7 13 3 4' 47 3 17 7 3 7' S3 3 P

2

1

P 3 13 P . 3
1

1

r»

/ 3 P P 3 37 163 3 17 >3 3 >9 43 i
23 53 151 3 1

1

p 3 79 P 3 >3 61 3 7 89 3 >7 23 3 P 7

*“
/ 17 3 P 7 3 4> P 3 >39 P 3 p >9 3 P P :> 7 P i

29 P 17 3 1 13 >3 3 3> P 3
r*

/
15' 3 73 P 3 1> 7 3 >7 1

1

3' 3 7 3 p 43 3 P 7 3 P >3 3 >5> P 3 P 1

1

3 ‘7

33 h
3 37 17 3 13 P 3 P 23 3 43 >13 3 1 1

1

3 P >3

S'? 3 59 P 3 p 7 3 P 47 3 >9 1

1

3 P P '3 29 P 3 7

39 T3 3 19 P 3 P >7 3 P 1

1

3 7 P 3 23 P 3 P 7 3

4> p p 3 7 >37 3 P I

)

3 29 7 3 P >9
'

3 P >3> 3 1

1

P
43 3 13 7 3 3' 1

1

3 47 17 3 P P 3 37 >3 3 7 P 3 P
47 7 1

1

3 P S3 3 P / 3 P >7 3 1

1

23 3 >3 P 3 P P
49 3 79 P 3 P >39 3 23 P 3 1

1

17 3 7 P 3 43 P 3 >9

5' 109 3 P >3 3 7 29 3 1

1

P 3 >9 7 3 97 P 3 P P
3'

53 P p 3 19 7 3 1 1 3> 3 P >3 3 P >7 3 59 P 3 t P
57 7' 3 / P 3 P >9 3 107 7 3 >3 97 3 P 17 3 41 89 3

59 1

1

7 3 43 P 3 S3 P 3 P P 3 P 109 3 7 >7 3 >3 73
t) 1

3 p P 3 47 P 3 7 P 3 P >57 3 P 7 3 >39 >7 3 P
'^>3 67 3 P 4' 3 lO 1 7 3 P 59 3 23 >37 3 29 43 3 P 1

1

3

67 3 >37 P 3 7 3 I

itmaa
3 >3 ^7 3 P 7 3 P 1

1

3 73 P 3 P

6g; 131 3 109 7 3 163 P 3 97 >49 3 lOl 1

1

3 >3 >9 3 7 29 3

7' 29 P 3 P 103 3 >49 >9 3 7 1

1

3 P lOI 3 79 7 3
'47 83

731 3 7 >3 3 23 P 3 41 7 3 P 29 3 3> 83 3 P P 3 II

77! 89 P 3 >3 1

1

3 7 ,P 3 53 P 3 P 7 3 II >3 3 61 lOI

79 3 ..1^
>> 3 F 7 3

61 P 3 >3 P 3 1

1

P 3 89 P 3 7

8i 1

1

3 41 23 3 >9 P 3 P P 3 7 P 3 P P 3 13 7 3

c'9
P P 3 7 7‘ 3 P P 3 1

1

/ 3 P >39 3 P 19 3 P P
87 19 3 97 P 3 1

1

P 3 7 P 3 3> >3 3 P 7 3 371J9 3

89 7 P 3 ] I P 3 13 >37 103 3 29 6

1

3 47 P 3 167 >3

9' 3 1

1

61 3 59 P 3 73 P 3 P P 3 / 37 3 P P 3 23

93 97 3 P P 3 7 P 3 P P 3 71 7
0
3, >9 4> 3 P P i

^7| 3 >7 P 3 P 3 >27 >3 3 7 P 3 P 3> 3 P 7 3 P
99| P 3 7 P 3 67

,

P 3 37 i 3
1

59 P 3 107 1

1

,5 P 3



Incompofit, orFHme, Numbers, lejs than 100
,000 . 381

280|28 I 2S21 CC 284 00 286 287 28812891 290 291 2921293 ’94 295 296 2Q7U'-8.2QQ

oil P 3 P 7 3 ii 37 3 83 P 3 P P 3 P P 3 7 ‘7 3

: 03, 41 157 3 1

1

P 3 P P 3 7 '3 2 19 p 3 63 7 3 P 17
07I / 3 67 P 3 29 P 3 P 137 3 13 P 2 7 '9 3 6

1

4' 3

j
09. 37 P P P 3 7 19 3 P P 3 P 7 3 23 29 3 '3 1

1

II 3 P P 3 P 7 3 P 47 3 67 43
0
0 p P 3 P 1

1

3 7
;

^3, 109 3 89 23 3 P '3 3 P 29 3 7 '3' 3 67 1

1

3 43 7 3
i7| 3 3' 7

n '57 P 3 '3 P 3 P 1

1

3 '9 23 n
3 7 P 3 P

!

ly. P
rt

0 P P 3 19 P 3 7 1

1

3 37 61 3 13 7 3 113 P ?

21, 7 61 3 127 97 n
0 P 7 3 P P

n
0 P 109 3 5.^ '9 0 1

1

P

1
^3: 3 P 13 3 43 1

1

3 P '9 3 P p 3 1 P 3
1

1

p 3 23

P 1

1

3 13 7 3 P 23 3 P P 3 11 P 3 P '3 3 7

29 3 23 P -3 P 47 3 P 127 3 7 .P 3 '39 P 3 P 7 3 '73

31' P 3 7 4' '03 P 3 1

1

7 3 P P 3 19 P 3 '3 23 3

33; '7 7 3 29 P 3 1

1

59 3 P P 3 23 P 3 7 P 3 P 37

37; 23 5 1

1

43 3 P 7 3 P '9 3 P '3 3 P P 3 '3' P 3

39 1

1

19 3 17 P 3 13 29 3 43 71 3 7 P 3 109 107 3 53 7

4' 3 107 31 3 7 P 3 4' '5' 3 "3 7 3 13 59 3 P P 3 79
43 29 3 61

7 3 '7 P 3 P 103 3 '5' P 3 P 3' 3 7 1

1

3

47 3 7 47 3 P P 3 17 7 3 3' P 3 P 11 3 23 '5' 3 P
49 7 3 *3 P 3 P P 3 '7 P 3 103 1

1

3 7 '3 3 7' 19 5

S' P P 3 P 23 3 7 P 3 13 1

1

3 P 7 3 29 '49 3 P bi

53 3 47 19 3 37 7 3 P 1

1

3 17 P 3 '49 P 3 '3 P 3 7

57 P 37 3 7 1

1

3 P 149 3 23 7 3 17 3' 0 1

1

47 3 73 29

59| 3 29 7 3 '49 P 3 P P 3 P '3 3 1

1

89 3 7 P 3 P
61 1

1

3 59 79 3 '3 P 3 7 P 3 11 29 3 17 7 3 P J3 3
63 7 P 3 ‘13 P 3 P 7 3 1

1

P 3 13 P 3 17 P 3 P x9

'i
^7 '3 3 23 19 3 7 109 3 P 83 3 P 7 3 79 P 3 17 P 3
^^9 P '7 3 1

1

7 3 P '3 3 59 41 3 P 43 3 P P 3 7 23

! 71 3 1

1

17 3 7' P 3 P P 3 7 3' 3 23 '3 3 P 7 3 '7

73 67
0
3 7 17 3 P 53 3 13 7 3 P 73 3 P P 3 '9 P 3

77 3 19 p 3 P 17 3 7 67 3 P 163 3 29 7 3 59 1

1

3 3'

79 43 3 p 13 3 P 7 3 P P 3 P 19 3 4' 1

1

3 97 P
•>

>

81
P^ P 3 lOi '9 3 23 '7 3 73 '3 3 7 1

1

3 P 67 3 P 7

83 3 P p 3 7 lOI
3 107 '7 3 127 7 3 P P 3 P '3 3 P

87 F 7' 3 P 6

1

3 P 1

1

3 7 17 3 P P 3 P 7 3 II '57

89 3 7 p 3 3' 1

1

3 P 7 3 '9 '7 3 P 37 3 1

1

P 3 P

91 7 3 ^9 1

1

3 P '3 3 167 53 3 P '7 3 7 127 3 3' 7' 3

93 13 1

1

3 P P 3 7 P 3 79 47 3 1

1

7 3 lOI 23 3 107 89

97 P 3 P 73 3 P P 3 1

1

107 3 7 P 3 '3 17 3 83 / 3

j 99 P 163 3 7 P 3 1

1

\V\ 3 47 7 3 P 3 P '7 3 29

<

'31

•



3S2 Mr, Thomas Brancker’j Table of

3P0I301 3021303 304 305 306 307 308 309 310 31' 312 313 3«4 315 316 3'7 31& 3'9

01 19 3' 3 157 7 3 71 1

1

3 13 29 3 4‘ 113 3 17 P 3 7 ‘9

03 3 P P 3 P 1

1

3 p p 3 7 19 3 23 31 3 1

1

7 3 6i

07 37 7 3 P »3 3 127 p 3 3' lOI 3 1

1

P 3 7 P 3 17 P
09 3 P 17 3 47 P 3 7 p 3 I i '3 3 131 7 3 73 37 3 '7

1

1

P 3 P 17 3 13 7 3 1

1

P 3 53 23 3 lOI P 3 '9 '3 3

13 P P 3 P I? 3 1

1

p 3 19 P 3 7 ^73 3 P lOl 3 29 7

17 13 3 II 7 3 P 17 3 p 43 3 29 19 3 89 P 3 7 P 3

19 P 3 P 19 3 67 13 3 7 P 3 P P 3 43 7 3 47 59

21 3 7 47 3 29 23 3 31 7 3 67 P 3 P »3 3 103 P 3 '37

23 7 3 P P 3 131 113 3 »3 17 3 P P 3 7 29 3 P 1

1

27 3 47 167 3 P 7 3 p 29 3 ‘9 n 3 P 1

1

3 P 1’ 3 7

29 P 3 19 13 3 P 109 3 P ‘57 3 7 1

1

3 53 4' 3 P 7 3

31 59 29 3 7 P 3 P 79 3 P 7 3 P 17 3 P 47 3 '39 37

33 3 P 7 3 13 19 3 73 1

1

3 P 163 3 P 17 3 7 '3 3 1

1

37 7 P 3 23 ] 1
3 P 7 3 P 41 3 P P 3 1

1

*7 3 '3 109

39 3 P 1

1

3
61 P 3 59 P 3 P p 3 7 '49 3 29 17 3 '9

41 11 3 P P 3 7 ^3 3 P P 3 1

1

7 3 23 P 3 P 17 3

43 13 43 3 ^9 7 3 P 71 3 1

1

37 3 157 13 3 P P 3 7 17

47 P 3 7 P 3 1

1

^9 3 100 7 3 p P 3 13 P 3 53 P 3

49 15

1

7 a 1

1

P 3 P 97 3 P 61 3 P 23 3 7 P 3 P 43

51 3 11 13 3 37 137 3 7 P 3 P p 3 107 7 3 31 P 3 89

53 41 3 P 127 3 P 7 3 P 13 3 p P 3 71 '39 3 "3 53 3

57 3 53 79 3 7 P 3 p 59 3 13 7 P 83 3 P 1

1

3 P
59 P 3 P '/ 3 P 23 3

..
P 83 3 p P 3 '63 1

1

3 7 P 3

61 23 P 3 97 «3 3 P 19 3 7 89 3 43 1

1

3 37 7 3 '5' 31

63 3 7 53 3 41 13 3 p 7 3 P 11 3 79 73 3 P 23 3 P
67 107 97 3 P P 3 7 1

1

3 173 47 3 P 7 3 P P 3
1

1

13
69 3 P P 3 P 7 3 29 P 3 P 71 3 13 P 3 1

1

P 3 7

71 P 3 P 1

1

3 19 P 3 P P 3 7 P 3 II '3' 3 P 7 3
73 17 1

1

3 7 31 3 37 p 3 47 7 3 II 137 3 P '9 3 P P
77 19 3 *3 37 3 P P 3 7 P 3 p P 3 P 7 3 43 127 3
79 7 103 3 17 29 3 1

1

7 3 13 P 3 31 P 3 23 79 3 71 113

81 3 P 107 3 1

1

53 3 p P 3 P p 3 / P 3 13 61 3 P
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79 3 7 13 3 P P 3 P 7 3 ‘9 P 3 29 P 3 P ‘7 3 11

81 7 3 ^9 P 3 3» II 3
13J >3 3 P 23 3 7 P 3
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•f 3 p 7 3 P P 3 ,'9 17' 3 ,29

i
P 3 P 37

.
3 P

99 3 ^9 P

i

3 P 41 3 127 P 3 ' 7 '3 3 : P P 3

'
1

1’
3 23



hcompofity or Prime, Numbers, Icfs than 100,000 3^9

440 441 442:4431444 445 4+6 447l44^i4+9!450 45' 452 453 454 455 456 457 458 45.9

01; 3 P P 3 7 P
't

0 P 7‘ 3 1

1

7 3 89 S3
3 3‘ 23 3 ‘97

o3| 79 3 P 7 3 ‘9' ‘3 3 11 S3 3 23 ‘7 3 P P 5 7 163 3
07' 3 7 P 3 1

1

P ' 3 ‘3 7 3 P 43 -3 P ‘7 3 59 P 3 29
09! 7 3

1

1

59 3 47 3' 3 P P 3 79 53 3 7. ‘7 3 43. iQ 3

1

1

1

1

P 3 73 89 j 7 P 3 97 ‘9 3 29 7 3 7‘ ‘7 3 61 3‘

13 3 3‘ 13
0
0 23 7 3 61 41 3 P 197 3 “3 P 3 P 17 3 7

17 P ‘57 3 7 P
; 3 P 97 3 P 7 3 103

:
P 3 23 1

1

3 P ‘7

ig 3 P 7 3 ; 43 : P ‘97 P 3 ‘3 P, 3 P 1

1

3 7 ‘3‘ 3 47

21 P
n
0 P 23

!
3 211 P 3 7 29 3 P II 3 53 7 3 ‘3 P 3

.7I 7 P
;

3 127 3‘ 3 P 7 3 167 1

1

0 4‘ ,
61

3 P 43 3 P ‘9

27, P 3 i 47 ‘9 3 7 1

1

3 23 P 3 P 7 i 3 P 53 3 1

1

P 3

29 P P i 3 97
r:

/ 13 P 3 ‘79 37 3 3‘ ! P 3 1

1

103 3 7 ‘3

3i[ 3 P 1

1

; 3 ‘57 P 3 41 127 3 7 P 3 i

“ 18

1

3 p 7 3 23

33 1

1

3 ; 7 '43 3 P P 3 107 7 3 11 P 3 P P 3 ‘9 P 3

37 3 19 31 3 37 P 3 7 13 3 29 P 3 P 7 3 47 P 3 7‘

39 47 3 ‘3 loi 3 1

1

7 3 P P 3 P ‘9 3 P ‘3 3 53 23 3

41 P 37 3 II 19 3 P P 3 ‘3 73 3 7 P 3 P p 3 P 7

43 3 II ‘51 3 7 P 3
101 P 3 3‘ 7 3 P 29 3 13 ‘49 3 P

47 17 i3‘ 3 61 ‘3 3 P 29 3 7 107 3 P ‘37 3 37 7 3 19 IT

49 3 7 P 3 P P 3 73 7 3 ‘9 ‘3 3 101 47 3 191 1

1

3 P

7 3 17 P 3 13 P 3 P 79 3 163 37 3 7 1

1

3 P ‘3 3

53 P 67 3 17 P 3 7 P 3 P P 3 ‘3 7 3 P 7‘ 3 P P
57 13 3 P P 3 ‘7 P 3 31 1

1

3 7 167 3 ‘31 P 3 P 7 3

59 P P 3 7 23 3 17 II 3 P 7 3 P 67 3 29 P 3 1

1

P

61 3 ‘3 7 3 ‘73 ii 3 ‘7 “3 3 P P 3 P ‘3 3 7 67 3 ‘9

^3, ‘39
r\

j P 1

1

3 P 59 3 7 P 3 ‘9 P 3 1

1

7
n
3 P P 3

3 29 P 3 53 41 3 89 P 3 11 3‘ 3 7 ‘9 3 P P 3 43

!
^9 127 3 P 13 3 7 ‘9 3 1

1

‘93 3 ‘7 7 3 4' P 3 37 P 3

V P P 3 P 7 3 1

1

P 3 P ‘3 3 17 59 . 3 ‘99 109 3 7 P
li 73 3 193 P 3 1

1

29 5 P 23 3 7 ‘99 ‘7 37 3 P 7 3 3‘

(i 77 1

1

7 3 199 79 3 43 P 3 4‘ P 3 ‘9 P 3 7 P • 3 ‘3 23

^
79 3 P P 3 ‘9 P 3 7 P 3 61 P 3 23

. 7 3 ‘7 P 3 . P

5 81 17 3 P P 3 109 7 3 37 3‘ 3 P P 3 P 19 3 17 1

1

3
! 83 ‘3 ‘7 3 P P 3 P ‘9 3 P P 3 7 13 3 79 1

1

3 ‘7 7

1 87 P 3 67 7 3 P P 3 P P 3 73 1

1

3 ‘3 P 3 7 P 3
il 89 P P 3 P 17 3 23 P 3 7 1

1

3 P P 3 P 7 : 3 109 P

T~9^ 3 7 ‘3 3 P ‘7 3 47 7 3 67 P 3 ‘9
. P 3 P 29 3 1

1

93 7 3 P 103 3 ‘9 1

1

3 P ‘i 3 43 P 3 7 1 27 3 1 1 P 3

97 3 '93 1

1

3 P 7 3 P ‘7 3 ‘3 P 3 1

1

P 3 P 4‘ 3 7
1

1

3 3‘ 29 3 ‘03
I

P 3 59 ' ‘7 3 1 97 3 ‘73 P 3 . ‘3 7 3

1



39° ' ilfr. Thomas BranckerV c/

460 461 462 463 464 465 466 467 468 469 470 47' 472 473 474 475 476 477(478 477
OI 157 3 47 P 3 7 p 3 '7 P j '9 7 3 107 P ,3 P '3 3
03 179 P 3 '9 7 3 29 P 3 '7 1

1

3 '3 P 3 67 18

1

3 7 P
07 13 3 7 P 3 P 1

1

3 P 7 '7 P 3 p P 3 1

1

P 3

09 '39 7 3 P ) I 3 127 '3 3 6

1

29 3 '7 P 3 7 P 3 P 23

1

1

3 13 1

1

3 P P 3 7 P 3 53 I' 3 1

1

7 3 47 P 3 P

IS 1

1

3 37 29 3 '93 7 3 '3 43 3 1

1

3' 3 '7 P 3 P '37 3

17 3 107 113 3 7 i8i 3 1

1

P 3 P 7 3 P P Q
sj '7 P 3 P

19 17 3 P 7 3 1

1

p 3 P P 3 P 23 3 P '9 5 7 P 3

21 P '7 3 1

1

61 3 23 ^9 3 7 'S 3 P 79 3 P 7 3 '7 '73

^3 3 7 17 3 '3 P 3 P / 3 59 P 3 37 47 3 P '3 3 '7

27 P 193
0
3 P 17

n
0 7

o’’
3 167 3' 3 83 7 3 P 97 3 13 1

1

29 3 163 P 3 29 7 3 83 P 3 '3' P 3 '9 43 3 P II 3 7

31 191 3 83 107 3 '9 13 3 P 71 3 7 73 3 P 1

1

3 59 7 3

33 '13 P 3 7 59 3 p 17 3 P 7 3 '49 1 1 3 P '9 3 3' P
37 19 3 P P 3 173 149 3 7 1

1

3 P P 3 '3 7 3 P
.
P 3

39 7 29 3 '49 P 3 p 7 3 73 '7 3 97 P 3 137 P 3 1

1

P

41 3 P ^3 3 P 1

1

3 43 3' 3 P '7 3 7 P 3 1

1

P 3 191'

43 4' 3 '3' 1

1

3 7 p 3 '39 3 P 7 3 1

1

P 3 P P 3

47 3 P 103 3 P 89 r>

j P 79 3 7 P 3 "3 17 3 29 7 3 P
49 P 3 7 P 3 P P 0 1

1

7 3 P 37 3 23 '7 3 '3 59 3

51 P 7 3 P P 0 1

1

P 3 29 P 3 P • P 3 7 '7 3 109 1'

53 3 P 23 3 1

1

13 3 7 P 3 21

1

61 0 P 7 3 P '7 3 79
57 1

1

/01 3 '3I P 3 '3 P 3 P 1^ 3 7 23 3 '9 P 3 P 7

59 5 31 167 3 / P 3 19 47 3 P 7 3 '3 P 3 P 163 3 '99

61 P 3 P 7 0 101 29 3 P '5' 3 P 167 3 3' '99 5 7 1

1

3
63 73 13 3 7' 97 3 P 101

3 7 19 3 '5' P 3 P 7 3 23 P
67 7 3 13 '99 3 P 23 5 P 67 3 IQI 1

1

3 7 '3 3 37 '5' 3
69 23 '37 3 89 3' 3 / P 3 '3 1

1

3 P y 3 1' 73 3 P P
71 3 P P 3 P 7 3 P 1

1

3 103 43 3 127 37 3 '3 23 3 7

73 P 3 P 79 0 P 1

1

/>

0 19,107 3 7 4' 3 29 "3 3
1

1

7 3
77 3 61 7 3 p 47 29 P 3 '79 13 3 1

1

'97 3 7 P 3 P
79 1

1

3 P '9 n '3 P 3 7 109 3 1

1

P 3 79 7 3 P '3 3

81 7 P 3 P 53 3 P
_
/ 3 11 23 3 '3 p 3 P P 3 P P

^3

«7
3 P 3' n

Ct 23 57
n
5 1 ] ^73 3 '97

P

29 3 7 '03 3 4' 7' 3 13
17 P 3 1

1

7 3 1’ '3 3 3 P p 3 23 43 3 7 47
S9 3 1

1

4' 3 P p
o
0 7' P 3 •7 P

0
5 p '3 3 '03 7 3 37

9‘ P 3 7 23 3 p p 3 '3 7 2 4' '9 3 P P 3 P 83 3
93 P 7 3 '7 '9 3 53 73 3 P P 3 P 83 3 7 37 3 47 1

1

97 3' 3 67 13 3 17 7 3 23 1^ 3 109 P 3 P 1

1

0
•P 211 3

99 P P 3 P
-

P
•

0 17 53
7

43 «3

.

n
:> 7 1

1

*

3 P
_

P 3 <9 7



Incompofitj or Prims^ Numbers, lejs thxn 100,000 391

480I48

1

482I +83 484 485 cc O' 4S7 4^
CC CO 489 490.49' 492 493 494 495 496 497 498 499

01 23I103 3 1

1

29 3 7 3' 3 79 '9 3 I' 7 3 59 '93 3 P '39
03 3

1

1

.19 3 97 7 3 "3 37 3 P P 3 47 127 3 P 23 3 7
6- 61 73 3 7 P 3 '3 S3 3 P 7 3 P P 3 3' 113 3 P II

09 3 P 7 3 P '79 3 67 P 3 P P 3 '3 P 3 7 1

1

3 29

1 I 41 3 37 P 3 '39 P 3 7 59 3 67 P 3 P 7 3 P P 3
13 7 13 3 P P 3 '73 7 3 41 23 3 29 1

1

67 P 3 109 '9

17 P 3 13 19 3 7 61 3 P 1

1

3 P 7 3 P '3 3 83 3' 3

19 3^ P 3 2 1

1

7 3 P 1

1

3 '3 P 3 83 149 3 23 29 3 7 P
2 I 3 P P . 3 4' 1

1

3 83 P 3 7 P 3 3' .73 3 1

1

7 3 P
25 P 3 7 1

1

3 P P 3 P 7 3 P P 3 1

1

P 3 '9 P 3

27 3 17 29 3 79 P 3 7 '57 3 II '3 3 107 7 3 P 3 P

29 P
r>

17 31 3 '3 7 3 1

1

"3 3 73 '9 3 P P 3 223 '3 3

31 43 P 3 1? ‘y 3 1

1

P 3 167 P 3 7 P 3 P 3' 3 P 7

33 3 127 139 3 7 P 3 P 47 3 P 7 3 P P 3 P 4' 3 13

37 1

1

37 3 P P 3 '7 '3 3 7 P 3 53 103 3 P 7 3 19 P
39 3 7 P 3 59 P 3 17 7 3 '9 P 3 • P '3 3 P P 3 P

41' 7 3 19 P 3 P 127 3 '3 109 3 '57 4' 3 7 107 3 P 1

1

3

43’ 107 3' 3 29 193 3 7 79 3 '7 P 3 23 7 3 '3 1

1

3 P P
47I 23 3 P 13 3 43 P 3 P P 3 7 1

1

.3 '97 P 3 P 7 3

49 P 89 3 7 P 29 3 3' 7 3 '7 61 3 P '3' 3 79 '99

5' I;
i

3 179 7 3 ^3 47 ^
3 P 1

1

3 181 23 3 '7 P 3 7 '3 3 1

1

53 29 3 73 p 3 23 1

1

3 7 P 3 '3 P 3 17 7 3 II P 3

57 ; 3 P 1

1

3 47 59 3 P ]' 3 P P 3 7 '9 3 '7 P 3 P
59- 1

1

1

3 P 37 3 */ 13 3 P '73 3
1

1

7 3 P P 3 '7 73 >

61!
i

'3 17 3 '3; 7 3 P P 3 1 i 7' 3 P '3 3 29 S3 3 7 47
63 3 P 17 3 P P 3

j I '3' 3 7
211

3 P P 3 P 7 3 '7
67' 7' 7 3 1

1

17 3 4' P 3 23 '39 3 '9 P 3 7 P 3 47 29

69, s 1

1

’3 3 ‘9 17 3 7 P 3 P P 3 P 7 3 P '57 3 107

/ ' 53 3 P P 3 P 7 3 P '3 3 P 29 3 61 '9 5 71 P 3

73
1

p 67 3 13 P 3 P 17 3 P 3'
0

7 97 3 89 '3 3 53 7

77 1131 3 23 7 3 3' P
0
5 37 17 3 P P 3 P 1

1

3 7 ^ P 3

79 i

• p P 3 101 P 3 P P 3 7 '7 3 P 1

1

3 43 7 3 3' 23

8, i 3 7 P 3 P '3 7 3 P II 3 19 P 3 P 67 „3 151

83 7 3 53 P 3 '9 89 3 P 1 L 3 '37 '3 3 7179 3 P 83 3
«7 3 P 109 3 P 7 3 P '9 3 '9* lOI 3 ‘3 '7

1

3 II P 3 7

89
i

3 43 1

1

3 P 181 P P 3 7 23 3 III 17 3 P 7 3

91 P 1 i 3 7 P 3 23 97 3 i' / 3 1

1

P 3 lOI 17 3 P P
93 3 P 7 3 7* P 5 59 '3 3 1

1

P 3 P 43 3 7 '7 3 P

97 7 P 3 P P 3 1

1

7
i

^ '3 29 3 P 47 3 P P 3 4 ' 17

99 31157
1

P 3 11 2 ?
j 3 P‘107

I'

J 37 P 3 7 P 3 '3 '9 3 P

jl
‘ ’'ll-
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i;oo 501 502 S°3 S04 50s 506 507 508 509 ,•0 Sii 5 '2 5'3 5'4 S‘6,5‘7 518 S‘9

OI 3 P '7 2 •3 1

1

3 7 37 3 P ‘37 3 29 7 3 1

1

•3 3 ‘7

03 3' 3 61 1

1

3 P n
/ 3

101 109 3 •3 I’ 3 1

1

P 3 149 P 3

07 3 89 P 3 7 •7 3 p 23 3 I i 7 3 P P 3 P 29 P

Qg 43 3 23 7 3 S3 •3 3
1

1

P
A
0 P, -4‘ 3 lOl '9 3 7 •03

,
3

1

1

*3 P 3 r P 3 1

1

'7 3 7 29 3 83 •3 3 P 7 3 '97 23

13 3 7 •49 3 1

1

P 3 •3 7 3 •39 79 3 23 P 3 P P 3 P

17 1

1

23 3 67 P 3 7 41 3 59 •7 3 P 7 3 P 7‘ 3 P •93

^9 3 P '3 3 127 7 3 67 89 3 163 •7 3 ,19 P 3 41 P 3 7

21 P 3 P p 3 19 223 3 P '3 3 7 •7 3 P P 3 • P 7 3

23 P P 3 7 p 3 23 P 3 P 7 3 1 8

1

•7 3 67 1

1

3 29 •37

27 ^9 3 P 59 3 P P 3 7 127 3 29 1

1

3 P 7 3 •3 P 3

29 7 P 3 p 21

1

3 •97 7 3 P 1

1

3 P P 3 227 •7 3 P P

3' 3 P P 3 29 •3 3 97 1

1

3 P P 3 7 P 3 P •7 3 u
S3 P 3 191 p 3 7

1

1

3 P 3' 3 P 7 3 •9 29 3 1

1

17 3

37 3 iHi 1

1

3 3' 97 3 ••3 29 3 7 P 3 1

1

P 3 P 7 3 167

39 1

1

3 7 7' 3 P 79 3 P 7 3 1

1

P 3 P P 3 3' P 3

41 163 7 3 P 1 P 3 89 P • 3 1

1

43 3 P P 3 7 • 13 3 47 P

43 3 4' 47 3 73 P 3 7 •3 3 P •99 3 P 7 3 43 59 3 '27

47 P P 3
1

1

61
3 P 3> 3 •3 1’ 3 7 P 3 •9 3 •39 7

49 3 1

1

109 3 7 P 3 •9
,

P 3 7' 7 3 P P 3 •3 P 3 P

5' P 3 3‘ 7 3 P P 3 21

1

P 3 P 53 3 23 P 3 7 •9 3

53 P P 3 43 •3 3 37 P 3 7 •9 3 107 89 3 3‘ 7 3 P 1

1

57 7 3 29 37 3 •3 •79 3 P P 3 P P 3 7 1

1

3 73 •3 3

59 '13 P 3 P P 3 7 •93 3 •3^ P 3 •3 7 Q 47 P 3 P 223

61 3 i03 P
n
2 P 7 2 23 iSi 3 P 1

1

3 p P 3 '9 191 3 7

% '3 3 P P 3 S9 29 3 •9 1

1

3 7 P 3 S3 P 3 37 7 3

67 3 13 7 3 109 1

1

3 P P 3 223 •9 3 3‘ •3 3 7 P 3 ‘57

^>9 P 3 17 1

1

n
2 61 23 3 7 P 3 P 167 3 1

1

7 3 P P 3

71 7 1

1

3 •7 4' 3 P 7 3 P P 3 1

1

47 3 •3 163 3 P P
7

'3 3 '3' P 3 •7 103 3 P P 3 i I 73 3 / P 3 P 23 3 P

77 P P 3 P ‘ 3 1

1

P 3 •9 •3 3 47 83 3 P 3‘ 3 7 P

79 ; 3 19 •37 3 1

1

37 3 1
'

83 3 7 61 3 191 P 3 P
n
/ S 59

Si 61
i

3 7 83 3 P 59 3 •7 7 3 •3 •9 3 P P 3 53 29 3
83 7 3 P •9 3 P 43 3 •7 23 3 P P 3 7 P

A
3 13 227

87 p 3 P P 3 P 7 3 '5' 67 3 •7 P 3 P 79 3 P 1

1

3

89 '3 3' 3 41 21) 3 •73 P 3 P 47 3 7 13 3 23 1

1

3 •9 7

91 3 S3 P 3 7 P
f

3 •3 P 3 •9 7
n

I

'

1

1

3 P 67 20 P
93 P 3 •9 7 3 P 163 3 P • P 3 P 1

1

3 •3 P 3 7 P 3

97 3 7 •3 3 F •9 3 79 7 3
n "

P 3 103 23 3 •7 P 3
1

1

99 7
<2 •79 lOI 3 P 1

1

3 23 •3 3 P 43 3 7 3 1

1

1' 3



Iih omfo/it, cr Prime, Nmihers, lefs than 1 00
,000 . 39i

i21 322 >23,524 525 526 5^7 528,529 S3C 53' 532 533 534,535 53^> 537 53'' 539
01 ‘49 0 P P

1 .
3 P 23 3 7 P 3 P P 3 J) 7 3 83 1

1

3
03 7 P ‘93 ‘3 3 4‘ 7 3 P P 3 83 ‘5‘ 3 P II 3 ‘73 ‘9'

07 ‘3‘ 0 ‘7 ‘9 3 / 3‘ 3 P 191 3 23 7 3 P P 3 43 ‘3 3
00 P F07 3 ‘7 7 3 P P 3 ‘57 1

1

3 ‘3 P
0

73 P 3 7 3t

1

1

3 3' 109 3 ‘7 P 3 P 11 3 7 ‘73 3 89 P 3 P 7 3 1

1

‘3 7 P 3 '7 1

1

3 P 7 3 P 127 3 31 59 3 1

1

p 3
»7 3 ‘3 1

1

3 23 P 3 7 P 3 P P 3 1

1

*7

/ 3 P P 3 P
-’9 1

1

3 79 “5 ‘3 29 7 3 ‘3 P 3 1

1

19 3 P 109 3 P p 3
21 P P 3 P '9 3 101 P 3 1

1

37 3 7 71 3 ‘3 29 3 107 >
23 3 47 P 3 7 53 3 1

1

101 3 '7 '
/ 3 P 4‘ 3 P 3‘ 3 P

2
1 P P 3 1

1

‘05 3 p P 3 7 ‘3 3 ‘7 P 3 V 7 3 ‘9 P
29

! 3 1 29 3 M P 3 67 7 3 ‘9 P 3 ‘7 23 3 P ‘3. 3 ‘99

3' / 3 ‘9 43 ‘3‘ p 3 23 41 3 ‘3 P 3 7 199 3 P P 3
33 61 37 3 59 P 3 7 P 3 43 181 3 P 7 3 ‘7 P 3 ‘3 It

37 '7 3 P ‘99 3 ‘c; ‘3 3 P P 3 7 ‘39 3 P 1

1

3 ‘7 7 3
39 13 ‘7 3 7 41 3 P 23 3 1 67 / 3 P 1

1

3 37 P 3 ‘7 P
4' 3 23 / 3 229 P 3 ‘3 53 3 29 1

1

3 4‘ P 3 7 61 3

43 7‘
n
3 89 ‘7

""3
P 61 3 7 1

1

3 ‘9 37 3 ‘3 7 3 223 23 3
4: 3 P ‘3 3 ‘79 1

1

3 P 43 3 P P 3 7 ‘9 3 1

1

7‘ 3 73
49 23 3 P 1

1

3 7 '7 3 4‘ ‘3 3 P 7 3
1

1

P 3 59 P 5

5' P I j
3 13 7 3

"^37 ‘7 3 P P 3 1

1

3‘ 3 P ‘3 3 7 P
S3 3 P P 3 P P 3 7‘ ‘7 3 7 23 3 P P 3 P 7

0
0 ‘^3

57 P 7 3 4‘ P 3 1

1

P 3 P ‘7 3 ‘9 229 3 7 P 3 P 79
£9 3- 43 P 3 1

1

>3 3 7 P 3 97 ‘7 3 P 7 3 23 P 3 P
61 79 3 1

1

P 3 P 7 3 P 2 1

1

3 P ‘3 3 ‘93 ‘9 3 37 P 3
63 1

1

P 3 P 23 3 ‘3 19 3 P 47 3 7 ‘7 3 9 103 3 6i 7
67 P 3 P 7 3 P P 3 29 P 7 79 P 0

:>
127 ‘7 3 7 1

1

3
P '3 3 P 7‘ 3 3' P 3 7 P

0
3 P 83 3 P 7 3 103 2^

3 7 167 3 ‘37 P 3 “3 7 3 73 3 ‘9 1

1

3 ‘9' ‘7 3 31
73 7 3 ‘3 83 3 ‘9 - P 3 .37 P 3 P 1

1

3 7 ‘3 3 P ‘7 3
77 3 P 61 3 97 7 3 89 I

J

3 P 4‘ 3 P 53 3 ‘3 P 3 7
79 ‘9 3 23 P 3 P I j 3 P 3‘ 3 7 P 3 P '3' 3 1

1

7 3
8i P P 3 7 1

1

i ‘39 47 3 7 3 1' P 3 1

1

P 3 P 23
83 3 P 7 3 3‘ P 3 P P

0
2 1 OQ ‘3 3 1

1

79 3 7 P 3 37
87 7 23 3 P 73 3 ‘5 7 3 1

1

P 3 ‘3 ‘97 3 4‘ 37 3 P P
89 3 P P 3 P 43 3 1

1

P 3 P P 3 7 89 3 53 19 3 ‘3

9’ ‘3 3 P P 3 7 P 3 227 19
0

43 7 3 ‘49 P 3 P P 3

93 113 ‘9 3 1

1

7 3 23 '3 3 ‘97 P 3 ‘37 107 3 P P 3 7 P
97 59 3 7 '5' 3 '49 P 3 ‘3 7 3 P 223 3 6i P 3 23 P 3
99 53 7 3 61 47 3 ‘5‘ 37 3 P 29 3 P ^7 3 7 P 3 P IX
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540 54' 542 743 S44 >45 546 547 54b 549 550 55' 552 5 53 554 555 559 557 55« 5 59

OI P P 3 '3 P P '9 3 7 P 3 P ‘7 3 P 7 3 4' P
03 3 7 67 3 P P 3 1

1

7 3 '3 P 3 29 ‘7 3 P S3 3 P
07 S3 61 3 1

1

4' 7 7 227 3 P 67 3 P 7 47 '7 3 P 37
09 3 1

1

IS' 3 P 3 3 P 23 3 P r 3 '9 67 3 P '7 3 7

1

1

P 3 23 P 3 '9 97 3 59
I

3 7 '3 3 P P 3 P 7 3

J3 P S3 3 7 P 3 '3 P 3 89 7 3 P P 3 43 '9 3 P 1

1

17 19 3 P 29 3 P P 3 7 P 3 p P 3 '5' 7 3 P P 3

7 13 ? P 3 '93 7 3i P 37 3 P 1

1

3 59 P 3 P 199

21 3 P S9 3 P 3 P '3 3 P 1

1

3 7 '57 3 P P 3 P
23 89 3 '3 P 3 7 P 3 73 ! 1 3 ‘99 7 3 '9 '3 3 103 P 3

27 3 ”3 2 11 3 37 1

1

3 P 109 3 7 P 3 61 43 3 1

1

7 3 P
29 97 3 7 1

1

3 3' P 3 P 7 3 29 P 3 1

1

P 3 23 P 3

31 7' 7 3 P '3 3 P 229 3 163 "3 3 1

1

' P 3 7 P 3 3' P

33 3 P '93 3 29 23 3 7 P 3 1

1

'3 3 P 7 3 P P 3 P

37 P 43 3 67 P 3
1

1

127 0
0 '37 47 3 7 P 3 '9 23 3 P 7

39 3 P 73 3 7 P 3 '9 29 23 7 3 P P 3 P '39 3 '3

4 ' 13 3 1

1

7 3 P 101 3 '73 P 3 67 37 3 P P 7 '9 3

43 11 29 3 3' P 3 S3 '3 3 7 '9 3 P P 3 67 7 3 P 43
47 7 3 '7 P 3 P P 3 '3 23 3 P lOI 3 7 P 3 107 1

1

3

49 P 173 3 '7 pi 3 7 S3 3 P P 3 P 7 3 '3 1

1

3 P P

51 3 P P 3 '7 7 3 P P 3 P '3' 3 P 1

1

3 '9 197 3 7

53 191 3 227 13 3 '7 3' 3 '9 '79 3 7 1

1

3 23 73 3 127 »7

/ 3

57 3 3‘ 7 3 '3 89 '7 1

1

3 P '9 3 '97 P 3 '7 '3 3 1

1

59 P 3 29 19 3 P I ( 3 7 3 '3 P 3 •31 7 3 1

1

83 3

61 7 4' 3 p 1

1

3 47 7 3 '7 P 3 73 23 3 1

1

P 3 '3 107

63 3 P 1

1

3 107 P 3 23 83 3 '7 P 3 7 37 3 P P 3 '9'

67 13 P 3 P 7 3 P p 3
1

1

53 3 17 '3 3 181 P 3 7 P
3 19 P 3 P '97 3 1

1

P 3 7 43 3 '7 r 3 179 1 3 97

71 139 3 7 P 3 1

1

23 3 57 7 3 P '9 3 'j 6i 3 43 P 3

73 23 7 3 1

1

19 3 P p 3 P I' 3 3' r 3 7 P 3 59 223

77 17 3 P P 3 P 7 3 P '3 3 23 f6; 3 29 '49 3 '7 7' 3

79 41 17 3 13 '77 3 P p 3 P P 3 7 79 3 P '3 3 '7 7

81 3 P '7 3 7 P 3 29 P 3 '3 7 3 P 109 3 P 1

1

3 '7

83 P 3 '9 7 3 P '49 3 7' P 3 ‘39 59 3 "3 1

1

3 7 29
87 3 7 P .3 23 '3 3 p 7 3 3' 1

1

3 97 P 3 233 P 3 P

7 3 235 '37 __3 7' '7 3 '3' 1

1

3 229 '3 3 7 P 3 47 P 3

91 P 47 3 109 29 3 7 1

1

3 127 89 3 P 7 3 23 P 3
1

1

'3

93 3 P P 3 P 7 „3 '57 '7 3 37 97 3 '3 2 1

1

3 1

1

P 3 7

97 47 (

1

3 7 P 3 «3' 37 3 43 7 3 1

1

3' 3 53 P 5 P P
99 3 S3

7 3 P 7' 3 p '3 3 1

1

'7 3 P
4

'9 3

.

/ P 3 29
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I

i

Incompoftt^ or Prime^ Numbers, lejs than 100,000. 39 o

;j60 )6i ,562 5 '’3 564 5^>5 566 567 56S' 569 570 57 ‘ 572 573 574 575 576 577 578,579

01 3 P 43 P P 3 P 79 3 7 1

1

3 P 61 3 P 7 3 P
03 p 3 7 13 3 P 23 3 43 7 3 ‘7 P 3 ‘37 P 3 ‘9 P 3
07 3 19 P 3 13 1

1

3
r~

/ P 3 109 P 3 ‘7 7 3 1

1

‘3 3 79
09 P 3 P 1

1

3 7
0

P P 3 >3 19 3 1

1

‘3' 3 P P 3
1

1

79 1

1

3 P ‘9 3 P p 3 r 47 3 7 223 3 ‘7 53 3 ‘3 7
13 3 P 67 3 7 3‘ 3 p P 3 I j 7 3 37 P 3 ‘7 P 3 29
1

7

13 »7 3 '99 P 3 1

1

43 3 7 23 3 29 ‘3 3 “3 7 3 ‘7 P
J9 3 7 »7 3 1

1

P 3 '3 7 3 19 P 3 3‘ 67 3 ‘57 P 3 ‘7

21 7 3 1

1

1? 3 29 4‘ 3 P P
0

P 3 7 97 3 ‘97 67 3

23 1

1

P 3 ‘57 17 3 7 ‘3' 3 P ‘27 3 P 7 3 23 29 3 53 P
'27 179 3 59 23 3 P ^7 3 P 13 3 7 89 3 P P 3 P 7 3

29 43 37 3 7 73 3 P '7 3 P 7 3 P 3 P 1

1

3 P 53

3' 3 P 7 3 P P 3 ‘7 3 ‘3 P
.
3 P 11 3 7 P 3 ‘9

33 137 3 53 P 3 P P 3 7 ‘7 3 ‘9 1

1

n
3 79 7 3 ‘3 ‘5‘ 3

37 3 73 P 3 P J3 3 P 1

1

3 P ‘7 3 7 ‘9 3 P P 3 1

1

39 P 3 P 53 3 !
1

1

**

:>
113 97 3 P 7 3 71 163 3

1

1

P 3

4> P 31 3 103 7 3 ‘3 23 3 P P 3 P ‘7 3 1

1

P 3 7 ‘3

43 3 ^3 1

1

3 P P 3 ‘79 P 3’ 7 P 3
] 1 ‘7 3 59 7 3 P

47 41 7 3 29 47 3 37 P 3 1

1

P 3 ‘9 P 3 7 ‘7 3 P P
49 3 P I’ 3 rg '93 3 7 13 3 89 P 3 P 7 3 P ‘7 3 167

5' n 3 13 37 3 1 ( 7 3 ‘39 V 3 67 P 3 73 13 3 P ‘7 3

S3 P 233 3 1

1

3 18

1

»9 3 ‘3 59 3 7 83 3 67 P 3 P 7

57 29 3
101 7 3 23 55 3 P P 3 61 3‘ 3 P 3 7 47 3

S9 6

1

89 3 P 3 P 21

1

3 7 P 3 F 4‘ 3 P 7 3 P 1

1

61 7 127 3 ‘3* 163 3 •31 7

'

5 43 ‘3 3 ‘9 37 3 23 11 3 ‘49
63 7 3 P ^57 3 13 P 3 lOl p 3 P ‘73 3 7

1

1

3 47 ‘3 5
67 3 F P 3 P 7 3 P ‘9 3 ‘49 u

3 P P 3 P 61 3 7
69 13 3 P P 3 P 61 3 29 n‘ 3 / P 3

101 23. 3 4‘ 7 3

47 P 3 7 ‘49 3 P 1

1

3 23 7 3 F'
103 3 P lOI 3 1

1

29

73 3 13 7 3 P I ] 3 P P 3 P P 3 P ‘3 3 7 P 3 P
77 1

1

3 P }’ 3 '9 7 3 227 P 3 1

1

i8i 3 ‘3 ‘37 3 3‘ P
79 3 P 167 3 P 29 3 P 23 3 1

1

P 3 7 229 3 P ‘9 3 37
«1I P 3 23 *3 3 7 P 3

1 i ‘9 3 2 1

1

7 3 47 7‘ 3 P P 3
83 J7 19 3 P 7 3 1

1

P 3 1^ 13 3 P P 3 89 37 3 7 23
^7 P 3 7 '•3 3 7' P 3 163 7 3 ‘3 P 3 P P 3 P 107 5

& 1

1

<-»

/ 3 17 P 3 «3 lO^ 3 P P 3 59 P 3 7 P 3 '3 103

9' 3 «3 181 3 ‘7 P 3 7 P 3 37 P 3 29 7 3 3' P 3 P
93 P 3 41 P 3 17 7 3 P P 3 P 23 3 P P 3 P 1

1

5

97 3 P ^9 3 7 P 3 13 P 3 P 7 3 P 1

1

3 P 29 3 59
99 P 3 P 7 3 P 3‘ 3 ‘7 P

31

3

- ^

47 1

1

3 J3 239 3 7
1

' P 3



39^ Tliomas Brancker'j I'ahle of

,'8c 58 58. 5«; ILO

OC _Lv 5^5 ,58' 58? 58c)59^3 <;9i ,59z 593 59-1 595; 5 y9 597 ;598 ,599

Ol 3'
< '3'

3 ) F 2
I2y F 2 7 S3 3 '9' '3 3 227 7 7

03 n 9: : I
:

F 4; 3 13 2 73 3' 3 '57 '9 3 79 37
07 IC

3 r
19c

3 4 (02 7 F 2 F F 3 P 7 3 P i 1 3

09 7 I) 2 F '3 ^5 7 3 F , 2 F '27 3 F 1

1

3 P ‘37

1

1

3 I F 3 F F 3 F 23 3 '3 3 7 1

1

3 P 29 3 181

13 F ^3 F 3 7 r 2 103 F 2 F 7 3 '5 F 3 2 1

1

'3 3

=•7 3 F 3 P 162 3 7' 1

1

2
3' 3 23 1'

3 P 7 3 1

1

^3 3 7 29 3 135 1

1

2 '3' 7 F I 3 P 5 3 3 I

J

4' 3

21 17
*

3 F 1

1

3 3' 13 3 F 3 F ‘37 3 7 P 3 103 P
23 3 1

)

1

1

3 37 43 3 7 59 3 F 3 1

1

7 3 109 P 3 3'

27 P 37 3 17 P 3 23 F 3 1

1

67 3 7 4' 3 '3 P 3 29 7

29 3 P 3 /
107 3 1

1

89 3 7 3 79 67 3 P P 3 P

3' P 3

61
P 7 3 1

1

P 3 P 3' 3 29 61 3 103 59 3
f-

/ 19 3

33 ‘31 3
1

1

7' 3 '7 P 3 7 '3 3 P F'

0
3 3 7 7 3 P 73

37 •n

/ 3 P P 3 P '9' 3 17 r 3 '3 37 3 7 29 3 3' 53
•>

127 47 3 227 F 3 7 '5' 3 17 43 3 P 7 3 1' 23 3 '3 ] 1

41 3 53 '39 3 P 7 3 P 29 3 '7 P 3 P P 3 '9 1

1

3 1
43 P 3 P 4' 3 F’ '3 3 '9 P 3 7 P 3 P 1

1

3 7 3

47 3 p 7 3 21

1

127 3 '3 83 3 '37 1

1

3 '7 P 3 n
4 P 3 '5'

12 P 3' 19 3 P 22^ 3 7 1

1

3 P '79 3 '3 7 '49 97 3

51 7 p 3 23 P 3 89 7 3 167 p 3 '93 P -3 '7 p 3 ] 1 P
53 3 p 13 3 P 1

1

3 4' 229 3 P '49 0
(5 7 P 3 1

1

P 3 167

57 P I 5 '3 7 3 P P 3 19 73 3 I I P 3 P '3 3 P
59 3 19 17 3 53 3' 3

,

7' 3 7 P 3 P 37 3 P 7 3 ‘7

61 P 3 7 17 3 '57 P 3 1

1

f

1 3 6/ '9 3 97 P 3 13 3' 3
^3 31 7 3 P 17 3 II P 3 P p 3 P 23 3 7 P 3 P

61

P 3 1

1

P 3 P 7 3 37 P 3 P '3 3 P P 3 59 '3' 3
1

1

P 3 P 59 3 '3 '7 3 109 p 3 7' P 3 71 P 3 '9 7

3 P P 3 7 37 3 P 17 3 '9 7
Ai

s '3 P 3 P P 3 P
73 P 3 19 7 3 P ^3 3 "3 17 3 47 p 3 P 4' 3 1 1

1

3
77 3 7 101 3 P '9 3 53 7 3 P '7 3 P 1

1

3 83 23 3 37
79 7 3 13 P 3 P r 3 97 P 3 23 I ! 3 7 '3 3 P P 3
81

111
7' 3 79 P

At

7 43 3 13 1

1

3 F
f-

/ 3 P 37 3 233 P
S3 3 83 167 3 233 7 3 29 1

1

0 P P 3 43 '7 3 '3 191 3 7
87
89

29 31 3 V 1

1

3 p P 3 61
7 3 101 P 3 I 1 17 3 P 223

3 P 7 3 23 41 3 P P 3 37 '3 3 1 1 '9 3 7 '7 3 239
91 1

1

3 7' P 3 13 '9 3 7 P 3 1

1

21

1

3 4' 7 3 P '3 3
93 / P 3 P 29 3 P 7 3 II P 3 '3 P 3 23 p 3 101 17

97 ^3 3 97 23 3 / 79 3 P P 3 P 7 3 P 61 3 P 89 3
99 P

,‘j

3

{
'

/ 1

1

1

7 3
i

'3 3 4' '3 3 '9 P 3 107 P 3 7

i

P



Incompofit, or Prime, Numbers, lejs than 1 00,000 397

600 601 602 603 604 605 606 607 6o8|6og 61061

1

6i2|6i3|614 61 5161

6

6171 6 1 8,619

oil 29 P 3 47 1

1

3 P 101 3 P P 3 7 59 3 1

1

229 3 23 7
03' 3 P 1

1

3 7 ‘7 3 P 4‘ 3 S3 7 3 1

1

P 3 P P 3 103

o7i 23 P 3 13 29 3 P ‘7 3
*7

/ P 3 97 101 3 P 7 3 ‘9 3*
09; 3 7 P 3 ‘93 P 3 1

1

7 3 ‘3 53 3 37 P 3 P 23 3 P
n: 7

r»

0 ‘9 41 3 1

1

P 3 P ‘7 3 23 P 3 7 P 3 ‘3 “3 3
13 P 4: 3 1

1

P 3 7 109 3 P ‘7 3 4‘ 7 3 ‘37 P 3 P lot

17 P 3 P P 3 73 P 3 61 P 3 7 ‘3 3 P 227 3 P 7 3
19 47 79 3 *7 3‘ <2 ‘3 P

/>

P 7 3 29 ‘7 3 P 43 3 P 1

1

21! 3 59 7 3 23 P 3 4‘ P 3 ‘39 P 3 13 17
0
5 , 7 11 3 19

23! 193 3 P ‘79 3 29 P 3 7 P 3 19 P 3 239 7 3 P 21

1

3

271 3 P 229 3 P P 3 P ‘3 3 P 11 3 7 ‘9 3 P ‘7 3 P
29' P 3 13 23 3 7 ‘9 3 59 1

1

3 P 7 3 47 ‘3 3 P 17 3

173 157 3 P 7 3 P II 3 ‘3 P 3 P P 3 37 P 3 7 ‘7

33 3 P 29 3 22 3 II 3 P 127 3 7 “3 3 P 23 3 1

1

7 3 P
37! P / 3 P ‘3 3 P P 3 P 67 3 II 83 3 7 P 3 P 241

39 3
p 59 3 ^9 P 3 7 83 3 1

1

‘3 3 P 7 3 53 107 3 23

41 P 3 107 83 3 ‘3 7 3
II ‘49 3 P 47 3 P 19 3 29 ‘3 3

43 97 137 3 P P 3 1

1

‘9 3 P P 3 7 P 3 P P 3 P 7

47 13 3 1

1

7 3 191 P 3 7‘ 59 3 47 73 3 43 P 3 7 23 5

49 I

)

P 3 29 P 3 P ‘3 3 7 41 3 23 31 3 61 7 3 127 P

5' 3 7 P 3 61 ‘5‘ 3 79 7 3 P P 3 19 ‘3 3 P P 3 41

53 7 3 89 P 3 ‘9 ‘3‘ 3 13 P 3 P P 3 7 P 3 37 1

1

3

57 3 43 P 3 P 7 3 P ‘9 3 P 23 3 P 1

1

3 P P 3 7

59 19 3 P 13 3 23 P 3 P 47 3 7 1

1

3 4‘ P 3 151 7 3

a'
17 P 3 7 103 3 P P 3 P 7 3 P 43 3 P ‘97 3 P P

63' 3 17 7 3 13 7‘ 3 P 1

1

3 227 3‘ 3 P P 3 7 13 3 1

1

67I 7 P 3 ‘7 1

1

3 ‘9 7 3 4‘ 79 3 ‘97 109 3
11 P 3 ‘3 P

69 3 P 1

1

3 17 37 3 67 P 3 ‘73 P 7 P 3 83 ‘9
,3 31

71 1

1

3 P 73 3 7 ‘3 3 29 ‘9 3 1

1

7 3 P 23 3 223 P 3

73 13 19 3 P 7 3 ‘7 P 3 1

1

‘57 3 7‘ 13 3 67 P 3 7 29

77 P 3 7 ‘73 3 1

1

47 3 ‘7 7 3 ‘3‘ 29 3 13 ‘39 3 163 43 3
79 63 7 3 1

1

‘97 3 P P 3 17 103 3 233 P 3 7 37 P P P
81 3 1

1

‘3 3 3‘ 29 3 7 23 3 ‘7 ‘93 3 P 7 3 P P 3 P
83 P 3 23 P 3 47 7 3 107 ‘3 3 ‘7 P 3 P P 3 31 ‘9 3
87 3 ‘39 ‘9 3 / 43 3 89 P 3 ‘3 7 .3 ‘7 P 3 P 1

1

3 P
89 P 3 P

r-

1 3 P P 3 P 71 3 43 167 3 ‘7 1

1

3 7 199 3

91 P 23 3 ‘31 24

1

3 '37 3' 3 7 P 3 P 1

1

3 ‘7 7 3 59 P
93 3 7 7 3 P ‘3 3 P 7 3 ‘99 11 3 29 P 3 ‘7 61 3 47
97 19 17 3 P P 3 7 1

1

3 181 107 3 P 7 3 3‘ 103 3 1

1

‘3

99 3 37 17 3 lOI 7 163 P 3 P ‘9 3 ‘3 89 3

J

1

1

29 3 7
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620 621 622 623 624 625 626 627 628 629 630 63' 632 f>33 634 635 636 637 0 00 639

01 3 ^3 P 3 P P P P 3 UJ.
89 3 7 '3 3 P 11 3 P

03 p 3 17 P 3 7 P 5 '3 P 3 P 7 3 '9 1

1

3 P P 3

07 3 173 P 3 17 P 3 73 181 3 7 1

1

3 29 163 3 P 7 3 P
09 59 3 7 13 3 '7 '37 3 107 7 3 223 3' 3 P 4' 3 P P 3

11 3 7 3 P '39 3 '7 1

1

3 53 '3 3 P P 3 7 P 3 1

1

79
J3 p '79 P 3 13 1

1

3 7 23 3 61 P 3 P 7 3 1

1

'3 3 P
17 3 II 3 lOI P 3 P 59 3 '7 29 3 7 P 3 ‘9 P 3 '3 7

39 p P P 3 /
lOI 3 19 P 3 1

1

7 3 23 P 3 "3 P 3 4'

21 109 3 43 7 3 103 ‘3 3 1

1

P 3 '7 '9' 3 P P 3 7 19 3

23 13 23 3 P P 3 1

1

P 3 7 '9 3 '7 '3 3 '39 7 3 P 97
27 7 3

1

1

P 3 3' P 3 P P 3 P 23 3 7 P 3 P 83 3

29 1

1

P 3 '57 163 3 7 149 3 P P 3 53 7 3 '7 P 3 29 P

31 3 P »3 3 '49 7 3 P 83 3 P P 3 P '37 3 '7 lot 3 7

33 17 3 P 83 3 P P 3 '9 '3 3 7 37 3 229 P 3 '7 7 3

37 3 P 7 3 20 23 3 43 3' 3 '3 '9 3 P 1

1

3 7 P ' 3 '7

39 p 3 109 '7 3 P P 3 7 P 3 103 1

1

3 P 7 3 '3 7' 3

41 7 P 3 3' '7 3 37 7 3 "3 1

1

3 1^ 97 3 P 23 3 P 43

43 3 P 67 3 4' '3 3 P 1

1

3 23 233 3 7 P 3 3' P 3 1

1

47 p 29 3 P 7 3 '3 '7 3 '9 67 3 P P 3 1

1

P 3 7 '3

49 3 19 1

1

3 '97 P 3 '3' '7 3 7 P 3 1

1

67 3 P 7 3 P

51 11 3 7 P 3 7' 3' 3 P 7 3 r I '9 3 107 103 3 37 67 3

53 p 7 3 23 '9 3 P P 3 1

1

'7 3 43 P 3 7 53 3 P 3'

57 p ,3 13 127 3 1

1

7 3 239 '57 3 '37 17 3 23 '3 3 '03 P 3

59 229 6t 3 1

1

P 3 P 9' 3 '3 P 3 7 '7 3 P P 3 '9 7

61 3 1

1

23 3 7 73 3 P P 3 9 7 3 P '7 3 '3 P 3 167
63 53 3 19 7 3 P 223 3 37 79 3 83 4' 3 P '7 3 7 P 3
67 3 7 7' 3 P '9 3 23 7 3 P '3 3 P P 3 P 1

1

3 47
69 7 3 73 47 3 '3 29 3 P P 3 iHi '5' 3 7 1

1

3 43 '3 3

71 p P 3 97 '79 3 7 4' 3 P 59 3 13 7 3 '5' P 3 23 '7

73 3 79 P 3 P 7 3 P P 3 . P 1

1

3 '27 P 3 4' P 3 7
77 ^3 97 3 7 P 3 233 1

1

3 7' 1
f

' 3 P P 3 P 37 3 11 P
.23 i 13 7 3 43 1

1

3 67 227 3 P P 3 61 '3 3 7 23 3 '37
Si p 3 61 1

1

3 P '9 3 7 P 3 23 P 3 I

J

7 3 P '27 3
83 7 1

1

3 P P 3 P 7 3 P '99 3 1

1

241 3 '3 43 3 '9' 109
87 47 3 199 13 3 7 P 3 1

1

P 3 '79 7 3 P P 3 227 29 3% 29 P 3 89 7 3 1

1

37 3 P '3 3 '9 P 3 P P 3 7 61

91 3 P 167 3 11 P 3 P 61 3 7 29 3 P '73 •j P 7
'3

89
93 31 3 7 43 3 53 V 3 109 7 3 '3 167 3 P '9 3 P 181 3
9 ' p 37 P 3 P P 3 7 P 3 P P 3 P 7 3 P '3' 3 P
99 3 ’’ *3 3 59 7 3 ' 73 3 P P 3 P P 3 P »1 31



htcompfit, or Prime, Numbers, lejs than 100
,000 . 399

1 640 641,642 643 644 64 y 646 647 1
0 \00 649 650651,652 653 654 655 656 ^^57 65« 6^9

0; 7
A 19 P 3 53 P 1

1

P 3 P ‘13 3 7 17 3 P 29 3
03 29 13 3 P P 3 7 89 3 41 P 3 P 7 3 31 17 3 23 59
07! P 3 1

1

107 3 251 23 3 229 47 3 7 197 3 P 13 3 P 7 3
09I 1

1

P 3 / 29 3 P P 3 13 7 3 61 P 3 109 P 3 P 17

3 61 7 3 4 ' 31 3 163 P 3 P P 3 241 ‘49
,

3 7 23 3 19
i 3 i P 157 73 3 P P 3 7 139 3 19 P 3 P 7

i 3 P 1

1

3
17 3 97 P 3 37 M 9 3 P P 3 79 13

n
3 7 1

1

3 P P 3 29
19 P z 149 P 3 / 19 3 53 P 3 P 7 3 P P 3 P 13 3

21 73 37 3 131 7
0
0 P 61 3 P 1

1

3 13 83 3 P 2 1

1

3 7 P
23 3 P P

' 0
w/ 23 113 3 59 1

1

3
r
/ P 3 P P 3 137 7 3 11

27I 43 7 3 p 1

1

3 P 13 3 P P 3 19 P 3 7 29 3 P P
29! 3 13 1

1

3 19 173 3 7 241 3 P P 3 r 1 7 3 P P 3 P

Jii 1

1

3 P 23 3 47 7 3 13 29 3 1

1

37 3 59 I9 3 P P 3

33I P 59 ,3 P P 3 P 19 3 1

1

P 3 7 79 3 13 P 3 43 7

37 P 3 61 7 3
1

1

109 3 23 P 3 53 89 3 P P 3 7 P 5

39
|

17 31 3 1

1

P 3 37 4 > 3 7 13 3 P 223 3 P 7 3 P 233

41 3 7 227 3 ^3 233 3 lOI 7 3 193 P 3 19 31 3 41 13 3 23

43
!

7 3 17 37 3 19 127 3 61 101 3 13 S 3 3 7 P 3 29 P 3
471 3 23 41 3 17 7 3 P '9 3 29 P

'y 101 P 3 P II 3 7
49 19 3 47 229 3 17 13 3 P 107 3 7 7

'

3 P 1

1

3 3 ' 7 3

51 13 P 3 7 P 3 17 73 3 P 7 3 23 1

1

3 P P 3 P P
53 3 P 7 3 P P 3 13 P 3 P 11 3 P 29 3 7 47 3 101

57 i

r~

/ P 3 139 43 3 19 7 3 17 (>7 3 P P 3 P P 3
1

1

P
59

|

3 83 13 3 73 1

1

3 31 79 3 17 23 3 7 67 3 1

1

19 3 17

6.1 29 3 179 1

1

3 7 P 3 37 13 3 I
; 7 3 1

1

53 3 P 67 3

63; P 1

1

3 13 7 3 P P 3 167 P 3 1

1

163 3 P 13 3 7 P
^7 P 3 7 191 3 P P 3 1

1

7 3 p P 3 17 173 3 13 P 3

69I 79 7 3 59 23 3 1

1

239 3 P 31 3 P 131 3 7 97 3 199 41

~\ 3 P P 3 1

1

13 3 7 P 3 P p 3 P 7 3 17 89 3 37

73 17 3
1

1

P 3 31 / 3 29 23 3 p 13 3 233 23 3 17 19 3

77
,

3 29 17 3 7 P 3 2II P 3 59 7 3 13 4 ‘ 3 P P 3 17

79
i

139 3 P 7 3 P P 3 P i 81 3 P 29 3 P P 3 7 1

1

,3
81 P 13 3 P 17 3 71 P 3 7 15 ' 3 97 P 3

. P 7 3 P P
83 3 7 P 3 P 17 3 P 7 3 37 P 3 151 1

1

3 19 157 3 P
«7 19 P 3 31 59 3 7 17 3 13 1

1

3 P 7 3 P P 3 41 19

89 3 P S 3 3 P 7 3
•67 1 i 3 P 19 3 23 43 3 13 P 3 _7

91 P 3 239 19 3 P II 3 P 17 3 7 109 3 79 107 3 1

1

7 3

93 107 23 3 7 1

1

3 3 P 3 103 7 3 P P 3 1

1

179 3 131 P

97 1

1

3 113 71 3 13 31 3 7 P 3 1

1

17 3 P 7 3 19 13 3

"1
7 43 3 P P 3 23 7 3 1

1

P 3 13 17 3 P P 3 P 31
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660 66

1

662 663 664 065 666 667 668 669 670 67

1

672 673674 ^7S £»76 67' 678 679

OI »3 7 3 P 23 3 P p 3 '49 1

1

3 «7 «3 3 7 P 3 P P
03 3 P 239 3 P 73 3 7 1

1

3 P P 3 17 7 3 67 79 3 1

1

07 «49 P 3 61 i 1
3 43 4' 3 23 37 3 7 P 3 1

1

I’ 3 P 7

oq 3 P 1

1

3 7 p 3 «9 P 3 «'3 7 3 1

1

P 3 «7 P 3 59

1

1

1

1

3 73 7 3 227 59 3 7« «3 3 1

1

P 3 P 1« 3 7 «9 3

13 251 «7 3 «3 P 3 29 P 3 7 «9 3 P 83 3 181 7 3 «7 ««3

7 3 23 «7 3 1

1

P 3 109 61 3 4« P 3 7 107 3 «3 73 3

107 37 3 1

1

17 3
r «37 3 P 29 3 P 7 251 P 3 P ..^3

21 3
1

1

P 3 127 7 3 P P 3 ? P 3 23 P 3 •9 24« 3 7

23 «03 3 47 29 3 p «7 3 «9 P 3 7 «3 3 «9« P 3 P 7 3

27 3 89 7 3
18

1

7« 3 53 «7 3 97 «9 3 «3 P 3 7 1

1

3 P
29 P 3 103 «9 3 P P 3 7 «7 3 P 23 3 P 7 3 89 P 3

31 7 «3 3 i«3 P 3 23 7 3 P 17 3 P 1

1

3 P P 3 29 P

33 3 .41 107 3 31 P 3 p «3 3 P 11 3 7 P 3 47 P 3 P

37 P P 3 P 7 3 37 1

1

3 «3 43 3 7' «7 3 P 239 3 7 4«

39 3 «9 «9 3 29 1

1

3 p 89 2 7 P 3 P «7 3 1

1

7 3 P

41 P 3 7 1

1

3 P 103 3 P 7 3 P «9 3
1

1

«7 3 P «79 3

43 211 7 3 P «3 3 P 3' 3 P P „3
1

1

P 3 7 «7 3 P P

47 3 31 P 2 «3 7 3 1

1

P 3 83 P 3 P P 3 37 «3 3

49 2<;7 29 3 43 P 3 1

1

P 3 P P 3 7 P 3 3' 61 3 «9 7

3 83 97 3 7 61 P P 2 19 7 3 47 37 3 P P 3 13

53 «3 3 1

1

7 3 P p 3 P 23 3 P 109 3 P 43 3 7 P 3

57 3 7 59
•>

t P '9 3 241 7 3 P P 3 «93 «3 3 29 P 3 P

59 7 3 «73 P 3 lOI 191 3 «3 P 3 239 103 3 7 P 3 P 1

1

3

61 3' P 3 P 4« 7 7 191 3 29 P 3 P 1 3 «3 ri 3 79 P
63 3 109 23 3 P 3 3 P P D «99 47 3 31 1

1

3 71 P 3 7

67 P 127 3 7 P P 163 «79 3 167 7 3 «37 23 3 P «57 3 P P
69 3 P 7 3 «3 3 3 23 1

1

2 47 P 3 P «9 3 «3 3
11

h P 3 P 3' 3 P j ]
3 7 «93 3 «3 P 3 109 7 3 1

1

67 3

73 7 P 3 P 11 3 61 7 3 P P 3 P 89 3 1

1

3« 3 «3 lOI

77 11 3 «9« P 3 7 «3 3 P P 3 1

1

7 3 P P 3 P 103 3

79 13 P 3 41 7 3 «3« 43 3 1

1

? 3 «9 «3 3 P P 3 7 _P
«I 3 «7 79 3 «9 «39 3 1

1

47 3 7 P 3 43 P 3 53 7 3 «57

83 P 3 7 P 3 1

1

p 3 P 7 3 23 61 3 «3 «9 3 P P 3

87 3 11 «3 3 n P 3 7 211 3 73 P 3 79 7 3 «13 53 3 P
P 3 «5« 197 3 «7 7 3 P «3 3 P P 3 P P 3 P 29 _3

91 29 P 3 «3 p 3 17 P 3 31 23 3 7 P 3 257 «3 3 P 7

9? 3 37 P ,3 7 P 3 «7 «5« 3 «3 7 3 «9 P 3 «39 1

1

3 1>

97 «57 S3 3 67 29 3 p P 3 7 229 3 '73 1

1

3 23 7 3 43 97

99 3 7 167 3 p «3 3 67 3 «7 1

1

3 P P 3 P «5« 3 53



Incompofit, cr Prime, Numbers, lefs than r 00,000. 401

/f68o68i 6S2 OC 684 681; 686 687 OC 689 690 691 692 693 694 695 696 697 698 699
O) 0

3 11 7 3 73 P 3 23 107 3 P 43 3 37 P 3 ' 7 47 3 •3

03 13 24» 167 3 61 3> 3 7 P 3 •9 P 3 P 7 3 43 29 3
07 /»

0 13 P 67 P 3 127 83 3 •5> 29 3 7 ‘3 3 47 1

1

3 55
09 47 3 P 83 3 7 '9 3 53 P 3 p 7 3 31 1

1

3 P P
'y

23 P 3 P 7 3 ' P F 3 •37 P 3 67 1

1

3 •3 •5‘ 3 7 P
13 3 P P 3 37 '3* 0

2 P P 3 7 1

1

3 P 41 3 67 7 3 ‘51

^7 17 7 3 5 3 3' 59 1

1

3 P 13 3 •9 P 3 7 43 3 11 •39

^.9 3 17 P 3 13 1

1

2
r-

7 r
n
2 P p 3 103 7 3 1

1

•3 3 29

21 3 i7 1

1

3 P 7 3 P 4‘ 3 13 P 3 1

1

•9 3 ••3 P 3
23 P 1

1

3 i7 33 3 163 '9 3 •57 23 3 7
i 9 i

rt

0 37 P 3 •3 7
2/ 59 3 P 7 3 «7 '3 3 II P 3 p 37 3 p 25' 3 7 P 3
29 13 19? 3 P 41 3 1

1

P
0
3 7 P 3 107 •3 3 23 7 3 P P

3‘ 3 7 31 3 ] I 1^ 3 '3 J 3 P 73 ' 3 •9 P 3 •79 103
,

3 P
33 7 3 1

1

23 3 '9 P 3 '7 29 3 257 P 3 7 31 ^3 •37 P 3
37 3 '3 3 P 7 3 P '9 3 •7 47 3 P 23 3 83 P 3 7

39 19 3 P 3"
3 p P 3 23 13 3 7 P 3 P P 3 P 7 3

4‘ P p 3 7 89 3 83 53 3 71 7 3 •7 P 3 197 1

1

3 211 P
43 3 83 / 3 P p 3 P 43 3 •3 p 3 •7 1

1

3 7 97 3 23

47 7 p 3 41 P 3 '9 7 3 P 1

1

3 P 3‘ 3 1.7 257 3 P ••3

45 3 23 i39 3 P '3 3 P 1

1

3 29 p 3 7 37 3 ‘7 •9 3 If

Si 17 3 i3i P 3 7 1

1

3 3' •9 3 p 7 3 •99 •57 3 1

1

23 3

S3 P 17 3 29
/ 3 '3 •97 3 53 ‘99 3 23 223 3 1

1

P 3 7 •3

57 1

1

3 7 17 3 179 7' 3 37 7 3 1

1

P 3 P P 3 79 P 3

59 P 7 3 197 17 3 P 29 3 1

1

53 3 P 43 3 7 41 3 P P
^ I 3 P P 3 223 »7 3 7 '3 3 P 23 3 ‘39 7 3 P P 3 43
63 29 3 i3 '37 3 1

1

7 3 P P 3 p P 3 P •3 3 P •9 3
67 3 1

1

19 2 7 •P 3 P •7 3 P 1 3 7' P 3 •3 P 3 3*

69 43 3 233 i 3 191 P 3 6

1

17 3 263 I n 3 127 73 3 7 109 3

71 P P 3 P '3 3 43 P 3 7 17 3 53 P 2 29 7 3 107 II

73 3 7 67 3 P 47 3 97 7 3 P ‘3 3 •73 P 3 •9 1

1

3 167

77 i9 79 3 /O] P 3 7 P 3 23 67 3 13 7 3 4' P 3 P •9

79 3 29 P 3 3' 7 3 109 P 3 37 1

1

3 P 17 3 59 P 3 7

81. ‘3 3 P '9 3 P '73 3 P 1

1

3 7 29 3 P •7 •3 3' 7 5
83 103 4' 3 7 P 3 P J

1

3 101 7 3 79 P 3 •49 •7 3 1

1

47
87 P 3 23 1

1

3 107 P 3 7 •49 3 43 ‘93 3 1

1

7 3 •9 ‘7 3

89 ^
1

' i

I P 3 1x9 7
0
2 •9 59 3 1

1

P
0
2 •3 227 .) 47

9‘ 3 '9 47 3 1> i ‘3 3 J> P 3 j 1 p 3 7 P 3 P lOI 3 p
93 149 3 3> '3 3 7 73 3 1

1

P 3 p 7 3 P P 3 7‘ 37 3

97 3 47 163 3 1

1

Pi 3 89 P 3 / p 3 29 P 3 P 7 3 1'

99 P 3 7 P
'1

181I

1

P 3 P 7 3 •3 23 3 P 79 3 223 P 3

3F
,



40 2 Mr. Thomas Brancker’i Hahle of

700 70

1

N0 7°3 704 705 706 707 708 709 710 711 7 1

2

7 1 31714 715] 716 717 718 719

OI P 3 p 7 3 p 17 3 101 P 3 97 13 3 1

1

127 3 7 .19 t 3
03 P 1

1

3 229 23 3 13 17 3 7 19 3 1

1

113 3 p P 3 59 13

07 7
'3 P 167 3 p p 3 1

1

>7 3 211 3 ' 3 7 23 3 P P 3
OQ P 13 3 P 181 3 7 P 3 23 17 3 P 7 3 43 lOI 3 P P

1 I 3 P 61 3 II 7 3 3 ' 13 3 P ‘7 3 29 P 3 19 P 3 7

13 53 3 11 167 3 107 241 3 19 P 3 3 17 3 P 13 3 P 7 3

17 3 P 7 3 67:151 3 P 23 3 47 19 3 P 17 3 7 29 3 P
19 P 3 23 '9 3 97 p 3 7 3 P 229 3 P 7 3 P 1

1

3

21 7 P 3 P 13 3 p 7 3 P 29 3 67 73 3 37 1

1

3 P 23

23 3 P P 3 P 109 3 ;i 97 P 3 P '3 3 7 j 1 3 67 17 3 71

27 239 23 3 P 7 3 p 107 3 >9 n 3 ^3 P 3 P 41 3
n
/ 17

29 3 19 P 3 P p 3 P 1

1

3 7 r> 3 P P 3 83 7 3 1

1

3 ^ 13 3 7 53 3 251 1

1

3 193 7 3 83 ^9 3 6i 233 a 1

1

109 3

33 59 7 3 61 1

1

3 23 13 3 89 251 3 P P 3 7 p 3 29 P
37 1

1

3 P 37 3 p 7 3 13 P 3 1

1

P 3 P P 3 23 P 3

39 P P 3 31 P 3 P 127 3 1

1

P 3 7 P 3 13 7 ‘
3 19 7

4 ‘ 3 P P 3 7 23 3 1

1

P 3 19 7 3 P 199 3 31 1’ 3 P
43 89 3 19 7 3

1

1

41 3 P 61 3 p 191 3 P 29 3 7 P 3

47 3 7 199 3 13 19 3 263 7 3 23 p 3 P 37 3 P 13 3 P
49 7 3 P 103 3 p 31 3 P P 0 13 P 3 7 P 3 157 P 3

P 29 3 P P 3 7 139 3 P
0 *>

y 3 43 7 3 P 137 3 13 1

1

53 3 3 » 163 3 47 7 3 P P 3 41 V 3 J> P 3 79 1

1

,3 7

57 13 P 3 7 P 3 P 173 3 P 7 3 P 1

1

3 163 131 3 181 47
59 3 17 7 3 P 57 3 13 59 3 p 1

1

3 P 19 3 7 73 3 /27

61 P
/
3 ^7 7 f 3 41 ^9

0
2 7 1 ] 3 1^' P 0

0 13 7 3 V P 3
<53 7 P 3 17 3 '

n
2 P 7 3 25 179 3 P p 3 P P 3

II P
67 P 3 29 1

1

3 7 P 3 P 13 3 P 7 3 1

1

59 3 43 P 3
69 41 (

I

5 13 7 3 17 * ^
0 P p 3

1

1

23 3 P '3 3 7 79

71 3 47 P 3 19 p 3 l 17 ' 3 ‘ 3 7 P 3 149 P 3 P 7 3 P
73 79 3 7 P 3 p 29 3 7 3 103 263 3 P 19 3 13 41 3
77 3 P 3 ' 3 1

1

13 3 7 P 3 17 109 3 137 7 3 229 P 3 167

79 P j 1 I ' 3 163 7 3 P P 3 17 13 3 P 31 3 179 P 3

81 1

1

P 3 P p 3 13 37 3 167 p 3 7 41 3 47 43 P 7
S3 3 'P 67 3 7 p 3 P 73 3 31 7 3 13 3 97 23 3 167
87 109 13 3 59 p 3 P 71 3 7 67 3 P P 3 17 7 3 P P

3 7 P 3 p p 3 29 7 3 p 257 3 P 1

1

3 17 P 3 193

91 7 3 13 43 3 73 223 3 P P 3 P I j
'3

7 13 3 17 29 3
93 29 17 3 P 157 3 7 P 3 13 1

1

3 P 7 3 P P 3 17 P
97

,

191 3 P 17 3 227 II 3 3 ‘ P 3 7 83 3 19 P 3 1

1

7 3
99 P P 3

. 1

/
II 3 19 83 3 P 7 3 37 P 3 1

1

P 3 P P



IncompoJitj or Primey Niimhers, lejs than 100 ,000 . 403

720 721 722 723 724 725 726 727 72B 729730 73‘ ^32 733 734735 73^ 737 738 739

01 89 P 3 17 7 3 97 P 3 P 37 3 71 23 0 3‘ 1

1

3 7 67
03 3 P 103 3 17 P 3 23 47 3 7 4' 3 P II 3 89 7 3 263

07 IS 7 3 P 6

1

3 ‘7 P 3 P ii 3 ‘9 '3 3 7 P 3 23 P
09 3 P 163 3 ‘9 3' 3 7

1

1

3 P 29 3 P 7 3 P P 3 1

1

1

1

107 3 P 167 3 59 7 3 ‘7 P 3 “3 ‘79 3 13 ‘9 3 1

1

3‘ 3
23 37 3 P 1

1

3 P 19 3 ‘7 P 3 7 167 3 1

1

P 3 223 P
*7 1

1

3 257 7 3 127 P 3 P 13 3 1

1

21

1

3 p P 3 7 97 3

19 P 41 3 13 139 3 lOI P 3 7 P 3 ‘7 ‘57 3 37 7 3 P '95

2

1

3 7 P 3 P 47 3 1

1

7 3 13 P 3 '7 p 3 83 P 3 29

23 7 3 P 3' 3 1

1

P 3 P - P P 83 37 3 7 P 3 13 P 3
27 3 1

1

P 3 23 / 3 P 19 3 103 P 3 P 101 3 ‘7 P 3 7

29 17 3 P '5' :( 29 59 3 67 233 3 7 13 3 97 P 3 ‘7 7 3

3' P 17 3 7 P 3 13 257 3 P 7 3 67 P 3 23 29 2 17 1

1

33 3 53 / 3 '13 P 3 P ‘73 3 ‘99 P 3 '3 p 3 7 1

1

3 ‘7

37 7 13 0
3 P 17 3 19 7 3 P P 3 P 1

1

3 ‘5‘ F 3 47 107

39 3 P 29 3 107 17 3 P ‘3 0
3 P 1

1

3 7 23 3 21

1

'9 .3
,

P

4t 61 3
'

13 P 3 7 '7 3 23 1

1

3 P 7 3 271 ‘3 3 37 41 3

43 P 19 3 73 7 3 P 1

1

3 13 P 3 F 71 3 251 P 3 7 P
47 P 3 /

1

1

3 P P 3 97 7"
3 ‘93 89 3

1

1

P 3 29 P 3

49 ro9 7 3 71 '3 3 P 23
n
5 P 17 3 1

1

4‘ 3 7 47 3 P 73

5‘ 3 ^3 P 3 53 P 3 7 263 3 7 ‘3 3 P 7 3 P P 3 P
53 P 3 P P 3 13 7 3

1

1

P 3 191 17 3 p P 3 ‘31 ‘3 3

57 3 59 19 7 7 73 3 3' 41 3 43
1-1

/ 3 109 ‘7 3 73 P 3 13

59 13 3 1

1

3 3 P 113 3 P P 3 ‘49 P 3 P 17 3 7 P 3

61 1

1

P 3 269 P 3 P 13 3 7 P 3 61 P 3 P 7 3 233 P
63 3 127 3 233 ‘49 3 P 7 3 P 23 3 P 13 3 ‘9 ‘7 3 37
^>7 19 P 3 P P 3 7 P 3 131 3‘ 3 4‘ 7 3 ^3 1

1

3 P 17

^9 3 P P 3 P 7 3 53 P 3 89 '9 3 P 1

1

3 23 7‘ 3 ..7
'7^1 97 3 P 13 3 3' P 3 P 43 3 7 1

1

3 P P 3 P 7 3

73. P P 3 7 23 3 P 61 3 P 7 3 47 239 3 29 P 3 3‘ P
77 P 3 P ‘57 3 P 1

1

3 7 P 3 '3 P 3 P 7 3 1

1

P 3
79 / 89 3 P T 1 3 P 7 3 '9 P 3 ‘27 P 3 1

1

P 3 13 29

Bi
3 19 1

1

P P iBi 3 73 3' 3 107 P 0 7 ‘79 3 P 89 3 167

83 1

1

3 41 3 3 7 ‘3 3 P 59 3 1

1

7 3 P P 3 P P 3

T‘‘
3 37 }> 3 ‘73 29 3 1

1

23 3 7 163 3 P 43 3 3' 7 3
241

P 3 7 191 3 1

1

P 3 P 7 3 P 83 3 ‘3 P 3 "3 37 -.3
9' P 7 3 1

1

7‘ 3 '57 .83 3 47 P 3 P 79 3 7 59 3 19 23

93 3 1

1

13 3 P 229 3 7 P 3 ‘9 53 3 23 P 3 P 109 3
61

97 17 23 3 13 P 3 ‘39 P 3 P 67 3 7 ‘9 3 P ‘3 3 P 7

99 2 17 '97 3 7 ‘9 • 3 43 269 3 13 7 3 29 3 P 1

1

3 P

3F2



404 Mr. Thomas Branckci’j T'ahle of
\

740 7 + 1 74’ ',743 744 745,749 747 748 '749 75'^l7 5' 7^2 753 7 54 755 756 757 '«vj
00

l>9.

01 3 P P 3 4' 7 3 1

1

'3' 3 '79 ‘3 3 255 P 3 19 '7 3
7'

03 43 3 P 67 «/
1

1

6

1

3 ‘9 P 3 7 '57 3 P 1' 3 P 7 3

07 3 1

1

7 3 37 P 3 P 239 3 107 '9
-*

5 P P 3 7 P 3 '3

09 13 3 P 19 3 P P 3 '73 3 P 1' 3 73 7 3 P 4'
3

1

1

7 37 3 P P 3 P 7 3 23 P
/1

:) P 127 3 P .P 3 47 1

1

13 3 13 47 3 P 269 3 P 79 P 3' 3 7 '3 3 83 1

1

3 P

^7 P 137 2 r 7 3 29 P 3 '9 P 3 P 1

1

3 13 P 3 7 89

3 ^9 P 3 P 43 3 P 23 3 7 I 1 3 10.; 53 3 P 7 3 3E

a I P 3 7 13 3 P 7‘ 3 P > 3 43 '9 3 *99 1' 3 P P 3

23 79 7 3 p ’9 3 P 1

1

3 P 13 3 P p 3 7 47 3 1

1

23

27 1’ 3 ’99 1

1

3 P 7 3 P 3' 3 '3 P 3 1 i P 3 4' 191 3

29 iHi 1

1

5 239 263 3 37 P 3
] 3 7 p 3 47 P 3 13 7

3' 3 P P 3 7 P 3 P P 3 1 1 7 3 7' r 3 53 P 3 P

33 lOI 3 19 7 3 73- 13 3 1

1

P 3 P 23 3 241 P 3 1 P 3

37 3 7 61 3 1

1

’9 3 13 7 3 I'
227 3 P p 3 43 53 3 P

39 7 3
T 1 79 3 131 lOl 3 67 '37 3 29 r 3 7 P 3 23 181 3

4' 1

1

15’ 3 17 P 3 7 3> 3 P 1' 3 6, 7 3 P P 3 '49 P

43 3 P 13 3 17 7 3 4' P 3 10 i 163 3 59 37 3 67 P 3 7

47 P 53 3 7 109 3 17 P 3 '49 / 3 47 p 3 3' 1

1

3 73 '73

49 3 P 7 3 ,
P 127 3 17 29 3 '3 P 3 1 51 1

1

3 7 2 1

)

3 53

51 1^ 3 4’ 149 3 P '9 3 7
241 223 1

1

3 '97 7 3 13 101 3

53 7 29 3 p P 3 P 7 3 '7 1

1

3 P p 3 P P 3 P '5'

57 103 3 p 3 7 1

1

3 P 23 3 '7 7 3 61 P 3 1

1

3' 3

^9 3' P 3 23 7 3 '3 P P 47 3 '7 '79 3 1

1

P 3 7 13

61 3 P 1

1

3 19 P 3 P P 3 ,7 P 3 1

1

59 3 29 7 3 37

^3 1

1

3 7 p 3 '73 197 3 43 7 1

1

73 3 '7 19 3 239 107 3

67 7 P 23 3 113 P 3 7 13 3 271 P 3 P 7 3 17 P 3 P
69 17 3 13 3' 3 1

1

/ 3 P 61 S P P 3 1 63 '3 3 i7 1’

N *»

2

71 P 17 3 1

1

P 5 89 P 3 '3 4' 3 7 23 3 P 3' 3 17 7

73 3 1

1

17 3 7 P -3 23 P 3 37 7 3 '9 7'- 3 '3 P 3 '7

77 P P 3 P 13 3 53 37 ' 3 7 '93 3 P P 3 P 7 3 23 1 1

79 3 7 P 3 71 '7 3 f’ 7 3 P '3 3 43 P 3 P 1

1

3 P

81 7 3 59 P 3 13 17 3 103 97 3 P 83 3 7 1

1

3 P 13 3

83 23 3' 3 P 21 ] 3 7 '7 3 167 P 3 '3 / 3 P P 3 P P
13 3 P 73 3 1’ P 3 P 1

1

3 7 79 3 *9 131 3 P / 3

89 43 P 3 7 P 3 '9 1

1

3 3' 7 3 P P
,

3 269 P 3 1

1

P

91 3 13 7 3 ’63 1

1

3 29 P 3 61 17 3 P 13 3 7 '9 3 P
93 P 3 P 1

1

3 97 i'^3
3 7 19 3 P 17 3 1

1

/ 3 P 29
97 3 P P 3 23 P 3 P P 3 1

1

29 3 7 17 3 59 P 3 P

i
P 3 191 13 3

1

P

1

3 1

1

37 3 '39 7 3 103

1
3 229 7' 3



Incompofitj or Prime, Numhers
, lefs than ioo,ooo, 4C5

760 761 762 763 765 766 767 768 769770771 772 773 774 775 77P 777| 778 779
OI P 3 181 41

*>

3 “3 7 3 P 1

1

3 P P 3 »7 »9 3 »3 P 3
03 P P 3 P P 3 P 1

1

3 53 P 3 7 23 3 »7
,

7» 3 1

1

7
07 •7 3 P 7 3 P P 3 89 P 3 83 »3 3 11 179 3 7 29 3
09 29 1

1

3 137 100
? 13 7g

/t

7 53 3 1

1

97 3 P 7 3 »7 »3

1

1

3 7 17 3 43 P 3 4» 1 3 1

1

29 '1

3 »3 199 3 P P 3 »7
J3 7

0
0 P 17 3 19 23 3 1

1

P
0
3 59 P 3 7 P 3 P P 3

17 3 103 199 3 1

1

7 3 P 13 3 P 67 3 P P 3 P 23 3 7
ig 19 3 1

1

167 3 P 17 3 p P 3 7 37 3 P »3 3 P 7 3
21 1

1

3 7 P 3 193 17 3 13 7 3 3» 167 3 P P 3 59 67
23

3i
. P . 7 3 P 59 3 73 17 n

:> P 233 3 P »39 3 7 P 3 29
27, 7 269 0

0 127 13 3 19 __7 3 43 »7 3 29 53 3 P 1

1

3 223 »49
29'

3 P 31 3 23 103 3 277 p 3 P »3 3 7 1

1

3 '49 »9 3 P
31 P 3 P 37 3 7 P 3 p »9

0
3 »37 7 3 P 3» 3 P »3 3

33 139 19 3 P
r:

/ 3 197 P 3 107 11 3 »3 »7 3 23 29 3 7' P
37 13 3 7 23 3 P 1

1

3 p 7 3 P P 3 211 »7 3 11 277 3
P

r-

J 3 97 1

1

3 173 ^3 3 47 4» 3 P P 3 7 »7 3 P 59

41 3 13 1

1

3 P F 3 7 43 3 P P 3 1

1

7 3 P »7 3 4i
43 1 1 3 P P

n
3 P 7 3 P 3 1

1

P 3 43 P 3 P 17 3
47 3 P 19 3 ' 7 4' 3

1

1

p 3 P 7 3 P P 3 P P 3 23
49 113 3 P / 3 1

1

P 3 3f P 3 »79 P 3 4» P 3 7 P 3

5‘ 59 271 S 1

1

89 3 P 23 3 7 »3 3 67 P 3 P 7 3 127 P
53 3 7 P 3 ‘3 37 P 7 3 29 P 3 103 73 3 »9 »3 3 »37
57 19 P 3 29 lOI

3 7 P 3 4» 251 3 23 7 3 P 79 3 »3 1 1

591 3 P P 3 ^57 i 3 59 »51 3 263 19 3 P 29 3 P 1

1

3 7

23 3 P 19 3 P 13 3 lOI P 3 7 P 3 7» 1

1

3 P 7 3

^3! 13 P
r\

0 7 P 3 31 29 3 P 7 3 P 1

1

3 P 37 3 P 53
67I 29 3 53 P 3 23 P 3 7

1

1

3 P P 3 »3 7 3 »9 P 3
6 g! 7 59 3 P 47 3 43 7 3 »9 P 3 P P 3 P loi 3 1

1

P
7^! 3 19 3 P ii 3 P P 3 37 P 3 7 P 3

1

1

83 3 105

73 127 3 89 1

1

3 7 P 3 P »3 3 229 7 3 1

1

P 3 P 43 3
77 3 17 83 3 31 73 3 P 59 3 7 7» 3 P P 3 »73 7 3 P
79 P 3

7,
P 3 P P 3 1

1

7 3 F»3 P 3 P 23 3 »3 47 3

Si P 7 3 17 P 3 1

1

P 3 23 P 3 109 223 3 7 P 3 »9 29
83 3 29 P 3 1

1

3 7 P 3 19 79 3 P 7 3 »3» P 3 P
87 1

1

47 3 P P 3 n 3* 3 167 ^57 3 7 »9 3 P P 3 7» 7

3 61 P 3 7 19 3 ‘7 23 3 127 7 3 »3 P 3 P 107 3 167

91 P 3 23 7 3 191 53 3 »7 P 3 P P 3 P P 3 7 1

1

3
93 47 13 3 79 P 3 271 41 3 7 P 3 37 193 3 3» 7 3 P 23
97 7 3 ^3 241 3 P P 3 »3» 37 3 »7 1

1

3 7 »3 3 P 61 3
99 P 23 3 ^9 227 3 7

61 13 1

1

3 17 7 3 73 P 3 P P
i



4o6 Mr. Thomas Brancker’j liable of

OC0 781 782 783 784 7«5 786 787 788 C^
00 79°1 79'|7921793 794 79? 796 797 798 799

OI 3 P
r\

5 P P 3 83 7 3 p ‘3 3 P P 3 107 P 3 P P

7 83 P 3 ‘3 29 3 2 1

1

P 3 ‘99 P 3 7 271 3 23 ‘3 3 P

07 P 37 3 P 7 3 P P 3 19 4‘ 3 103 71 3 43 1

1

0
J 7 P

09 3 19 197 3 89 P 3 3' P ? 7 239 3 P 1

1

3 P 7 3 4'

1

1

181 3 7 P 3 P ‘3 3 53' 7 3 P 1

1

3 P 23 3 79 P 3

15 13 7 3 71 ‘9 3 127 P 3 23 1

1

3 “3 ‘3 7 P 3 P ‘57

37 P 3 17 P 3 P 7 3 269 53 3 61 37 3 ‘3 ‘3‘ 3 1

1

P 3

19 61 19T 3 17 1

1

3 29 223 3 P 3> 3 7 P 3 1

1

‘03 3 '9 7

21

,

3 P 1

1

3 7 ^33 3 P 23 3 19 7 3 1

1

'43 3 P 29 3 229

^3 1

1

3 19 7 3 17 P 3 P ‘3 3
1

1

227 3 P 281 3 / P 3

27 3 7 ‘37 3 P ‘9
ty

:>
1

1

7 3 13 67 3 23 P 3 P 61 3 257

29 7 a P 29 3
1

1

61 3 ‘7 P 3 53 P 3 / 67 3 '3 P 3

3' P 23 3 1

1

107 3 7 ‘3‘ 3 17 P 3 P 7 3 P P
rt

2 97 67

33 3 1

1

P 0 4‘ 7
n

43 3' 3 17 P 3 P P 3 P 71 3 7

37 73 p 3
r-

/ P 3 ‘3 P 3 ‘93 / 3 ‘7 P 3 P 97 3 29 1

1

39 3 p 7 3 P P 3 71 P 3 P P 3 13 ‘9
? 7 1

1

3 P

4« P 3 P P 3 P ‘9 3 7 P 3 29 P 3 17 7 3 23 P 3

43 7 13 3 ‘57 47 3 P 7 3 89 P 3 109 1

1

3 ‘7 73 3 P P

47 17 3 ‘3 P 3 7 31 3 37 1

1

3 P 7 5 S3 ‘3 3 ‘7 P 3

49 P 17 3 47 i 3 P 1

1

3 ' 3 '37 3 ‘9 P 3 P 23 3 7 3‘

'51 3 31 J7 3 ‘9 1

1

3 61 29 3 / P 3 73 P 3 1

1

7 3 ‘7

53 89 3 7 11 J P P 3 P 7 3 P 4‘ 3 1

1

‘9 3 ‘73 47 3

57 3 P 139 3 67 ‘7 3 7 P 3 1

1

‘3 3 P 7 3 P P 3 37

59 P 3 P 127 3 13 7 3 1

1

23 3 P P 3 1 8

1

P 3 47 ‘3 3

61 251 47 3 23 3' 3
I j ‘7 3 281

iWMc:
‘73 3 7 61 3 P 37 3 P

.1

7

63 3 P 61 3 /
231 3 79 17 3 P

/-*

/ 3 19 229 3 29 3‘ 3 ‘3

67 1

1

P 3 P P 3 97 ‘3 3 7 '7 3 3‘ P 3 251 7 3 P P
69 X

7 23 3 ‘31 .,P 3 227 7 3 37 17 ‘39 '3 3 P P 3 2 1

1

71 7 3 29 109 3 P ‘5‘
3 ‘3 |‘57 3 4' ‘7 3 7 47 3 241 1

1

3

73 lO] P 3 181 97 3 7 37 3 '5‘ 107 3 P 7 3 ‘3 ii
3 P P

77 163 3 P ‘3 3 P 29
3 P P 3 7 1

1

2 ‘9 ‘7 3 P 7 3

79 P P 3 7 P 3 ‘9 P 3 P 7 3 P P 3 P ‘7 3 23 P
81 3 37 7 3 ‘3 ‘79 3 P I j

3 3' P 3 163 P 3 7 ‘3 3 1

1

85 113 3 P f03
3 P 1

1

3 7 ‘9 3 13 P 3 61
7 3 1

1

‘7 3
87 3 4> 1

1

3 P 89
- ' n

D P P 3 P . P 3 7 101
3 P 23 3 P

1

1

3 79 43 3 7 ‘3 3 P P 3
1

1

r-

/ 3 29 P 3 73 P 3

91 13 P 3 277 7 3 P P 3
1

‘ * '39 3 37 ‘3 3 ‘9 P 3
r

'

/ 1

4‘
93 3 P 59 3 53 P

r>

j 1

1

P 3 7 P 3 P P 3 P 7 3
t6 ;

97 29 7 3 II P 3 P P 3 i‘97 ‘9 3 ‘79 P 3 1 P 3 109 E
99 3 P 13 3 23 53 3 7 257

1
3 83 29 3 P 7 3 199 3 P



Incompofit, or Prime, Numbers, lefs than loo^ooa 407
I

,Soo 8oij8o2 CC0 0CO 80 ) 806 0CO CO0CO S09 8 iO|8 1

1
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01 3 7 1

1

3 37 79 3 p 7 3 P 3 1

1

P 3 >3 P 3 P
03 7 3 >39 i 3 ‘ 3 >9 P 3 P n 3 1

1

P 3 7 >49 3 P >79 5
ojl 3 P P 3 P 7 3 1

1

>9 3 59 13 3 P >27 3 79 P 3 7
09 »9 3 P I’ 3 1

1

(+9 3 P p 3 7 17 3 P P 3 roi 7 ?
1

1

29 P 3 7 191 3 P 43 3 p
r
/ 3

i

>3 >7 3 37 P 3 23 lor.

*3' 3 1

1

7 3 97 P 3 P 211 P 29 3 3 > >7 3 7 4> 3 >?
17 / •13 3 P 29 3 19 7 3 p P 3 241 233 3 P >7 3 P It
19 3 «3 97 3 >37 7 3 3 5.3 P 3 P P 3 7 >3 3 P 1

1

3 P
2 1 P 3 P 34 3 7 P „3 13 >9

n
0 23 7 3 P 1

1

3 71 >7 3
23 43 19 3 47 7 3 37 89 3 P P 3 P 1

1

3 >3 3 > 3 7 >7
27 79 3 7 13 3 P P 3 >3> 7 3 3> 43 3 107 P . 3 P 47 J
29I 191 7 3 P P 3 P 1

1

3 P >3 3 29 167 3 7 P 3 1

1

P

3 227 P 3 ^3 1

1

3 7 P 3 P P 3 7 3 1

1

13 3 . P
33 163 3 P 67 3 29 *7

/ 3 P P 3 13 P 3 1

1

P 3 37 19 3
3-7 3 127 19 3 7 P 3 P 229 3 1

1

7 3 163 3> 3 P P 3 P
39 P

•y

3 P 7 3 43 13 1

1

29 3 4> P 3 P 67 3 7 P 3

4« '3 P 3 P 257 3 n 203 3 7 P 3 237 >3 3 73 7 3 223 67
43 3 7 29 3 11 239 3 13 7 3 P 53 3 P 23 3 19 43 3 P
47 1

1

P 3 P P 3 7 P 3 61 P 3 7 3 P P 3 P
49: 3 P 1.3 3 P 7 3 P P 3 r >9 -3 P 79 3 P P 3 7

51 P 3 P >9 3 109 P 3 233 >3 3 7 .3' 3 47 P 3 29 7 3
53 17 P 3 7 43 3 59 23 3 P 7 3 >93 P 3 P 1

1

3 P P
57| 223 3 >7 107 3 P P

0
3 7 73 3 P 1

1

3 P 7 3 >3 23 3
59; 7 7‘ 3 17 6

1

3 79 7 3 19 1

1

3 23 P 3 P 37 3 109 4»

3 ^9 ^3 3 >7 >3 3 P 1

1

3 103 277 3 7 29 3 127 P 3 It
^3' 23 P P 3 y P 3 P P 3 P 7 3 P P 3 11 71 5
^>7; 5 P 1

1

3 67 p >7 '93 3 7 23 3
1

1

4> 3 P 7 3 P
69, 1

1

3 7 P S 23 P 3 >7 / 3 I 2 i8

1

3 257 P 3 P P
•>

>

71' P 7 3 >79 P 3 P 37 3 1

1

p 3 67 P 3 n
! P 3 >9 P

73 3 P P 3 197 3 7 13 3 ^7 P 3 P 7 3 23 P 3 P
77 P P 3 1

1

23 3 P P 3 13 P 3 7 19 3 29 P 3 4> • 7
79 3 1

1

P 3 7 >9 3 P 3> 3 89 7 3 >7 ,59 3 >3 53 3 75

81 73 X 43 "i 3 61 P 3 29 47 3 P P 3 17 23 3 7 37 5
83 53 (81 3 3> 13 3 P P 3 7 P 3 P 97 3 >7 7 3 P It

87 7 3 P P 3 >3 P 3 47 109 3 19 29- 3 7 1

1

3 17 13 3

89 17 3 19 P 3 7 P 3 P >31 3 >3 7 3 83 P 3 >7 >63

9>1 3 P >7 3 P 7 3 >73 23 3 83 1

1

3 >99 >9 3 >5> 89 3 7

93; J3 3 23 17 3 83 19 2 4> 1

1

3 7 P 3 227'i39 3 263 7 3
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99,

1
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1

1
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1

7 3 P P 3



4oS Mr. Thomas Brancker’j Table of

820 82

1

822 823 824[825 826 827 828 829 830 831 832 833 834 835 836 837 838 839

OI 43 3 7 P 3 '7 ~P 3 3' 7 3 P '9 ' 3 P 1 i 3 P 47 3

P 7 3 '3 '9 3 '7 191 3 P P 3 P 1

1

3 7 '3 3 18) P

07 P 3 P P 3 P i 3 '7 1

1

3 4' P 3 P "3 3 '3 43 3

09 P 47 3 53 23 3 P 1

1

3 '7 P 3 7 227 3 37 P 3 1

1

7

II 3 '57 229 3 7 1

1

3 107 P 3 '7 7 3 P 239 3 1

1

97 3 P

*3 1^ 3 '9 7 3 109 P „3 P P 3 '7 '3 3 1

1

23 3 7 P 3

J-7 3 7 1’ 3 73 '9 3 i8

1

7 3 1

1

P 3 '3 P 3 P P 3 3'

19 7 3 P 263 3 '79 P 3 1

1

283 3 43 P 3 7 4" 3 P 79 3

2

1

P 13 3 '9' P 3 7 P '3 101 61 3 P 7 3 '7 P 3 109 P

3 4' P 3 1

1

7 3 P '3 3 P 103 3 97 P 3 '7 29 0
2 7

27 1

1

'7 3 7 139 3 53 P 3 '3 7 3 P 103 3 lOl 241 3 '7 23

29 3 P 7 3 3' P 3 P "3 3 79 97 3 23 '9 3
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31 P 3 P 17 3 P '9 3 7 127 3 59 P '
3 P 7 3 3' 1

1

3

33 7 23 3 281 '3 3 P 7 3 239 43 3 P 1 67 3 '03 1

1

0
P P

37 P 3 P '37 3 7 '7 3 P '97 3 P 7 3 P P 3 P '3 3

59 P P 3 P 7 3 23 '7 3 P 1

1

3 '3 P 3 '39 P 3 7 P

41 3 P P 3 '9 59 3 97 1

1

3 7 7' 3 P 181
3 P 7 3 I r

43 13 3 7 67 3 '97 1

1

3 37 7 3 29 P 3 P '9 3 1

1
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1
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1
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29 3 23 7 3 '9 '7 3 P 61 3 37
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P 3 P P 3 7 '3 3 P P 3 P 7 3 P 59
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61 7 3 P P 3 P 131 3 4' 23 3 '3 '39 3 7 P 3 P '7 3
63 '37 P 3 23 P 3 7 P 3 P P 3 53 7 3 P P 3 '3 II

67 P 3 P 3' 3 P '3 3 '73 163 3 7 P 3 '9 1

1

3 21 1 7 3

69 '3 127 3 7 P 3 '9 37 3 29 7 3 P 1

1

3 '93 3' 3 P P

71 3 P 7 3 P P 3 '3 79 3 P 1

1

3 263 P 3 7 '9 3 '3'

73 P 3 29 P 3 7' 47 3 7 1

1

3 3' P 3 '3 7 3 P P 3
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P 3 79
79 21

1

3 P 1

1

3 7 29 3 67 '3 3 223 7 3 1

1

P 3 '99 37 3
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01 167 37 3 7 P 3 1

1

P 3 59 7 3 P '97 3 '3 P 3 239 17
03 3 31 7 1

1

P 3 7* '37 3 167 P 3 P 4' 3 7 p 3 P
07 7 1 51 3 P P 3 '9 7 3 '97 '3 3 '39 23 3 37 P 3 53 271
09 3 241 107 3 13 P 3 23 P 3 P P 3 7 223 3 59 '3 3 P
1

1

P 3 P 57 3 V 21

1

3 P '9 3 '3 7 3 P 233 3 P 11 3
13 29 19 3 P 7 3 191 P 3 P '5' 3 P P 3 P II 3 7 S3
17 P 3 7 P 3 223 '3 3 89 7 3 47 1

1

3 229 P 3 P P 3

11 13 7 3 P 29 3 37 P 3 P 1

1

3 3' '3 3 7 P 3 P 151

21 3 p P 3 P P 3 7 11
3 P P 3 4' 7 3 P 23 3 11

^3 73 3 P 37 3 P 7 3 271 '63 3 23 P 3 i3 P 3
1

1

19 3
27 3 p 1

1

3 7 181 3 '93 P 3 P 7 3 1

1

P 3 P 59 3 29
29 1

1

3 P 7 3 '37 P 3 4' '3 3 1

1

P 3 P 3' 3 7 P 3

3' 17 p 3 13 P 3 P P 3 7 23 3 29 P 3 P 7 3 P P
33 3 7 131 3 23 P 3 1

1

7 3 '3 P 3 P 37 3 19 P 3 P
37 19 p 3 1

1

P 3 7 P 3 »57 P 3 P J 3 23 29 3 P '9

3 1

1

P 3 17 7 3 lOI 43 3 277 3 61 P 3 P 83 3 7

41 31 3 61 19 3 '7 S3 3 37 29 3 7 '3 3 43 113 3 '79 7 3

43 229 p 3 7 P 3 13 83 3 '73 7 3 P 3' 3 '3' P 3 P 11

47 P 3 P P 3 59 47 3 7 P 3 P P 3 P 7 3 '9 P 3

12 7 13 3
,

P P 3 P 7 3 17 P 3 163 1

1

3 P 4' 3 293 61

5J
3 19 173 3 79 P 3 P '3 3 '7 1

1

3 7 P 3 97 P 3 23

S3 P 3 ‘3 67 3 7 P 3 53 1

1

3 '7 7 3 P 13 3 29 P 3
57 3 23 109 3 P 1

1

3 131 P -3 ! 3' 3 '7 97 3 1

1

7 3 43

12 P 3 7 1

1

3 P P 3 P 7 3 P P 3 1

1

67 3 191 23 3

61 r 7 3 29 V3 3 3' P 3 P P 3 1

1

P 3 7 P 3 '9 67
63 3 p P 3 P 103 3 /

"3 3 1

1

'3 3 P 7 3 '7 139 3 3'
67 p 17 3 239 P 3 1

1

29 3 P 257 3 7 '9 3 4' P 3 17 7

3 73 17 3 7 '9 3 103 P 3 97 7 3 P P 3 P '99 '3

71 13 3 1

1

7 3 23 227 3 P 3' 3 53 7' 3 127 P 3 7 43 3

73 1

1

41 3 '39 '7 3 P 13 3 7 241 3 269 59 3 83 7 3 79 149
77 7 0 V P 3 83 17 3 '3 P 3 19 53 3 7 P 3 3' 1

1

3
7«J 83 p 3 19 23 3 7 17 3 P '49 3 107 7 3 '3 1

1

3 '57 127

Hi
3 p 271 3 P 7 3 '49 '7 3 P 103 3 P 1

1

3 47 P 3 7
83

87
47 3 89 '3 3 4' '9 3 29 '7 3 7 1

1

3 73 23 3 109 7 3

3 29 7 3 15 251 3 P 11 3 P '7 3 '03 P 3 7 '3 3 1

1

p 3 31 P 3 P 1

1

3 7 37 3 '3 '7 3 53 7 3 1

1

P 3

91 7 p 3 P 1

1

3 P 7 3 P P 3 '9 '7 3 11 P 3 '3 P
93 3 ?9 1

1

3 '9 29 3 P 23 3 P P 3 7 '7 3 67 P 3 "3
97 13 269 3 37 7 3 P '9 3 1

1

43 3 P 13 3 P '7 3 7 23

99 3 P

;

P 3 P 31 3 J i 73 3 7 P 3 23 '93 3 43

k

7

.

3 P

SQ
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01 3 29 P 3 7 P 3 277 1

1

3 19 7 3 67 7 ' 3 17 p 3 1

1

03 17 3 13 7 3 23 1

1

3 61 43 3 P 29 3 P 13 3 7 p 3
07 3 7 1

1

3 71 19 3 3 ' 7 3 167 P 3 1

1

P 3 '3 229 3 17
OQ 7 3 P 17 3 P 257 3 47 233 3

II 37 3 7 P 3 139 277 3

I 1 P P 3 p 13 3 7 P 3 1

1

P 3 P 7 3 P 79 3 p P
33 3 P 73 3 P 7 3 1

1

P 3 P 13 3 P 61 3 P 239 3 7

37 P P 3 7 103 3 37 17 3 23 *) 3 13 P 3 P 4 ' 3 137 P
19 3 (

1

7 3 89241 3 P 17 3 173 P 3 29 '9 3 7 p 3 13

21 13 3 151 37 3 3 ' 19 3 7 '7 3 P P 3 P 7 3 p S 3 3

23 7 71 3 p P 3 29 / 3 P 17 3 P P 3 P P 3 31 I r

227 P 3 23 173 3 7 P 3 13 P 3 ' 5 ' 7 3 P 1

1

3 37 7 '

3
29 P 43 3 13' 7 3 P P 3 P 29 3 «9 1

1

3 '3 r 3 7 23

SI 3 P 53 3 19 P 3 43 3 ' 3 7 1

1

3 23 17 3 p 7 3 P
33 227 3 1 13 3 P 41 3 7 ' 7 3 P 83 3 P 17 3 59 P 3

37 3 P h 3 13 1

1

3 7 P 3 P 79 3 P 7 3 1

1

13 3 47
39 97 3 P 1

1

3 P 7 3 37 P 3 '3 23 3
1

1

P 3 p 17 3

41 '39 1

1

3 p P 3 23 127 3 227 P 3 7 167 3 P p 3 13 7

43 3 P P 3 7 37 3 P P 3 1

1

7 3 19 P i p p 3 P
47 13 277 3 79 137 3 1

1

223 3 7 61 3 43 '3 3 P 7 3 107 31

49 3 7 P 3 1

1

23 3 13 7 3 P P 3 113 157 3 p 47 3 37

51 7 3 1

1

> 3 41 73 3 P P 3 P P 3 7 29 3 p 59 3

53 1

1

lOI 3 p P 3 7 P 3 89 263 3 P 7 3 P 23 3 P 281

£7 47 3 P p 3 101 193 3 P 13 3 7 P 3 19 P 3 127 7 3

59 41 29 3 7 3 ' 3 '9 101 n
P P 7 3 7 ' P 3 P 1

1

3 103 P
6j .3 P 7 3 11 P 3 S 3 P 3 13 43 3 '99 j 1

3 1 19 3 P
63 89 3 P 67 3 107 79 3 7 19 3 101 1

1

3 149 7 3 13 4' D

3 ^99 ?8i 3 P 15 3 P I i 3 83 67 3 7 47 3 29 p 3 1

1

P 3 P p 3 /
1

1

3 P P 3 61 7 5 23 67 3 1

1

P 3

71 17 P 3 p 7 3 13 '3 29 P 3 '97 41 3 11 p 3 t '3

73 3 17 1

1

3 43 P 3 19 loy 3 / 179 3 1

1

P 3 73 7 3 P
77 P 7 3 17 P 3 P 107 3 1

1

19 3 P 23 3 7 43 3 I’ P
79 1 P 19 3 17 P 3 7 13 3 3' P 3 59 7 5 p 61 3 97
81 59 3 f3 p 3 1

1

7 3 283 P 3 P P 3 P 13 3 4' P i
33 P P 3 1

1

197 3 17 P 3 13 1’ 3 7 P 3 P p 3 23 7
37 31 A

2 P 7 3 P 23 3 17 37 3 P 191 3 89 P 3 7 P 3
19 79 3 p 13 3 P 59 3 7 73 3 4' 3' 3 P 7 3 179 II

91 3 7
p '3

P ‘31 3 229 7 3 17 13 3
281 P 3 p 1

1

3 ~P
.93 7 3 P '9 .3 13 P 3 31 P 3 17 P 3 7 1

1

3 P 13 3
.97 3 P P 3 67 7 3 29 '13 3 251 1

1

3 17 59 3 p P 3 7
99

<

13

•

3 III P 3 P 281
3 67 11 3 7 P 3 17 251 3 19 / i
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880 881 882 883 00 cc oc cc 886 887 888889,890 891 892 893 1
00

No1-^ 1
00

0 896 897 898 899
01 P 3 ‘93 P 3 7 41 *>

D P ‘9 3 P 7 3 13 P 3 271 89 3
03 P 19 3 227 7 3 251 107 3 I’ P 3 P P 3 37 P 3 7 1

1

07 P 3 7 233 3 67 P 3 P 7 3 P 37 3 29 1

1

3 109 3 ‘ 3
09 17 7 3 '3 2 1

1

3 P 43 3 67 P 3 P 1

1

3 7 ‘3 3 P P'

1

1

3 '7 P 3 P 61 3 7 P 3 13 1

1

3 3 ' 7 3 P 283 3 47
13 283 3 17 47 3 7 3 P u 3 P P 3 p P 3 13 ‘9 3
17 3 P '9 3 7 1

1

3 79 P 3 P 7 3 P p 3 1

1

73 3 P
19 P 3 47 7 :< ‘7 23 3 P P 3 P 13 3 1

1

P 3 7 P 3

21 23 1

1

3 P 29 3 13 P 3 7 P 3 11 179 3 P 7 3 P ‘3

23 3 7 P 3 p P 3 ‘7 7 3 1

1

P 3 ‘3 223 3 ‘9 23 3 P
27 19 '3 3 P p 3 7 83 3 17 127 3 P 7 3 P P 3 43 19

29
. 3 P 83 3

1

1

7 3 P '3 3 17 ‘9 3 P 3,7 3 47 53 3 7

31 47 3 11 '9 3 223 263 3 211 ‘13 3 7 P 3 p ‘3 3 61 7 3

33 11 3 ' 3 7 191 3
61 89 3 13 7 3 17 157 3 P P 3 P ‘39

37 P 3 P P 3 29 ‘51 3 7 P 3 P P 3 17 7 3 19 11 5
39 7 53 3 P 13 3 ‘37 7 3 19 269 3 233 41 3 17 1

1

3 P P

4 > 3 '9 P 3 59 37 3 P 73 3 P '3 3 7
II 3 ‘7 43 3 53

43 17 3 79 23 3 7 P 3 P 29 3 97 7 3 p ‘ 5 ‘ 3 ‘7 ‘3 3

47 3 181 17 3 241 P 3 P 1

1

3 7 239 3 47 23 3 ‘57 7 3 1

1

49 13 3
M
/ 17 3 73 1

1

3 23 7 3 59 31 3 p 149 3 11 P 3

5 ' 191 7 3 53 1

1

3 P ‘3 3 P P 3 149 199 3 7 37 3 ‘9 293

53 3 '3 1

1

3 197 3 7 P
rt

2 ^9 P 3 1

1

7 3 P P 3 23

57 173 199 3 149 53 3 P 17 3 I I P 3 7 19 3 13 P 3 59 7

59 3 23 P 3 7 ‘9 3 1

1

>7 3 29 7 3 193 p 3 P P 3 P
'61

107 3 P 7 3 1

1

P 3 P ‘7 3 163 P 3 ‘37 P 3 7 23 3
63 83 ' 3 ' 3 1

1

p 3 P 37 3 7 ^3 3 23 P 3 P 7 3 73 P
67 7 3 61 97 3 3 ‘ P 3 P 43 3 ‘3 17 3 7 P 3 P P 3
69 p P 3 '9 p 3 7 29 3 P P 3 P 7 3 43 P 3 ‘3 1

1

7 ^ 3 37 '03 3 p / 3 P 18] 3 P 23 3 P ‘7 3 P 1

1

3 7
73' 29 3 4 ' 67 3 23 ‘3 3 P ‘93 3 7

' P 3 ‘31 1

1

3 107 7 3

77 i 3 P 7 3 103 lOI 3 ‘3 3 ‘ 3 28J 1

1

3 139 P 3 7 ‘7 3 P
79! p 3 43 P 3 283 7 ‘

3 7 1

1

3 257 73 3 ‘3 7 3 P ‘7 3
81 7 109 3 3 ' 23 3 P 7 3 lOI 229 3 19 P 3 29 P 3 II ‘7

83 3 163 13 3 ‘9 1

1

3 47 P 3 P lOl 3 7 43 3 1

1

P 3 P
87. 59 1

1

3 13 7 3 131 ‘9 3 23 P 3 1

1

P 3 101 ‘3 3 7 29

3 29 P 3 107 P 3 P 103 3 7 P 3 7 ‘ 109 3 P 7 3 P

9 « '37 3 ‘57 3 P 3 ‘
3 1

1

7 3 79 29 3 P P 3 ‘3 P 3
93 P 7 3 37 P 3

1

1

P 3 P 4 ' 3 P P 3 7 257 3 241 31

97 37 3 I j P 3 »9 7 3 P P 3 191 13 3 3 ‘ P 3 P P 3
99 1 1 89 3 109 P 3 13 1> 3

61 139 3

\

7 P 3 'P ‘9 3 P 7

3 G 2
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.

7 .5 I
)

'

7
1 1
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I ' ‘7 3 1 ‘3 3 47 P 3 7

07 I
5 F 2 I

) “ 61 3 F 7 3 223 ‘7 •3 ‘3 101 P P 73
09 J

251 7
c I 2C 3 I 7 ‘ 3 F 3‘ 3 r ‘7 7 7 293 3 P

1

1

7 3 II I ;
5 F 15 3 7 F 3 ‘79 ‘v 7 3 F 7

1
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«
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17 F 3 I 37 2 7 F 3 i‘97 F 3 ‘3 7 3 “3 23 3 4 ‘ 1

1

3

3^ F 227 3 J 8 *

3 P 83 3 23 F 3 ‘9 53 3 7 ‘ 1

1
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1

3 F 7 3 P
23 P 3 7 4 ‘ 3 F ‘3 3 P 7 3 293 1

1

3 F ‘9 3 37 P 3

27 3 P p 3 3 ‘ F 3 7 1

1

3 227 P 3 27 ‘ 7 3 59 29 3 II

29 197 3 23 59 3 P 7 3 6

1

79 3 P P 3 ‘3 F 3 1

1

229 3

3« P ‘93 3 ‘03 1

1

3 P F 3 P 2y 5 7 P • 3 1

1

F 3 '3‘ 7

33 3 ‘73 1

1

3 7 P 3 4‘ P 3 P 7 3
1

1

F 3 43 P 3 149
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1
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41 7 > 3‘ 61 3 1

1

P 3 P 2 1
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1
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1
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1
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1

lOI 3 167 ^3 2 P P 3 17 P 3 7
21 17 3 P 19 3 1

J

23 3 P P 3 7 73 3 103 41 3 17 7 3
23 23 17 3 7 29 3 P P 3 43 7 3 13 P 3 P 25. 3 17 P
27 13 3 P 17 3 67 P 3 7 r 3 23 53 3 P 7 3 19 P 3
29 7 18

1

3 127 17 3 2 1

1

7 3 19 41 3 P P 3 P P 3 lOI I r

31 3 13 149 P 17 3 47 P 3 3 ' P 3 7 13 3 109 1

1

3 29
33 P 3 P p 3 7 17 3 13 199 3 P 7 3 233 II 3 67 103 3
37 3 199 P 3 23 37 3 P 17 3 7 1

1

3 P 223 3 P 7 3 P
39 31 j • 7 13 3 29 P 3 263 7 3 P P 3 41 89 3 P 107 5

41 P 7 3 107 97 3 P n 3 P J 3 3 P 31 3 7 29 3 1

1

P
43 3 P P 3 13 1

1

3 7 227 3 19 17 3 269 7 3 1

1

13 3 37
47 83 1

1

3 p f 93 3 P 163 3 41 P 3 7 17 3 139 37 3 7

12 3 43 29 3 7 19 3 137 P 3 1

1

7 3 277 17 3 71 241 3 P
SJ P 3 P 7 3 P 13 3 1

1

P 3 P P 3 17 3 7 P 3
53 13 P

0
:> p 59 3 1

1

P 3 7 P 3 P 13 3 P 7 3 127 47
57 7 3 1

1

p 3 P P 3 P P 3 19 P 3 7 P 3 29 17 3

42
1

1

157 3 19 P 3 7 23 3 P P 3 179 7 3 P 73 3 47 17

61 3 23 13 3 P 7 3 P P 3 29 52 3 89 ^9 3 229 P 3 7
63! 43 3 257 p 3 19 3 P 13 3 7 P 3 P P 3 P 7 3

3 37 7 3 P P 3 P P
r\

0 13 151 3 73 1

1

3 7 41 3 P
69! 23 0

3 P p 3 P P 3 7 31 3 P 1

1

3 '51 7 3 13 37 3

7 ‘| 7 61 3 7 ^ 89 3 P 7 3 239 1

1

3 19 P 3 137 47 3
'

P P
73; 3 P 53 3 ^9 13 3 163 1

1

3 23 3 7 211 3 283 79 3 IL

77 P P 3 P 7 3 13 19 3 109 P 3 37 P 3
1

1

113 3 7 13

79 3 P 1

1

3 P 43 3 P • 3 ' 3 7 P 3 1

1

P 3 23 7 3 P
81 I j

3 7 P 3 P P 3 293 7 3
1

1

P 3 P P 3 191 269 3
83 P 7 3 I’ 23 3 P 3 ^ 3

1

1

P 3 P P 3 7 P 3 223 P
87 7 ‘ 3 '3 P 3 ii 7 3 29 P 3 P P 3 P 13 3 P P 3
89 »7 P 3 1

1

P 3 59 P 3 13 P 3 7 47 3 3 ' 19 3 P 7

91 3 1

1

41 3 7 S3 3 P 19 3 127 7 3 61 P 3 13 71 3 193

93 19 3 17 7 3 P P 3 P P 3 41 29 3 P 173 3 7 P 3

97 3 7 P 3 17 29 3 7 3 P 13 3 59 P 3 43 1

1

3 P
7 3 23 P 3 '’1

1’ ii 3 3 P 79 3 7 1

1

3 97 13 3
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940 941 942 943 944 94S 946I947 948 949 95°| 95' 952 953 95 + 955(956 957 958 959'

01 23 3 P i8i 3 1

1

13 3 7 43 3 P 31 3 P 7 3 P P 3

®3 7 139 3 11 67 3 P 7 3 P P 3 p ‘3 3 43 p 3 P 29
07 P 3 P P 3 7 89 3 “3 P 3 P 7 3 13 P 3 P 149 3

09 P P 3 P / 3 37 P 3 107 P 3 19 191 3 149 67 3 7 I [

1

1

3 P 13 3 19 29 3 53 P 3 / P 3 P 73 3 23 7 3 P
13 41 3 7 37 3 P P 3 59 7 3 227 p 3 P 1

1

3 P P 3

^7 3 P 7' 3 263 47 3 7 53 3 ‘3 1

1

3 P 7 3 p P 3 P
39 149 3 P 257 3 3' 7 3 P 1

1

3 73 p 3 P 23 ‘3 P 3

21 167 P 3 P P 3 P 1

1

3 23 P 3 7 ‘99 3 59 p 3 1

1

7

^3 3 61 S9 3 7 1

1

3 P P 3 167 7 3 19 37 3 i I P 3 P
27 17 1

1

3 P P 3 13 P 3 7 P 3 1

1

P 3 P 7 3 79 ‘3

29 ;j 7 P 3 89 P 3 43 7 3 1

1

25‘ 3 13 P 3 p 29 3 P

3' 7 3 ^7 P 3 P ‘73 3 1

1

59 3 P p 3 7 P 3 P 61
3

33 P 13 3 17 1’ 3 7 61
3 P 29 3 p 7 3 83 p 3 47 23

37 271 3 1

1

29 3 17 lOI 3 P ‘39 3 7 ‘31 3 19 ‘3
A
0 P 7 3

39 1

1

23 3 7 P 3 17 21

1

3 '3 7 3 p P 3 P 59
A 239 ‘97

41 3 47 7 3 P P 3 ‘7 P 3 lOI 89 3 67 P 3 ‘9 3 37
43 157 3 73 P 3 P 3‘ 3 / ‘9 3 P 23 3 P 7 3 67 1

1

3

47 3 31
.i2 3 P P 3 P P 3 17 ‘3 3 7 1

1

3 101 P 3 P

12 P 3 307 P 3 7 P 3 P P 3 17 7 3 3« P 3 23 13 3

51 163 P 3 P 7 3 P 4‘ 3 P 1

1

3 13 97 3 ‘9 P 3 7 229

53 3 P P 3 29 23 3 19 1

1

3 7 P 3 17 53 3 4‘ 7 3 II

57 P 7 3 '57 1

1

3 103 ‘3 3 269 19 3 p 167 3
n
/ 23 3 P P

59 3 13 1

1

3 59 P 3 7 29 3 23 43 3
1

1

7 3 ‘7 31 3 P
6. 1

1

3 P 127 3 P 7 3 ‘3 P 3
1

1

p 3 P P 3 17 257 3
63 P 17 3 197 P 3 181 ‘93 3 1

1

1’ 3 / 47 3 ‘3 271 3 17 7
67 109 3 107 7 3 1

1

‘37 3 ‘9 23 3 59 P 3 P 227 3 7 37 3

^2 19 P 3 1

1

17 3
,

4? 97 3 7 ‘3 3 47 P 3 P 7 3 P

71 3 7 31 3 '3 i7 3 P 7 3 P ‘9 3 281
i’ 3 29 13 3 P

73 7 3 P '9 3 P ‘7 3 P 73 3 13 P 3 7 3‘ 3 P P 3

77 3 41 23 3 P 7 3 P ‘7 3 3‘ P 3 127 307 3 24

1

1

1

3 7

79 P 3 29 P 3 271 ‘3 3 79 ‘7 3 7 P 3 P 1

1

Q 19 7 3

81

83
13

3

S3

>9
3

7

7

3

107

P

3

P

73

3

P
‘3

n
0

239

'9

- 3 P

3
1

1

'5‘

3

1

1

P
3

P
p
3

I&3

7

3

P

P
3

4‘

53
87 7 97 3 37 '9 3 P 7 3 43 P 3 P 17 3 61 103 3

1

1

P

!2
3|i3> 13 A

:)
61 1

1

3 P P 3 P p 3 7 17 3 1

1

P 3 P

91 37 3 P 11 3 / 23 3 3‘ ‘3 3 p 7 3 I j 17 3 P P 3
93 23 1 I

3 '3 7 3 P P 3 P P 3 1

1

P 3 109 13 3 7 59
V / 73 3 7 P 3 P 281

3 1

1

r

'

y 3 23 233 3 29 p 3 P 17 5
99 P 7 P S3 3

1

1

47 3
t

I’
61 3 ‘57 19 3 7 83 3 41 17
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960 961 962 963 964 96 s 96b 967 968 969 970,971 972 973 974 975:976 977 978 979
Oil P ^7 3 23 p 3 P 1

1

3 7 P 3 '3 P 3 P 7 3 1

1

47
03. 3 7 17 3 149 1

1

3 P 7
0
0 P P 3 P 257 3 1

1

4' 3 3
07 19 1

1

3 193 ‘7 3 7 13 3 P P 3 1

1

7 3 281 P 3 47 '9
3 13 23 3 229 7 3 97 13' 3 1

1

19 3 3' M 3 P 199 3 7
1

1

67 3 P 19 3 103 17 3 1

1

P 3 7 4' 3 29 P 3 P 7 3
1

3

P 223 3 7 67 3 1

1

17 3 '99 7 3 P 23 3 '3 P 3 P 179
17 P 3 II 13 3 P 79 3 7 17 3 P 67 3 61 7 3 '9 29 3
19 / 277 3 61 P 3 53 7 3 '9 '3 3 '9' 307 3 113 3' 3 23 P
21 3 19 - P 3 ^3 263 3 3"U— P 3 P 17 3 7 37 3 4' 13 3 181

.23 3 P P 3 /
23 3 P 103 3 '3 7 3 P P 3 79 1

1

5
27 3 97 41 3

21

1

P 3 197 P 3 7 P 3 P I i
3 233 7 3 P

29 109 3 7 P 3 83 13 3 37 7 3 23 II 3 P 17 3 P P 3

31 ‘3 7 3 P P 3 V P 3 P 1

1

3 P '3 3 7 17 3 '9 P
33 3 251 P 3 73 37 3 7 1

1

3 '9 '37 3 '3' 7 3 89 17 3 1£

37 137 P 3 P 11 3 41 P 3 3' 23 3 7 '9 3 1

1

163 3 227 7
39 3 127 1

1

3 7 19 3 P '79 3 P 7 3 1 1 '39 3 251 43 3 37
4' 1

1

c •57 / 3 29 241 3 '3 3 1 1 P 3 P 103 3 7 P 3

43
i

P 79 3 13 P 3 P 89 3 7 53 3 47 3" 3 23 7 3 P P
47! 7 3 109 23 3 1

1

127 3 'P 29 3 '9 3' 3 7 P 3 '3 P 5
49' 139 P 3 1

1

43 3 7 P 3 67 107 3 79 7 3 P P 3 P 41

5i| 3 1

1

29 3 P 7 3 31 P 3 37 P 3 67 '9 3 P 239 3 7
53, P 3 101 P 3 P •9 3 23 P 3 7 '3 3 P P 3 67 7 3

57i 3 P 7 3 P P 3 P P 3 7' P 3 '3 4' 3 7 i I 3 23

591 P 3 P 167 3 223 163 _3 7 P 3 P P 3 P 7 3 29 P 3

6i| 7 ‘3 3 173 P 3 P 7 3 47 3' 3 '9 II 3 P 61 3 P P
•631 3 23 P 3 19 6

1

3 P '3 3 29 1

1

3 7 P 3 127 59 3 '65

17 P 3 29 7 3 P 1

1

3 '3 113 3 23 P 3 43 lOI 3 7 P
.69! 3 17 P 3 P 1

1

3 P '57 3 i P 3 P 29 3 1

1

7 3 3'3

23 3 7 1

1

3 269 P 3 73 7 3 P 2 1

1

3 11 P 3 P P 3

l! 73i 191 7 3 17 13 3 277 29 P P 3 1 1 P 3 7 P 3
9' P

<! -77 29 3 43 P 3 13 7 3 1

1

37 3 P 89 3 107 P 3 P '3 3
C 79 P P 3 3^ P 3 1

1

P 3 P '93 3 7 P 3 F '9 3 P 7
: 81

3 P P 3 7 P 3 •7 '9 3 P 7 3 P 43 3 23 277 3 '3
i: 83 13

0
1

1

7 3 59 X09 3 '7 293 3 '57 P 3 7' P 3 7 P 3
f 87 3 7 73 3 P P 3 P 7 3 '7 P 3 P '3 3 P P 3 P.

i 89 7 s P ‘13 3 P 3« 3 '3 P 3 '7 271 3 7
1

"3 3 P 1

1

.T

j 91 307 43 3 41 47 3 7 '51 3 23 79 3 '7 7 3 '3 1

1

3 S3 29
< 93 3 29 P 3 P 7 3 43 3 '5' 83 3 '7 1

1

1

^ 2 1

1

19 2 7
' 97 F 19 3 7 P 3 P P 3 P 7 3 '49 P 3 '7 151 3 223 43
f 99 3 p 7 3 13 29 3 P II 3 89 37 3 '73 P 3 / '3 3 1

1
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1

3

07 3 17 P 3 P P 3 7 P 3 181 23 3 '3 7 3 P P 3 P

09 P 3 17 37 3 23 7 3 P P 3 P 1

1

3 P 151 3 P P 3

3 I F 13 3 17 P 3 3' P 3 P 1

1

3 7 47 3 '9' P 3 '5' 7

33 3 41 P 3 7 29 3 P 1

1

3 P 7 3 '9 89 3 23 P 3 ir

17 P 59 3 P I i 3 '7 P 3 7 P 3 47 P 3 1

1

1 3 P 4'

59 3 7
1

1

3 P P 3 17 7 3 83 P 3 1

1

37 3 '3 P 3 163

21 7 3 P F 3 83 P 3 '7 51 3 11 313 3 7 23 3 P '73 3

23 83 P 3 P 13 3 7 269 3 1

1

P 3 P 7 3 P P 3 P P

27 6

1

3 P P 3 II P " 3 37 P 3 7 ^7 3 19 P 3 3' 7 3

29 167 P 3 7 P 3 '9 P 3 P 7 3 '3 7' 3 P 67 3 P P

3» 3 1

1

'
7 3 257 37 3 P 23 3 167 P 3 '7 P 3 7 '9 2u '3

33 13 3 23 107 3 P 53 3 7 '9 3 P P 3 '7 7 3 P P 3

37 3 13 '93 3 '73 211
3 P 3 97 P 3 7 '3 3 17 1

1

3 37

39 17 3 3' 29 3 7 P 3 '3 P F 7 3 P 1

1

3 '7 P 3

41 P 17 3 43 7 3 P 293 3 163 P 3 P 1

1

3 '3 37 3 7 139

43 3 P '7 3 P P 3 '9 97 3 7 1

1

3 4' '7 3 P 7 3 '7

47 P 7 3 P 17 3 23 1

1

3 P '3 3 61 P 3 7 25' 3 I ] 89

49 3 61 19 3 13 1

1

3 7 P 3 37 P 3 P 7 3 1

1

'3 3 '27

5' 71 3 P 1

1

3 39 3 4' 53 3 '3 P 3 1

1

P 3 23 3' 3

53 3' ] 1 3 59 P 3 4' '7 3 P P 3 7 73 3 "3 227 3 '3 7

57 P 3 P 7 3 67 '3 3 II '7 3 229 P 3 271 29 3 7 61 3

59 13 103 3 4' P 3 1

1

61 3 7 17 3 P '3 3 P 7 3 P •19

61 3 7 97 3 1

1

P 3 '3 7
0
0 23 17 3 67 79 3 P P 3 P

63 7 3 1

1

19 3 P P 109 P 3 53 '7 3 7 P 3 67 37 3

67 3 89 13 3 P 7 3 283 P 3 '57 '3' 3 P '7 3 P P 3 7

69 28

1

3 P P 3 241 P 3 P '3 3 7 53 3 P '7 3 '9 7 3

7' 101 127 3 7 59 3 79 43 3 '9 7 3 37 P 3 P 1

1

3 P F

73 3 19 7 3 P P 3 P P 3" '3 P 3 43 1

1

3 7 '7 3 257

77 */ 3' 3 P 19 3 lot
/ 3 29 1

1

3 P P 3 P 263 3 P 17

79 3 P 23 3 P '3 3 P 1

1
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J P 41 3 7 31 3 P "3 3
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81 F 3 29 '3' 3 7 1

1

3 61 P 3 P / 3 53 P 3 1

1

P 3

83 43 47 3 37 7 3 '3 '73 3 3' P 3 lOI 23 3
1

1

83 3 7 '3

87 1

1

•>

7 P 3 3" 29 3 P 7 3 1

1

43 3 P 53 3 P 59 3

89 47 / 3 P '49 3 P 223 3 1

1

P 3 P 19 3 7 P 3 23 _P
91 3 '49 227 3 P '9 3 7 '3 3 '97 P 3 P 7 3 '3' 73 P
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1

7 3 P P 3 28 1 3' 3 37 3 P '9' 3

97 3 1

1

P 3 7 P 3 3' P 3 4' 7 3 P p 3 '3 23 3 '9

59 263 3 P 7 3 43 229 3 P P 3 19 109 3 29 '37 3 7 283 3



( 417 )

Of Rational Numbers that exprefs the Sides of

Right-angled Triangles.

/

A PROBLEM.

Article t. To find as many right-angled triangles as wc
pleafe, of which the three Tides (hall be expreffible in ratio-

nal numbers.

SOLUTION.
————BBaM———

'

Let the numbers that exprefs the lengths of the two fides

that contain the right angle, be denoted by the letters m
and n. Then will the number that denotes the hypotenufe

of the triangle, or the line that fubtends the right angle, be

greater than either of the two numbers m and ?z, and its ex-

cefs above either of the faid numbers will be a rational

number : for, if it vvere not, the number itfelf which ex-

prefles the faid hypotenufe would not be a rational number.

Let the excefs of this number, which expreflTes the hypoce-

nufe, above the number m, which exprefles one of the fides

containing the right angle, be called e. Then will the

number which exprefles the hypotenufe be m -J- e, and its

fquare will be mm -f- ee. But (by El. i, 47,) the

fquare of the hypotenufe of a right-angled triangle is equal

tQ the Turn of the fquares of the two fides of it. Therefore

2 H
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mm + ime 4- ee will be equal to mm + nn ; and, confe-

quently (fubtrafting mm from both Tides), ime + ee will be

equal to nn ;
and (fubtrafting ee from both fides, which is

evidently lefs than ime -f ee, and confequently muft be lefs

alfo than nn, or the right-hand fide of the equation ime

ee =z nn,) ime will be equal to nn — ee and (dividing

both fides of the equation by ie,) m will be equal to

and confequently m e will be equal to ~ + e.

nu—ee .
leXe ^ nn — fe 2ee tin + ee

or to d or to h j or to .

2e 2e 2e ze ze
And

confequently the three numbers m, n, and 7n + e, that will ex-

prefs the three lides of a right-angled triangle, will be equal
tift—ee 3 nn -h ee nn — ee 2en

, nn 4- ee -r
to -

—

n, and , or , —,
and ; or, if

2e 2 e 2 e 2e 2e

we take any number whatfoever, and call it e, and take any
,

other number whatfoever that is greater than e, and call ;

. , , 3
nn — ce 2en , tin + ee ,

It n, the three numbers ,
—

,
and , will be

,

ze

three rational numbers that will exprefs the three fides of a
,i

right-angled triangle. 0^ e. i.

Examples of this Method of finding fuch Rational Nuriihers,

Art. 2. Thus, for example, if f is zz i, and » is zz 2,

(which are the fimplefb numbers we can chufe,) we (hall

have ee i, and nn ~ 4, and confequently

4~ I _ 4 - _ 3

2 X I
"

nn -p ee

^ if

) =

4 + 1

2X1

and

nn — ee

2 e

_ 4

(=
2cn , 2X1X2. 4 j

Z * 2e '' 2X1
4 -F 1

2 ) n: j and confequently

3
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ft j C • •—, and will be three rational numbers that will22 2

exprefs the lengths of the three hdes of a right-angled

triangle. And accordingly we fliall ^find that the fquare

of the laft of thefe numbers, to wit, which exprefles

the hypotenufe of the triangle, is equal to the fum of the

fquares of the two former numbers, to wit, and ,

which exprefs the two fides that contain the right angle.

For the fquare of ~ is and the fquares of and

~ are —- and — ; and — is n ——{- —

.

2444 44
Secondly, let e be ~ Zj and n be r= 3.

Then we lhall have ee — 4, and nn = g, and 2e

and confequently
2e (

_ 9 - 4 S _ 5

) — , and
4

= 4i

2en

2e

13. 2X2X3. 12 , nx-h ee . 9 + 4 \

( = = , and (zz 2—:r) -
' 2x2 4 ze 4'

Therefore — , — , and — will be three rational numbers
4 4 ' 4

that will exprefs the three fides of a right-angled triangle.

And accordingly we fhall find that the fquare of — will be
4

c 1 2 *

equal to the fum of the fquares of and For the

fquare of ~ is rr and the fquares of— and ~
^ 4 4 4

^ and ^ ;
and —7-

16 16 ’ 16

16

is

are

'44 j 169 — £5 , 144
^

16 16

'

Thirdly, let <? be =: 3, and k be = 5.

Then we fhall have ee =: 9, and nn ~ 25, and ze z= 6,

and confequently and
2 tf

3 X s _ JO .5 +,
' W ' O T/. '2 C

3 H 2

6 ' ze

\ _ 34
J
^

“T"‘
\

Therefore
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Therefore , and will be three rational numbers
6 b 6

that will exprefs the three Tides of a right-angled triangle.

And accordingly we fliall find that the fquare of — will be

equal to the Turn of the fquares of and For the

fquare of is and the fquares of ^ and ~ are ^
ind and Hi? is = H? +

36 36 3 ^ 3 ^

Thefe three numbers and might have been

reduced to fmaller numbers, by dividing both their nume-
rators and denominators by 2. For they would then have

I 7
Therefore thefe three numbersbeen — , and

3 3 3

8 15 1

7

• •

, and will exprefs the three fides of a right-

,
3 ' 3 3

^ °

angled triangle.

Fourthly, let e be rr 3, and n — "j.

/

Then we fliall have ee
—

9, and nn = 49, and le — 6,

2en
and' confequently — -- -- (— - -—

)
=: and

6 ^ 6

j »M + 49 + 9\ _ 58
and —— (_ —r-) - -T-

2e

Therefore and
6 ’ 6 ’ - 6 ’ 3.3 3

three rational numbers that will exprefs the fides of a right-

angled triangle. And accordingly we fliall find that the

fquare of~ will be equal to the fum of the fquares of—
and —. For the fquare of — is —, and the fquares of

3 ^ 3 9

22. and
5

are — and
3 9

841 . _ 400
; and— is =

9 9
'

441
d"

9 . 9

Fifthly,
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Fifthly, let <? be = 3, and « z: ii.

Then we lhall have ee
~

9, and nn =zz 121, and 2e z:

6, and confcquently {— —5—^) == and ~
, 6xiix 66 ^ nn ee /(= -TT—) = X> =>"d — (

6 ^ 6

. There-
6 ^6^ 6 ^ 6

1 12 66
6^6’"“ 6'

3

rational numbers that will exprefs the three fides of a right-

angled triangle. And accordingly we fliall find that the

fore and 01*,^, —, and —
,

will be three
3 3

fquare of will be equal to the fum of the fquares of
5̂6

andii-
3

— and

and the fquares ofFor the fquare of— is —
^ 3 9

33 3i^ and andare IS +
3 3 9 9 ' 9

Sixthly, let ^ be zr 5, and n ~ 13.

• Then we fhall have ee z: 25, and nn rz 169, and le zz

10^ and confequently ——

-

(z; —— , and^ ^ ^ ze ^ 10 ' 10 ’ 2i

169 + _ 194

zen

(
— — 11^ and (—

' 10 ' 10^ ze ^ 10 '

Therefore — , — ,
and —, or — ,

— , and will be

three rational numbers that will exprefs the three fides. of a

right-angled triangle. And accordingly we fliall find that'

the fquare of y
will be equal to the fu.m of the fquares of

^ and For the fquare of y is
65

of If and
5 5

4225

25

are and
25

2?
5

4225

and the fquares
25

^

; and 94cg
e-t f

IS

.25
+

Thus vve have obtained fix diiTerent fets of rational num-'

bersj which exprefs the lengths of the fides of as many dif-

ferent



4« 2 Of Rational Numbers that ekprefs the

'ferent rig^lit-angled triangles ; to wit, iflj , and

and, 2dly, —, — ,
and — ; and, 3dly, —,

—,and-

and, 4thly, — , — , and — ; and, 5thly, and ^
3 3 3 3 3 3

and, 6thly, -y, y, and -y. And, by changing either

both the numbers denoted by e and ?/, or only one of thofe

numbers, and computing the values of the three fra£lions

———, —, and — — , we may obtain as many more luch

fets of numbers as we pleafe.

Art. 3. All thefe numbers are fraflions, becaufe they arc
\

derived from the general fradional expreflions
nn — ec zen

ze ^ 2c
^

and But, if we muldply the three fradions of each
ze

of thefe fix fets of fradlions by their common denominator,

the products will be whole numbers expreffing the fides of

greater right-angled triangles fimilar to the former triangles,

of which the fides were exprelied by the foregoing fradions.

Thus, if we multiply the three fraftions and

by their common denominator 2, we fliall have the whole

numbers 3, 4, and 5, for the fides of a greater right-angled

triangle fimilar to the former triangle, of which the fides

were exprefled by the fradlions and — . And,
f

2 2 2

if we multiply the three fradlions -y, and -y, by their

common denominator 4, we ihall have the whole numbers

5, 12, and 13, for the fides of a greater right-angled tri-

angle fimilar to the former triangle, of which the fides were

—, 4^, and And, if we multiply the three fraflions
4 4 4
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, and — , by their common denominator 3, wq33 3

fhall have the whole numbers 8, 15, and 17, for the fides

of a greater right-angled triangle fimilar to the former tri-

1 *7

, and — . And, in3.3angle, of which the fidcs were -j-,

like manner, from the fra6lions
, and we may

3 3 3

derive the -whole numbers 20, 21, and 29; and from the

fradlions— ,
and we may derive the whole num-

3 3 3

bers 56, 33, and 65 ; and from the fractions -y, and

we may derive the whole numbers 72, 65, and 97;

all which fets of whole numbers will exprefs the fides of

right-angled triangles fimilar to the three former triangles, of

which the fides were exprelfed by the fradions -~y and

and the fradions , and — , and the fradions —

,

3 3 3 . 3 5

and
5 5.
Art. 4. And thefe whole numbers might have been ob-

tained at once by computing only the numerators of the

, , ^ . nn — ee 2en ^ m ee .
,

three general fractions , —, and , to wit, the

expreffions nn <?<?, zen, and nn -f ee^ which are the pro-

duds of the multiplication of the faid three fradions into

their common denominator le. For then we fhould have
found, in the firft example, in which is i and n is

= 2, that the faid expreffions nn -r— ee^ len^ and nn -p ee,

would have been equal to (4— i, 2 x i X 2, and 4 -f i,

or) 3, 4, and 5 ; and, in the fecond example, in- which

e was — 2, and n =: 3, we fliould have had nn — ee, zen,

ftnd nn + ee, equal to (9 —4, 2 2 X 3, and 9 + 4, or)

5 >

21
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5, 12, and 13; and, in the 3d example, in which e was

1= 3, and n — 5, we fliould have had nn — ee, and

Tin + eCy equal to (25 — 9, 2, x 3 X 5, and 25+9, or)

16, 30, and 34, which, when divided by 2, become 8,

1 5, and 17 ;
and in the 4th example, in which e was zz 3,

and n
~~~

7» fliould have had nn cCj zfw, and nn 4“

esy equal to (49 — 9, 2 X 3 X 7 > and 49 + 9, or) 40,

42, and 58, which, when divided by 2, become 20, 21,

and 29 ;
and, in the 5th example, in which ^ is zz 3, and

w is — II, we fliould have had nn — ee, len, and nn + ee,

equal to (121 — 9, 2X3 X 11, and 121 + 9, or) 112,

66, and 130, which, when divided by 2, become 56, 33,

and 65 ;
and in the 6th and laft example, in which e was

zz 5, and n was zz 13, we fliould have had nn — ecy 2^»,

and nn + ee, equal to (169 — 25, 2 x 5 X 13, and 169

-f 25, or) 144, 130, and 194, which, when divided by 2,

become 72, 65, and 97. And thus we fliould have ob-

tained the fix foregoing fets of whole numbers to exprefs

the fides of different right-angled triangles, to wit, iff, the

numbers 3, 4, and 5 ; 2dly, the numbers 5, 12, and 13 ;

3dly, the numbers 8, 15, and 17 ;
4thlyj the numbers 20,

21, and 29; 5ihly, the numbers 56, 33, and 65; andj,

6thly, the numbers 72, 65, and 97.

;;»fr ;

r—;-v

’A SCHOLIUM.

Art. 5. It may be obferved, that in the four firfl; of

the foregoing fix fets of numbers, which exprefs the fides

of right-angled triangles, to wit, in the numbers 3, 4, and

5, and in the numbers 5, 12, and 13, and in the numbers
8, 15, and 17, and in the numbers 20, 21, and 29, the

firft nufnber of each fet is lefs than the fecond ; but in the

fifth and fixth fets of thofe numbers, to wit, in the numbers

5^3 33? 65, and in th? numbers 72, 65, and 97, the
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fii-ft number of each fet is greater than the fecond. Now
this depends upon the proportion in which the number n
(which is always greater than ^,) exceeds the number <?.

For, if n were not a number, but a quantity incommenlur-
able to I, which bore the fame proportion to the number e

as I bears to v/2 — i, or to the excefs of 2 above i, oc

as the fide of a fquare bears to the excefs of its diagonal

above its fide, the general expreffion nn — ee, from which
the firft terms of all thefe fets of numbers are derived,

would be exactly equal to the general expreffion zen, from
which the fecond terms of the faid fets of numbers are de-

rived : and, when the proportion of n to e is lefs than that

of I to \/2 — I, or is lefs than e x the general

expreffion nn — ee will be lefs than zen ; and, when the

proportion of n to e is greater than the faid proportion of i

to — I, or n is greater than e x ^
expreffion nn — ee will be greater than zen.

may be demonftrated in the manner following.

the general

Thefe things

Art. 6. In the ift place, if » is = ^ X —r

—

» we fliall
^ 2— I

have nn ~ ee X
ee

V^2— ll

ee — ee

1—2 y/2 + I

ee ^2 — 2 y/ 2 +

, and nn — ee
(
=

\ X ee

2 — 2 >/2 + I

ee

2— 2 v^2 + I

2 X ee

2—2 ^2 -{- l 2 — 2 ^2 + 1

^ce — 2 a/ 2 X ee + ee ee

2 — 2 + I

eei ye — 2

12 — 2 -/2 + I
' 2—2 1/2 + I

2 ^2 X ee — zee+ —

2 — 2 \/2 + I

— ye + 2 ^/2 X ee

2 — 2 y' 2 q-

1

zee X ^2 — I V zee

2 — 2 ^2 + I ^ ^2 — i

1

; and we

zee

2 — 2 ^2 q- 1

fliall alfo have zen (— ze x ^ X —~—-~) — -7——

•

And confequently nn — ee will in this cafe be equal

to zen. E. D.

31 2dly,,
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2dly, If n is lefs than e x compound quan-

tity nn — ee will be lefs than 2<?«,

For, if we fuppofe n, from being equal to ^ x

to become lefs than that quantity, but flill to be greater

than <?, and the decrement of n, or its difference from its

firft value, to be denoted by the letter it is evident that

while n is decreafing from nto n — the compound quan-

tity nn •— ee will decreafe from nn •— ee to n — — ee,

that is, to nn — ind dd— ee, or to nn — ee — ind + dd,

or to nn — ee — C^nd — dd, or will be lefs than it was be-

fore by the quantity 'ind — dd\ and in the fame time the

quantity ren will decreafe from its firfl; value, len, (which

was equal to nn — ee') to 2e x n— d, or ren — zed, or

will be lefs than it was before by the quantity zed. Now,
becaufe n — d \s greater than e, it follows that n muft be

greater than e d, and confequently that n — e muft be

I greater than d. Therefore zd x n — e will be greater than

zd X d, or znd— zed will be greater than zdd, and con-

fequently 2nd will be greater than zdd zed, and znd — dd

will be greater than dd + '2-ed. I'herefore, d fortiori, znd

_ dd will be greater than zed ; that is, the decrement of

the quantity nn — ee while n decreafes from n to n— d, will

be greater than the decrement of the quantity zen in the

fame time : and confequently the quantity nn

\

ee

(znd— dd, to which nn — ee will have decreafed, while n

was decieafing from n to n — d, will be lefs than the quan-

tity zen — zed, to which the quantity zen (which was at

•firft equal to nn — ee,) will have decreafed in the lame

time ; or, if n is of any magnitude lefs than e x

but greater than e, the quantity nn

the quantity zen* e. d.

— I
’

ee will be lefs than \

And, 3dly, if n is greater than e x ^2 — 1 ’

pound quantity nn — ee will be greater than zen.

the com-

For,
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For, if we foppofe «, from being equal to <? x
•d‘2-

—
to become greater than that quantity, and the increment
of », or its difference from its former value, to be denoted
by the letter d, it is evident that, while n is increafing from
n to n d, the compound quantity nn — ee will increafe

from nn — ee to » + d\- — ee, that is, to nn + md -(- dd
— ee^ or to nn — ee znd + dd^ or it will be greater than
it was before by the quantity md + dd ; and in the fame
time the quantity ^en will increafe from its firfl: value, 2<?»,

(which was equal to nn — ee,') x.o 7.6 X n + d, or 2en + led,

or will be greater than it was before by the quantity 2ed.

Now, becaufe n is greater than <?, it follows that md muff;

be greater than ted ; and confequently, a fortiori, 2nd + dd
will be greater than 2ed \ that is, the increment of nn ee

during the increafe of n from « to » + will be greater

than the contemporary increment of 21?«. Therefore the

quantity nn — ee 2nd + dd, to which nn — ee will have
increafed while n increafed from n to n d, will be greater

than the quantity 2en + 2ed, to which the quantity 2en

(which was at firft equal to nn— ee,) will have increafed

in the fame time ; or, if n is of any magnitude greater than

e X f f the quantity nn — ee will be greater than the

quantity 2en E. D.

Arti 74 If we take two numbers for e and n that arc

nearly in the proportion of \/2

—

i and i, we fhall find

that nn — ee will be very nearly equal to 2en. Novv 2

is — 1.414 &c. Therefore \/ 2 — i is 1.414 &c — i

= 0.414 &c, and V' 2 — i is to i pretty nearly in the pro-

portion of 0.414 to I, or of 414 to 1000, or of 207 to

500. Therefore, if we fuppofe to be n 207, and n to

be = 500, the value of nn — ee ought to be nearly equal

to that of 2en. And fo we fliall find them to be. For,

upon thefe fuppofitions, we fliall have ee (n 207I*) ::r

42,849, and nn (— 500P) 2=: 250,000, and nn — ee ( rr

«50,000 *— 42,849) 2:: 207,151. And 2en will be (:=:

2 1 2 2
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2 X 207 X 500 207 X 1000) = 207,000 j which 19

ve0 nearly equal to 207,131, or nn— ee.

Art. 8. And, upon thefe fuppofitions,^ nn -f ee will be

(— 230,000 + 42,849) 292,849 ; which gives us a fe-

venrh let of numbers that exprefs the fides of a right-

angled triangle, to wit, the numbers 207,131, 207,000,

and 292,849. And accordingly we fhall find that the

fquare of the number 292,849, which reprefents the hypo-

tenufe of the triangle, will be equal to the fum of the

fquares of the other two numbers 207,131 and 207,000,

which reprefent the fides that contain the right angle. For

the fquare of 292,849 is 83,760,536,801 ,
and the fquares

of 207,131 and 207,000, are 42,911,536,801 and

42,849,000,000; and 83,760,336,801 IS iz 42,911,336,801

+ 42,849,000,000.

Art. 9. If we fuppofe <? to be zr 2, and « to be z: 5,

we fliall have nn — ee 25 — 4) ~ 21, and 2en {—
2x2x3) — 20, and nn -{• ee {— 25 + 4)

— 29.

Therefore 21, 20, and 29, will be three numbers that will

exprels the lengths of the three fides of a right-angled tri-

angle. And thde numbers, we may obferve, are the fame

with the three numbers 20, 21, and 29, obtained above m
art. 4, by fuppofing e to be equal to 3, and n to be equal

to 7, excepting that the order of the two firft numbers 20

and 21 is dift’erent in the two lets, 20 being the firll number
in the firfc fet, 20, 21, and 29, and being the fecond num-
ber in the fecond fet, 21, 20, and 29 ; the realon of which
is, that 20 is derived from the fiift general expreffion

7in — ee in the firfl let of numbers, 20, 21, and 29, and
it is derived from the fecond general quantity 2en in the

iecond fet of numbers, 21,. 20, and 29. This, however,
has an odd appearance, that, when the original numbers
n and f, from which the general expreflions nn — ee^ 2^«,

and nn -f- ee are derived, are made to bear different pro-

portions to each other (for the proportion of 5 to 2 is greater

than the proportion of 7 to 3, being equal to that of 7 to

2.8, or of 70 to 28,) the three numbers obtained by means

0
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of tbofe general exprefilions fliould fhill be the fame, thouglv
placed in a different order : and therefore it may not be
amifs to inquire a little further into it.

Art. 10. In order therefore that the reafon of this feem-
ing irregularity may appear the more clearly, we will recur'

to the obfervation made above in art. 5, concerning the

change in the proportion of the general expreffion nn— ee

to the general expreffion ^en^ when the proportion of n

to e, from being at firft a lefs proportion of majority than

that of 1 to >/2 — I, or of I to 0.414, &c, becomes
equal to, and greater than, the faid ratio ; to wit, that,

when the ratio of « to ^ is lefs than the ratio of i to 0.414,
&c, the quantity nn — ee is Ids than the quantity len ; and
that, when the ratio of « to e is equal to the ratio of i to

0.414, &c, the quantity nn — ee is equal to the quantity

len • and that, wlupn the ratio n 10 e is greater than the

ratio of i to 0.414, &c, the quantity nn— ee is greater than

the quantity 2en. And to this obfervation we muff add
that, if the ratio of n to e, after having been equal to the

ratio of i to 0.414, &c, is fuppofed to increafe gradually

ad infinitum^ the ratio of nn — ee to len will increale gradu-

ally at the fame time ad infinitumy or fo as to become greater

than any affigned ratio whatfoever. For the ratio of nn— ee

to 2en is equal to the ratio or —; to (—, or) i, or to

the ratio or to 1 , or to the ratio or to
len 201 2e in

1, which evidently increafes ad infnitumy while the ratio of

K to ^ increafes ad infinitum. Therefore while the ratio of

n io e increafes, from being equal to the ratio of 1 to 0.414,

^c, ad infinitumy the ratio of nn — ee to 2en will increale

gradually from a ratio of equality ad infinitumy and confe-

quently will become fucceffively equal to all ratios of ma-
jority whatfoever. Therefore, if the ratio of n to e is at

one time taken equal to the raiio of 7 to 3, (which is lefs

than the ratio of 7 to 2.898, &c, or of 7 to 7 x 0.414,

&c, or of 1 to 0.414, &c,) and is afterwards fuppofed to

increafe
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increafe gradually till it becomes equal to the faid ratio of*

1 to 0.414, &c, and then to increafe further ad infinitum,

the ratio of the compound quantity nn — ee to the quantity

>ien which is equal to the ratio of 20 to 21, when the ratio

of K to (? is equal to the ratio of 7 to 3,) will firft become

a ratio of equality, to wit, when the ratio of » to ^ becomes

equal to the ratio of i to 0.414, &c, and afterwards will

increafe continually from being a ratio of equality, (which

may be confidered as an infinitely fmall ratio of majority^

and is ufually fo confidered by writers who treat of the

magnitudes and meafures of ratios,) till it becomes fuccef-

lively equal to every ratio of majo.;ity whatfoever* It there-

fore muft at one point of time during its faid increafe be-

come equal to the ratio of 21 to 20 ; or, there will be a

certain ratio of majority, greater than that of i to 0.414,

&c, to which when the ratio of » to fhall have become
equal, the ratio of nn — ee to 2en will equal to the ra-

tio of 21 to 20. And this ratio of majority is that of 5 to

2, as has been (hewn in the foregoing, or 9th, article.

Art. II. I will juft add one more example of the fore-

going method of finding three whole numbers that fliall ex-

prefs the lengths of the iides of a right-angled trianglei

Let f be 5, and «be — 17. And we fhall have

ee •ZL 25, and nn ~ 289, and nn ee {z. 289 — 25) 2=

264, and 2(f« (—2 X 5X17 = 10 X 17) = 170, and

nn 4- ee (— 289 4- 25) = 314. Therefore 264, 170, and

314, or (dividing all thefe numbers by 2,) 132, 85, and

157, will be three whole numbers that will exprefs the three

fides of a right-angled triangle.
/

And accordingly we fhall find that the fquare of the

number 1 57, which reprefents the hypotenufe, or line fub-

tending the right angle, will be equal to the fum of the

fquares of the two numbers 132 and 85, which reprefent

the fides that contain the right angle. For the fquare of

157 is 24,649, and the fquares of 132 and 85 are 17,424
and 7223 j-a^nd 24,649 is = 17,424 + 7225,

We
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1

We have therefore now found the nine followino- fets of
whole numbers for exprelTmg the three fides of^different
right-angled triangles ; to wit,

I ft, The whole numbers 3, 4, and 5;
!zdly. The whole numbers 5, 12, and 13;
3dly, The whole numbers 8,-15, and 17;
4thly, The whole numbers 20, 21, and 29 ;

5thly, The whole numbers 56, 33, and 65 j

6thly, The whole numbers 72, 65, and 97 ;

ythly. The whole numbers 207,151, 207,000, and

292,849 ;

8thly, The whole numbers 21, 20, and 29; and '

pthly. The whole numbers 132, 85, and 157.

And we may eafily find as many more fets of fuch num-
bers as we pleafe, by fubftituting different numbers for e

and or for either of them, in the three general expref-

fions nn — ee, len, and nn ee,

»

Art. 12. The foregoing fubjedl may alfo be treated in

a fomewhat different manner, by folving the following

Problem.

A P R O B L. E M.

To divide a given fquare number into two other fquare

numbers, either whole numbers, or fractions, or mixt num-
bers.

r

.

SOLUTION.



43 ^ Of^ Rational Numbers that exprejs the

SOLUTION.

Let the given fquare number that is to be fo divided, be

denoted by the letters aa, and let xx be one of the two

fquare numbers that are fought, and yy be the other.

Then, fince the two numbers fought are together to be

equal to the given number, we fliall, in the firft place, have

XX -{• yy ~ aa.

Now, fince xx + is = aa, it follows that yy will be

zi aa XX. But aa — x’a: is — « -f a; X a — x. There-

fore will berz<z + ;^ X a — x. Therefore y will be

a geometrical mean proportional between a x and a— x,

and confequently will be lefs than a -f x. Let the pro-

portion oi a -{• X to_y be that of the two numbers m and n,

of which m is the greater. Then willjy be — x a x ,O m '

and yy will be — nn— X ^ +mm (-
nn

mm
X aa -}- lax -f xx)

— nn
X aa +

nn— X 2ax +
nn

X XX . Therefore XXmm mm mm

+ .yy will be — nn n?i

XX -j X 4- — nn
X lax 4 X

?/2m nun mm
mm +

nn
.

nn
XX - — X XX + — X aa —

-

X 7.ax 4“ — Xmm mm mm mm
mm+ nn

+
tin

ButXX) - X XX ~{” X aa — X '2. ax.mm 77im mm

XX + yy is = aa.. Therefol
mm +

;e
nn

X
nn

XX -i- X aa
7nm mm

+ nn

mm X ^.ax will alfo be — aa. and confequently —
nun

X aa. Therefore —

-

nn
X XX 4-

nn— X willmm mm mrn

be ;

mm nn— X aa — — X aa -
mm mm

mm — nn

mm X aa, and con-

fequentJy

/
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fequently (inuliiplying all tlie terms by mmfj mm + nn\ x
A’.v nn X 2ax will be = mm — nt} X and (dividing

all the terms by mm + nn,) xx + X 2ax will bemm + nn

ftim — 7iH

X Therefore (adding
mmmm + ««

both lides of the equation,) we fliall have xx +

X aa to

nn

?tm + tin

,
n* mm — nn

X 2ax 4- X (sa— ;— x aa -\-

mm -J- nn’ mm + nn
X

nwi — 7in X mm + «/;
aa — - -

—! =r- X tiO' 4“
mm + «« X mm + na mm+ ntiv

X

?nm + naV

m^ — n*

mm + 71tl *

X aa Sr X aci — nr

+ anV
X aa. Therefore (ex-

mm + an) * mm

trafting the fquare-roots of both fides,) we fhall have x +
an

vi7n + nn

X a —
X a

mm
77im -j- nn

X tty and confequently x ~ mm

nn

mm q- nn
X a — mm — nn

m7H + aa

mm + nri

%

X a. Therefore a -{• x

will be ~ 4-
mm — nn

mm + nn
X a

{
—' a;;a + aa

X a)
2nwi

nm + nn

zmm

X

mfn + aa

a

;a

X ^ 4”
mm — nn

7nm 4- nn

71

a; andjy, or — X a -j- x, will be —

a 2mm 2mn
,

.— X ;— X ^ ~ ;— X a , that is, x, or the
7n mm -J- 7m m7U + nn

root, or fide, of the firft of the two fquares fought, to

wit, XX and J7 j
will be equal to — x <2

, and y, or

the root, or fide, of the latter of the faid two fquares, will

be equal to X a ;
and confequently xx. or the

^ mm q- na

firft of the faid two fquares itfelf, will be equal to

X aay and 77,
or the latter of the faid two fquares

mm — aiT)’

mm 4 aal’

3 K itfelf.
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itfelf, will be equal to
2tnn

X or
2«*

X
mm + nnl® tnm +

or, if m and n be any two numbers whatfoever, of which m
'

^ a
• 1 ^

— nfi\“ ^ A
IS the greater, , - ..t.-; - x aocl X aa will be

mm + ”tm + *

two fquare numbers that will togecher be equal to the origi-

nal fquare number aa. Oc e. i.

Art. 13. That thefe two fquare numbers X aa
mm + nth

‘

and ^ together be equal to the original
vim + 7;^®

fquare number aa., will be evident by adding them together.

„ mm — nn) ® ^ — 2w»«»‘+ «“

For - X aa + ... , -t-—• X aa aie rz ———

-

mm + mil® r»'» + + 2m n + a

Avi'^n^ m^ + + ri*

X “ + „4
X «'» = ,.4 + 2»,V + „- X ->-* =

E. D.

This folution of the foregoing Problem feems to me
more eafy and natural than that of Dr. Saunderfon in his

Algebra, Vol. 2, page 366, etJequentihus.

Examples of the foregoing Solution.

Art. 14. Let the given fquare number aa be 25, and let

be I, and w be 2.

Then will nn^ be = i, and mm be ~ 4, and mm — nn

will be(~ 4-— 1) — 3, and mm + nn will be (za 4 i)

rz 5, and confequently mm — mY' will be zi 9, and

mm 4- will be — 25, and 4?«V will be (zz 4 x 4 X i)
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ir 1 6, and T- x aa will be = — x 25 ra 9, and

X <5^2 will be ~ — X 2< ^ 16. Therefore o
mm + «/7)* 2 5

and 16 will be two fquare numbers that will together be
equal to the given fquare number 25. And it is evident

that 9 and 16 are equal to 25.

Secondly, let aa be rz 25, and n—i, and »? = 3.

Then will w» be =z i, and mm be zz 9, and confequently

mm — 7in will be (=9 — i) =: 8, and miji + will be

= 9 + I = 10, and will be (ir 4 x 9 X i) == 36.

Therefore m?n— nn\ will be ~ 64, and mm 4- will

be n too, and
mm nn]

mm +
X aa will be =s —

100
X aa

64

100

X 25=:^X25 zz i 6 j and — - X aa will be n
~S mm + nnY

— X <2«zz — — — X 2czz:g. Therefore 16 and
100 25 25

^

9 will be two fquare numbers that will together be equal

to the given fquare number 25. And it is evident that

they are equal to 25.

Thefe two fquare numbers 16 and 9 are the fame with the

two former fquare numbers 9 and 16, derived from the

fuppofition that m was zz 3, except in the order of their

pofition.

Thirdly, let aa be zz 25, and k be zz= i, and m be

zz 4.

Then we fliall have nn =: 1, and 7nm zz 16, and confe<

quently mm — nn {zz 16 — i) zz 13, and mfn 4- (zz

16 + i) zz 17, and mm — (zz zz 223, and

mm + (zz zz 289, and 4»aV/* (ZZ4 x 16 X

zz 64, Therefore X aa will be ( z: ™ Y, aa')

3 K 2 .
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X 25, and
2„2

H- ««'

64X will be (= ^ X

~ X 25. Therefore^ ><25 and x 2C, will be

two fquare numbers that will, together, be equal to the

given fquare number 25. And it is evident that thefe two

2 2 C
fquare numbers are equal to 25 : for X 25 + X 25

22c + 64 289= X 25 X 25 = 25 -
,

64

If' we multiply thefe three numbers^ X 25, ^ X 25,

and 25, by 289, we fliall thereby obtain the three follow-

ing whole numbers, to wit, 225 x 25, 64 x 25, and

289 X 25-, which will be, all of them, fquare numbers, and

of which the two former will, together, be equal to the lat-

ter. And, if we divide thefe three laft numbers by 25, we
fhall obtain the three following leifer whole numb'ers, to wit,

225, 64, and 289, which will be, all of them, fquare num-
bers, and of which the two former will, together, be equal

to the latter.

Fourthly, let aa be r= 25, and n be z= i, and ?n be

— 5 * •
’

Then we fliall have 7in — i, and nifn — 25, and confe-

quently 'mm — 7m — 24j and mm nn — 26, and -^nn^

(= 2^^ zz ^576, and 7nm + 77^ (zz 2^®) zz 676, and

4»;V (=T4X 25 X i) =: lOo. Therefore
mm — n«h

mm
X aa

will be (r: X aa) zz X 25, and ^

^ X., “) = ^ X 25. Therefore X 25

and ~ X 25 will be two fquare numbers that will, to-

gether, be equal to the given fquare number 25. And
accord-

_ 57 ^ 42«*«^

X aa
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accordingly it is evident that thefe two fquajre numbers are

. / 576 ,
100 C76 + 100

equal to 25 : for x 25 + X 25 are =2

- . 676^ = 6^ X -5 = 25-

If we multiply thefe three numbers, X 25, ^5X25
100

and 25, by 676, we fliall thereby obtain the three follow-

ing whole numbers, to wit, 576 X 25, loO x 25, and

676 X 25, which will be, all of them, fquare numbers,
and of which the two former will, together, be equal to-

the latter. And, if we divide thefe three laft numbers by-

25, we (hall thereby obtain the three following lefler whole
numbers, to wit, 576, 100, and 676, which will be, all

.of them, fquare numbers, and of which the two former

will, together, be equal to the latter. And, if we divide

thefe laft numbers, 376, 100, and 676,. by 4, vye fhall

thereby obtain the three following ftill lefler whole num-
bers, to wit, 144, 25, and 169, which will likewife be, all

of them, fquare numbers, and of which the two former

will, together, be equal to' the latter.

Art. 15. In the 3th place, let be, as before, =25,
and let » be — 2, and 7« be zz 3.

Then we ftiall have m —
4, and mm — 9, and confe-

quently mm — nn 9 — 4) = 5, and mm -f- nn (~

9 + 4) rr 13, and mm —- — 25, and mm -f nn\*
—

169, and 4777V (rz 4 X 9 X 4) = 144* Therefore

mm — 7̂ ^ , , 2 ?
r- - - X aa will be (— -~—
mm + ntlY

X aa) zz X 25, and

”
• X aa will be (zz

mm 4 ^^9
X aa) = 1±*X

169
25- There-

fore 4^ X 23 and ~ X 23 will be two fquare numbers
169 169

^

that will, together, be equal to 25, And accordingly it is

evident that thefe two fquare rtumbers x 25 and

X 25
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X 25 are equal to 25.

’ 169

169
X 25 25.

For they arc equal to
i6g

X 25

If we multiply thefe three numbers, ^ X 25, ^ X

25, and 25, by 169, we fliall thereby obtain the three fol-

lowing whole numbers, to wit, 25 x 25, 144 X 25, and

169 X 25, which will be, all of them, fquare numbers^

and of which the two former will, together, be equal to the

latter. And, if we divide thefe three laft numbers 25 X 25,

144 X 25, and 169 X 25, by 25, we fliall thereby obtain

the three following leffer whole numbers, to wit, 25, 144,
and 169, which will be, all of them, fquare numbers, and

of which the two former will, together, be equal to the

latter.
'•

Sixthly, let aa be, as before, ~ 25, and let « be r: 2,

and m be r:= 5.

Then we fhall have nn =. 4, and mm ~ 2^, and confe-

quently mm — nn (=: 25 — 4) =21, and myn + «« (=3

25+4) n 29, and mm — (= ~ 441, and

mm + (— —
841, and 4f»V (zi 4 x 25 x 4)

— 400. Therefore
vim — nn

,
X aa will be ( z: — x aa')

mm -j- ««F

— 3^ X 25, and
, X aa will be — X 25,

Therefore X 25 and X 25, will be two fquare

numbers that will, together, be equal to the given fquare

number 25. And fo we (hall find them to be : for
8̂41

V, .. _L 400 __ 441 + 400 „ _ 841
,

25 '

If
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If we multiply thefe three numbers, ^ X 25,

and 25, by S41 ; we fliall thereby obtain the three following

whole numbers, to wit, 441 x 25, 400 X 25, and 841 x
25, which will be, all of them, fquare numbers, and of

which the two former will, together, be equal to the latter.

And, if we divide thefe three whole numbers by 25, we
fhall obtain the three following leffer whole numbers, to

wit, 441, 400, and 841, which will be, all of them, fquare

numbers, and of which the two former will, together, be
equal to the latter.

Seventhly, let aa be, as before, =25, and let » be = 2,

and w be — 7.

Then we fhall have nn ~ 4, and mm ~ 49, and confe-

quently tnm — nn (=49 — 4) zz 45, and mm + nn
(
=

49' 4* 4) rz 53, and mm — (zz 2025, and

mm nn^ (— — 2809, and 4otV (zz 4 X 49 X 4)

zz 784. Therefore
mm — nnl .. -1, , , 2025 .— X aa will be (zz x eia)

(1^ ^ 2809 'mm 4- 7171

2025

2809
X 25, and

, X aa will be = x 25.^ + ««!*• 2809

Therefore X 25 and

X

25, will be two fquare
2809 2809

numbers that will, together, be equal to the given fquare

number 25. And accordingly it is evident that thefe two

fquare numbers^ X 25. and

^ , 1 2025 + 784
25. For they are equal to — — X 25

784
X 25, are equal to

2809

2809
X 25

- 25.

If we multiply thefe three numbers,

and 25 by 2809, we fhall thereby obtain the three follow-

ing whole numbers, to wit, 2025 x 25, 784 x 25, and

2809 x 25, which will be, all of them, fquare numbers,
and
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and of which the two former will, together, be equal to the

latter. And, if we divide thefe three whole numbers by 25,

we fhall thereby obtain the three following leffer whole num-

bers, to wit, 2025, 784, and 2809, which will, all of them,

be fquare numbers, and of which the two former will, to-

gether, be equal to the latter.

Art. j 6. In the 8th place, let aa be, as before, equal to

25, and let » be “ 3, and m be z: 5.

Then we fliall have nn — 9, and mm zz 25, and con-

fequently mm — nn 25 — 9) = 16, and mm 4- —
( zr z: 256, and-f. 9) zz 34, and mm •

nfm + (z: = 1156, and 4wV 4. x 25 x 9

. r WOT — ««y
zi 100 X 9) = 900. Therefore -

, 2 56 256

mm + nnl *
X ua will be

(zi X aa) — X 25, and x aa will
.

115^ ^ ^156 ^ OTOT + nn)^

1 / 90° \ 900
be (z: -^—7 X aa)

~ —7 X 25.
1

' 1156 ' 1156 ^ Therefore x 2.

1156

and 25, will be two fquare numbers that will, to-

gether, be equal to the given fquare number 25. And
accordingly it is evident that thefe tw'O Iquare numbers

X 25, and X 25, are equal to 25. For they are

2 c6 + 000 '

1 1 c 6— ^ X 25 z: X 25 z= 25 .

If we multiply thefe three fquare numbers, X 25,

X 25, and 25, by 1156, we fhall thereby obtain the

three following whole numbers, to wit, 256 x 25, 900 x
'25, and 1156 X 25, which will be,' all of them, fquare

numbers, and of which the two former will, together, be

.equal to the latter. And, if we divide thefe three whole

numbers by 25, we fhall thereby obtain the three following

< leffer,
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lelTer whole numbers, to wit, 256, 900, and 1156, which
Sfe, all of them, fquare numbers, and of which the two
former are, together, equal to the latter.

Ninthly, let aa be, as before, zz 25, and let » be zr 3,
and be zr 7.

Then we fliall have nn — 9, and mm zz 49, and confe-

quently mm — m (zr 49 — 9) rr 40, and mm +
49 + 9) zr 38, and mm — (= zz 1600, and

mm + (= 58 “) zz 3364, and 4WV (zr 4 X 49 X 9)

y- rT-,, r -111 / 1600 ^
ZZ 1764. Ihereiore ===— X will be (=: —-- X aa)

‘ ‘

1600 ,= X "5. and

mm + tinY

^
X aa will be (= x

mm + nn 33^4 *

ZZ X 25. Therefore x 25, and X 25, will
3364

-5 3364 3364

be two fquare numbers that, together, will be equal to the

given fquare number 25. And accordingly it is evident

that thefe two numbers are equal to 25

1764

1600
For X 2C

3364 ^

1764 , i6co 4- 1764 vr 3464+ X 25, are = — X 25 zr x 25
3364 3364

o*

If we multiply 'thefe three numbers, X 25,

X 25, and 25, by 3364, we fhall thereby obtain the three

whole numbers 1600 X 25, 1764 X 25, and 33,64 X 25,
which will be, all of them, fquare numbers, and of which
the two former will, together, be equal to the latter. And,
if we divide thefe three whole numbers by 23, we lhall

thereby obtain the three following lefler whole numbers,

to wit, 1600, 1764, and 3364, which are, all of them,

fquare numbers, and of which the two former are equal to

the latter.

3^ ^Tenthlyj
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Tenthlj^ let aa be, as before, = 25, and let « be z: 3,

and m be = 1 1

.

Then we (hall have nn r= 9, and mm ~
121, and con-

fequently m?n — m {— 12 1 — 9) rz 112, and mm +
12 1 +9) = 130, and mm — «/71 ^ (zz 1 12^) =:

12,544, and mm -f nnf {— 13c]") =: 16,900, and 4WV
(zz4x 121 X 9 zr 484 X s) — 4356. Therefore

X aa will be fzz ^ x aa) — x 25,
mm

mm +

and X aa will be (

16,goo

4356

16,900
X aa)

16,goo

—
16,900

X25.
mm +

Therefore x 21J, and x 25, will be two

fquare numbers that will, together, be equal to the given

fquare number 25. And accordingly it will eafily appear

12,944
that thefe two numbers are equal to 25.

4356 ^ ^ _ 12,944 + 4396

For
i6,goo

X 25

+
16,goo

= 25.

X 25 are
16,goo

1 6,000
25 —

16,900
X 25

If we multiply thefe three numbers.
12,544

X 25,
4336

i6,goo16,goo

X 25, and 25, by 16,900, we fliall thereby obtain the

three following whole numbers, to wit, 12,544 x 25,

4356 X 25, and 16,900 X 25, which arc, all of them,

Iquare numbers, and of which the two former are, together,

equal to the latter. And, if we divide thefe whole num-
bers by 25, we fliall thereby obtain the three following lefler

whole numbers, to wit, 12,544, 4356, and 16,900, which

are, all of them, fquare numbers, (to wit, the fquares of

the numbers 112, 66, and 130,) and of which the two
former are, together, equal to the latter.

Art. 17. In the nth place, let aa be equal, as before,

to 25, and let » be = 5, and m be == 7,

Thea
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Then we Iliall have nn — 25, and mm — 49, and con-
fequently mm — nn (— 49 — 25) ~ 24, and mm + nn

(= 49 -f 25) z: 74, and mm — nnf (— 2^^) = 576,'

and inm + (— 7"^*) n 5476, and 4wV (1= 4 X 49

X 25 ~ 100 X 49) zz 4900. Therefore
VVJi - ««>

vim

"ill ht (- X aa) - ^ X and
5476 Vim

+ nn\^

+

X a<z

X

will be (— X aa) — x 25. Therefore
54-yO ' ri'i/s ' r/n(=5476 5476

X 25, and X 25, vvill be two fquare numbers that

will, together, be equal to the given fquare number 25.
And accordingly, if we add thefe numbers together, we

fliall find them to be (=: X 2C n X 25)
^ 547b ^ 5476

-25. . ,

If we multiply thefe three numbers, ^,25, X 25,

and 25, by 5476, we fhall thereby obtain the three follow-

ing whole numbers, to wit, 576 X 25, 4900 X 25, and’

5476 X 25, which are, all of them, fquare numbers, and
of vvhich the two former are, together, equal to the latter.

And, if we divide thefe whole numbers by 25, we fhall

thereby obtain the three following lelfer whole numbers,

to wit, 576, 4900, and 5476, which are alfo, all of them,

fquare numbers, and of which the two former are, together,

equal to the latter.

Twelfthly, let aa be, as before, — 25, and let n be
~ 5, and mhz —

1 1.

Then we fhall have nn 25, and mm ~ 12 1, and con-

fequently mm — nn {= 12 1 — 25) rz 96, and mm + nn

I2I -f 25} zz 146, and 7nm — (zz zz 9216,

3 L 2 and
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and mm + nnY (~ 146)*) 21,316, and 4WjV (rr 4 x

121 X 25 ”121 X 100) ~ 12,100. Therefore

>2 16

mm — nrt *

Jx eia will be (=:

4m^n

21,316

12,100

mm + nii^

\ 0216 ,X aa) - X 25, and
21,316

n~ ‘ii 1 f i2,iuu . 12,100
X aa will be (ir x aa) zz r X 23.

Therefore x 25, and x 25, will be two

fquare numbers that will, together, be equal to the given

fquare number 2^. And fo we lliall eafily find them to be.

0216
,

12,100 1 Q 2 I^
. V -7 f 4- V are ennal fn Z—

21,316

mm +

^ «JZ.IU
,

« 0216 12*100
For X 25 + —— X 25, are equal to —t

—

21,316

[X 25 zr
21,316

21,3^

21,316

X 25 zz 25.

If we multiply thefe three numbers, ~ ^—r X 2 c,
21,316 J 21,316

X 25, and 25, by 21,316, we fliall thereby obtain the

three following whole numbers, to wit, 9216 x 25,
12,100 X 25, and 21,316 X 25, which are, all of them,
fquare numbers, and of vvhich the two former are, together,

equal to the latter. -And, if we divide thefe three whole
numbers by 25, we fliall thereby obtain the three lefTer

whole numbers 9216, 12,100, and 21,316, which are, all

of them, fquare numbers, (to wit, the iquares of the num-
bers 96, 110, and 146,) and of which the two former are,

together, equal to the latter.

/

Art. 18. We have now obtained, by means of the three

1 rr WOT — 7w\’‘
general expreffions x aa, .

,
and themm + ?nm n?i)^

‘ '

twelve following fets of three whole numbers each, that

are, all of them, fquare numbers, and of which the two
firft numbers in every let are, together, equal to the third

number i to wir,
'

^
*
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ifl:. The numbers 9, 16, and 25;

2dly, The numbers 16, 9, and 25, which differ from the
three former numbers 9, 16, and 25, only in the order in

which the two firft numbers 9 and 1 6 are placed ;

3dly, The numbers 225, 64, and 289

;

4thly, The numbers 144, 25, and 169;

5thly, The numbers 25, ii^4, and 169, which differ from
the three foregoing numbers only in the order in which the

two firft numbers 25 and 144 are placed ;

6thly, The numbers 441, 400, and 841 ;

ythly. The numbers 2025, 784, and 2809 ;

Sthly, The numbers 256, 900, and 1156;

9thly, The numbers 1600, 1764, and 3364;

lothly, The numbers 12,544, 4356, and 16,900;

iithly. The numbers 576, 4900, and 5476; and,

j[2thly, The numbers 9216, 12,100 and 21,316.

Art. 19. The fquare- roots of the foregoing twelve fets of

numbers are as follows ; to wit,

I ft. The numbers 3, 4, and 5 ;

2dly, The numbers 4, 3, and 5 ; ,

^dly, The numbers 15, 8, and 17;

4lhly, The numbers 12, 5, and 13;

5thly, The numbers 5, 12, and 13 ;

6thly, The numbers 21, 20, and 29 ;

ythly. The numbers 45, 28, and 53 ;

8thly, The numbers 16, 30, and 34;

9thly, The numbers 40, 42, and 58 ;

lothly, The numbers 112, 66, and 130;

1 1 thly. The numbers 24, 70, and 74; and

i2thly, The numbers 96, no, and 146.

Art, 20. If we divide the numbers of fome of the fore-
. • « * /Y/^1 n fv
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going fets of numbers by 2, (which will not alter the pro-

portion of fuch numbers to each other,) the faid twelve

fets of numbers will be as follows ; to wit.

I ft, '3. 4 .
and 5 J

2clly, 4 , 3. and 5;

3dly, 15» 8 , and 17;

4thly, 12, 5 ’
and 13 ;

5thly, 5 > 12, and i 3 i

6thly, 21, 20, and 29 ;

ythly. 45 . 28, and 53;

8thly, 8, 13. and 17;

9thly, 20, 21, and 29 ;

lothly. 56, 33. and ^5;

I ithly, 12, 35 .
and 37 ; and

i2thly. 48, 55 >
and 73 '

And all thefe twelve fets of numbers will exprefs the

lengths of the fides of different right-angled triangles.

Art. 21, In the three foregoing general expreflions

5?»w — '««1* j mm -f- nn^
- X X aa^ and aa^ or ^ x aa^

mm -f nnS ^ mm -j- mm + ^

obtained in art. 12, the letter n anfwers to the letter e in the

three former general expreflions nn — ee^ zne^ and mi + ee^

obtained in art. 4 ; and the letter m in the three expreflions

obtained in art. 12, anfwers to the letter n in the three

former expreflions obtained in art, 4. And accordingly we

find that, where the fame two numbers have been fubfti-

tuted inftead of the letters m and n in the general expreflions

mm — Lm^ti^ j mm -(-««)*= , X aa, — _ X and ' x aa^ as
mm 4- mm -p

,
mm -p ««r

were fubflituted in art. 4, inftead of the letters n and e

refpedtively, in the general expreflions nn — ee^, zne, and

m + ee, they have produced the fame three numbers to

reprefent the lengths of the three fides of a right-angled

triangle.
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triangle. The only difference between thefe two fets of ge-
i

neral expreffions is, that the three expreffions
mm —

mvi -i-

X aa.

^ turn + ««1* . ,

====~r— X aa^ and - X aa^ give us the Iquarcs
+ «w> ^ ^

of fuch numbers as will exprefs the Tides of right-angled
triangles, and the three expreffions nn — ee, 2ne, and
72n d- eSj give us the faid numbers themfelves.

Art. 22. The whole numbers that exprefs the lengths of
the Tides of a right-angled triangle, cannot, when they are

reduced to the lowed numbers poffible by dividing them
by their common diviTors, be, all of them, even numbers.

For, if they were all even numbers, they might all be
divided by 2, either once, or more than once, till at lad

fome of the quotients would be odd numbers. Thus, for

example, the three even numbers 16, 30, and 34, which
have been found above to exprefs the three Tides of a right-

angled triangle, are all divifible by 2, and are by fuch di-

vifion reduced to the three lefl'er numbers 8, 15, and 17, of

which the two latter are odd numbers.

Art. 23. And further, the Taid numbers that exprefs the

lengths of the fides of a right-angled triangle, cannot be,

all of them, odd numbers.

For, if the two numbers expreffing the lengths of the

two fides of the triangle that contain the right angle, were,

both of them, odd numbers, their fquarcs would alTo be

odd numbers ; becauTe the Tquare of every odd number is

an odd number taken an odd number of times, and confe-

quently mull be an odd number ; and confequently the

fum of the Taid two fquares rnuft be an even number, be-

caufe two odd numbers added, together always make an even

number. Therefore the Tquare of the number reprefent-

ing the hypotenufe of the triangle, being equal to the faid

fum of the two other fquares, mull be an even number.
And
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And confequently the fquare-root of the faid number, that

is, the number reprefenting the hypotenufe of the triangle,

muft be an even number likewifc, which is contrary to the

fuppofition. Therefore it is impoffible that all the three

numbers which reprefent the lengths of the fides of a fight*

angled triangle, fliould be odd numbers.

Art. 24. There is alfo another way of finding feveral

whole numbers that fhall reprefent the lengths of the Tides

of different right-angled triangles; which confifts in form-

ing a lift, or table, of the fquares of the natural numbers

I, 2, 3, 4, 5, 6, 7, 8, 9, 10, II, 12, 13, &c, fet down
in their proper order ; and a lift of the differences of the

faid fquares, (which, it is well known, are the feveral odd
numbers 3, 5, 7, 9, ii, 13, 15, 17, 19, 21, 23, 25, &c,
taken in their natural order,) and adding together the faid

differences that follow any given fquare number in the lift

of fquares till their fum amounts to another fquare number.
Such a table, carried as far as the fquare of 100, will be as

follows.

ARABLE
I

!
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A *TABLE of the Squares of the Natural Numbers i, 2, 3,

4» 6, 7, 8, 9, 10, II, 12, 13, /«r 100,

and of their feveral Differencesfrom each other, and likewife

of the Differences of thoje Differences, or of the Second Dif-

ferences of thefaid Squares.

/

The Natural

Numbers.

The Squares of

the Natural

Numbers.

I I

2 4
3 ’ 9 ....

4 16

5 25
6 36

7 49
8 64

9 81

10 ICO
II 121

12 144
13 169

14 196

15 225
16 256

17 289
18 324
19 361
20 400
21 • 441
22

«
484

23 529
24 576
25 ’ 625
26 674
27 729
28 • 7^4

The Differ-

ences of* the

faid Squares.

Their ad Differences,

or the Differences of

their Differences.

3

5

7

9
1

1

13

15

17

19
21

23

25

27

29

31

33

35

37

39
41
'43

45

47

49
51

53

55

57
I

2

2

2 '

2

2

2

2

2

2

2

2

2

2
2

2

2
2

2

2

2

2

2

2

2(

2]

2
2

h

The
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The Natura

Numbers.

iThe Squares of

the Natural

Numbers.

29 841

30 900

3 ^ 961

32 1024

33 1089

34 1 156

33 1225

36/ 129b

37 13 9
38 1 444 ^
39 1321

40 1600

4 * 1 68 I

42 1764

43 1841

44 1936

45 2025
46 2116

47 2209
48 2304

49 2401

50 2500
51 2601

52 2704

53 2809

54 2916

55 3025
56 3136

57 3249
58 3364
59 3481
60 3600
61 3721
62 3844
^3 39(59

64 4096

The Differ-

ences of the

faid Squares.

Their 2d Difference»,

or the Differences of
their Differences.

59
61

63

65

67

69

71

73

75

77

79
8 i

83

85

87

89

91

93

95

97

99
101

103

105

107

109
III

»13

115

117

119
121

123

125

127

129

2

2

2

2

2

2

2

2

2
,

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

The
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The Natural

Numbers.

The Squares of

the Natural

Numbers.

The Differ-

ences of the

faid Squares.

Their 2d Differences,

or the Differences of
their Differences.

65
66

67
68

69

70
71

72

73

74

75
76

77
78

7^
80

81

82

83

84

85
86

87
88

89

90
91

92

93
94
95
96

97
98

99
100

4225

4356
4489
4624
4761
4900
5041

5184
5329
5476
5625 ....

5776
5929 __
6084
6241

6400

6561 ....

6724
6889

7056
...

7225

7396
7569 .. ..

7744
7921
8100
8281

8464
8649
8836

9025
9216

9409 ....

9604
9801

10,000

I3I

133
135

^37

139
141

143

145

^47

149
151

153

155
^•57 ‘

. .

159
161

163

165

167

169

^71
~

173

175
^77

...

179
181

183

185

187 •;

189

191

193

195
•••••

197

199

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2-

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

2

3 M 2 Art. Vrv
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Art. 25. In the foregoing table the firfh column contains

all the natural numbers i, 2, 3, 4, 5, &c, as far as 100;

and the fecond column contains the fquares of the faid

numbers fet down even with the faid numbers themfelves,

or fo that every fquare number fliall be in the fame hori-

zontal line with the natural number of which it is the

fquare; and the third column contains the differences of the

fquare numbers in the fecond column, fet down in lines

between the lines in which the fquares themfelves, of which

they are the differences, are let down ; and the fourth co-

lumn contains the differences of the foregoing differences ,

that are fet down in the third column, or the fecond dif-

ferences of the fquare numbers that are fet down in the fe-
;

cond column ; and each of thefe fecond differences is fet
\

down in a line that lies between the two lines in which \

the two firfl; differences, of which it is the difference, are \

fet down. And vve may 'obferve, that the differences fet
|

down in the third column are the odd numbers 3, 5, 7, <

9, II, 13, 15, See, taken in their natural order; and the
|

fecond differences fet clown in the fourth column, being the
|

differences of the faid odd numbers, are all equal to each i

other, and to the number 2.

Art. 26. From the conftrudtion of this table, it Is obvi-

ous that, if we take any number whatfoever in the firfl co-
j

. lumn, and lookout its fquare in the fecond column, and
|

then add together the feveral differences in the third column
1

that follow the faid fquare number in the fecond column,
|

till the fum of the faid differences fhall amount to a fquare
j

number, the fquare-root of the faid fquare number, or
^

the number in the firfl column that is placed even with it,
'

and the number firfl taken, will exprefs the lengths of the 1

two fades of a right-angleci triangle that contain the right
'

angle, and the, number in the firfl column that immedi-
ately follows the 1 aft of the faid differences in the third

column, fo added together, will exprefs the length of the

hypotenufe of the fame triangle. Thus, for example, if

we take the number 3 in the firfl column, and find its

fquare, to wit, 9, in the fecond column, and then add up
the
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the differences 7, 9, ii, 13, &c, in the third column,
which come after the fqua>'e number 9, till their fum be-
comes equal to a fquare number, (for which purpofe wc
need only add together the two differences 7 and 9, be-
caufe their fum is 16, which is a fquare number,) the
fquare root of the faid fquare number 16, or the number
in the firfl column which is placed even with it, to wit, the

number 4, and the nun-sber 3, which was taken at firft,

will exprefs the lengths of the two fides of a right-angled

triangle that contain the right angle, and the number 5 in

the firft column, which immediately follows the laft of the

faid two differences, fo added together, to wit, 9, will cx-
prefs the length of the hypotenufe of the fame triangle.

So that we we (hall hereby obtain the whole numbers 3,

4, and 5, to exprefs the lengths of the three fides of a
right-angled triangle ; which numbers we had before ob-
tained by both the former methods of inveftigation.

Art. 27. If we look in the 3d column, or column of

differences, for thofe differences that are themfelves fquare

numbers, without being added to any of the foregoing, or

following, differences to make them fo, (which differences

are but few in number, being only the following fix num-
bers, to wit, 9, 23, 49, 81, 121, and 169, in the ‘whole

table,) we may at once obtain from each of thefe differences

a fet of numbers that will exprefs the lengths of the three

fides of a right-angled triangle.

For, fince 9 is a fquare number, and is likewife the dif-

ference between the two contiguous fquare numbers 16 and

25, and confequently 9-1-16 are — 25, it follows that the

fquare-roots of thefe three numbers 9, 16, and 25, that is,

the three numbers 3, 4, and 5, will exprefs the three fides

of a right-angled triangle.

And, in like manner, fince 25 is a fquare number, and

is likewife the difference between the two contiguous fquare

numbers 144 and 169, and confequently 25 + 144 are ::r

169, it follows that the fquare-roots of the three numbers

25»
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25, 144, and 169, that is, the three numbers 5, 12, and

13, will exprefs the three Tides oF a right-angled triangle.

And, fince 49 is a Iquare number, and is likewife the

ditFerence of the two contiguous Tquare numbers 576 and

625, and confequently 49 + 576 are equal to 625, it fol-

lows that the fquare-roots of the three numbers 49, ^76,
and 62 ,, that is, the three numbers 7, 24, and 25, will

exprefs the three Tides of a right-angled triangle.

And, fince 81 is a Tquare number, and is likewife the

difference of the two contiguous iquare numbers 1600 and

i68i, and confequently 81 + 1600 are =• 168 1 , it follows

that the fquare-roots of the three numbers 81, 1600, and

1681, that is, the three numbers 9, 40, and 41, will ex-

prefs the three Tides of a right-angled triangle.

And, fince 121 is a Tquare number, and is likewife the

difference of the two contiguous fqtiare numbers 3600 and

3721, and confequently 12 1 + 3600 are zz 3721, it fol-

lows that the fquare-roots of the three numbers 121, 3600,
and 3721, that is, the three numbers 11, 60, and 6i, will

exprefs the three fides of a right-angled triangle.

And, laftly, fince 169 is a Tquare number, and likewife

is the difference of the two contiguous Tquare numbers

7056 and 7225, and confequently 169 + 7056 are “ 7225,
it follows that the fquare-roots of the three numbers 169,

7036, and 7225, that is, the three numbers 13, 84, and 85,
will exprefs the three Tides of a right-angled triangle.

Art. 28. In this way of obtaining three numbers that fhall

exprefs the three fides of a right-angled triangle, namely,

by chufing fuch numbers in the 3d column, or column of

differences, as are themfelves Tquare numbers, it is evident

that the number expreffing the hypotenufe of the triangle

will always exceed the greater of the other two numbers,
that exprefs its Tides, by an unit. But, when we take feve-

ral fucceffive differences, of which the fum is equal to a

Tquare number, the number that expreffes the hypotenufe

of the triangle, will exceed the number taken at firft, and

between
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between the fquare of which, and the fquare of the number
rcprefenting the hypotenufe, the feveral differences that are

added together lie, by as many units as there are differ-

ences that have been fo added together in order to make
a fquare number. Of this it will not be amifs to give a few

examples.

Art. 29. Let us take 8 for the firft number. Then,
fince the fquare of 8 is 64, we muft begin with the differ-

ence 17, which comes immediately after 64, and we muft
add together this difference 17, and the following differences

19, 21, 23, 25, 27, &c, till their fum amounts to a fquare

number. For this purpofe we need add together only two
of thefe differences, to wit, 17 and 19. For 17 + 19 are

n 36, which is a fquare number, to wit, the fquare of 6.

Therefore the firft number 8, and the number 6, (or the

fquare-root of the fum of thefe two differences), and the

number 10, (or the fquare-root of the fquare number 100,

which comes immediately after the laft difference 19), will

be three numbers that will exprefs the three fides of a right-

angled triangle. For^'"+'^* will be = iD’', or 64 + 36
will be — 100. And the number 10, (which reprefents

the hypotenufe of the triangle,) exceeds the firft number 8,

(which reprefents the greater of its two fides,) by 2, or two

units, or the fame number of units as there were differ-

ences added together, in order to produce the fquare num-

ber 36.

And, if, inftead of taking only two of the differences

17, 19, 21, 23, 25, 27, 29, &c, we take nine of them,

we fhall find their fum to be equal to another fquare num-

ber, to wit, 225, which is the fquare of 15. For 17-1-19

+ 21 + 23 + 25+27 + 29 + 31+33 are = 225.

Therefore the firft number 8, and the number 15, (or the

fquare-root of the fum of thefe nine differences,) and the

number 17, (or the fquare-root of the fquare number 289,

which comes immediately after the laft difference 33,) will

be three numbers that will exprefs the three fides of a riglit-

jingled triangle. For will be r=Tp*, or 64 +
225



456 Q/* Rational Numbers that exprejs the

225 will be =r 289. And the number 17, (which reprc-

fents the hypotenufe of the triangle,! exceeds the firft

number 8, (which reprefents one of the fides that inclofe

the right angle,) by 9, or nine units, or the fame number

of units as there were differences added together, in order

to produce the fquare number 225.

Art. 30. Now let the firft number be 20. Then, fince

the fquare of 20 is 400, we muft begin with the difference

41, which comes immediately after 400, and muft add to-

gether this difference 41, and the following differences 43,

45, 47, 49, 51, &c, till their fum amounts to a fquare

number. And for this purpofe it will be neceffary to add

together nine of thefe differences. For 41 + 43 + 45 +
47 4. 49 +51 + 53 -f- 55 + 57 = 44i> which

is the fquare of 21. Therefore the firft number 20, and

the number 21, (or the fquare-root of the fum of thefe

nine differences,) and the number 29, (or the Iquare-root

of the fquare number 841, w'hich comes immediately after

the laft difference 57,) will be three numbers that will ex-

prefs the three fides of a right-angled triangle. For 2^* +
zTl* will be = 2^*, or 400 + 441 will be zr 841. And
the number 29, (which reprefents the hypotenufe of the

triangle,) exceeds the firft number 20, (which reprefents

one of the fides that inclofe the right-angle,) by 9, or nine

units, or the fame number of units as there were differences

added together in order to produce the fquare number

441.

Art. 31. Now let the firft number be 28. Then, fince

the fquare of 28 is 784, we muft begin with the difference

57, which comes immediately after 784, and we muft add

together this difference 57, and the following differences

59, 61, 63, 65, &c, till their fum amounts to a fquare

number. And for this purpofe it will be neceffary to add

together feven of thefe differences. For 57 + 59 + 61 +
63 + 65 + 67 + 69 are zz 441, which is the fquare of

ai. Therefore the firft number 28, and the number 21,

(or
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(or the fquare-root of the funi of thefe feven differences,)

and the number 35, (or the fquare-root of the fquare num-
ber 1225, which comes immediately after the laft difference

69,) vvill be three numbers that will exprefs the three fides

or 784 -f 441 will be = 1225. And the number 35,
(which reprefents the hypotenufe of the triangle,) exceeds

the firft number 28, (which reprefents one of the fides that

inclofe the right angle,) by 7, or feven units, or the fame

number of units as there were differences added together,

in order to produce the fquare number 441.

Thefe examples, I apprehend, are fufficient to explain

this method of obtainins: different fets of whole numbers
that fhall exprefs the lengths of the fides of different right-»

angled triangles. And with them 1 fliall conclude this

little trad.

End of the Difcourfe concerning the Methods of fitiding Rational

Numbers that exprefs the Sides of Right-angled Triangles,

of a right-angled triangle.

3 N OP
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( 459 )

OF THE

DIFFERENCES
OF THE

C U B E. S

OF THE

NATURAL NUMBERS i, 2, 3, 4, 5, 6, 7,

Article i. We have feen in the table of the fqCiares of

the natural numbers i, 2, 3, 4, 5, 6, 7, &c, fet down
in the foregoing Traft, that the firft differences of the

fquares of thofe numbers are the odd numbers 3, 5, 7, 9,

iL 17? their natural order, and their fe-

cond differences, or the differences of their firft differences,

are all equal to each other, and to the number 2. We
will now fet down a table of the cubes of the feveral natural

numbers i, 2, 3, 4, 5, 6, 7, 8, 9, &c, and of their dif-

ferences, and the differences of thofe firft differences, and
the differences of thofe fecond differences ; by which it will

appear that the cubes of the faid numbers have three orders

of differences, and that their differences of the third order

are all equal to each other and to the number 6. This

Table will be as follows :

3 N 3. XABLE
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.

A TABLE of the Cubes of the Natural Numbers i, 2,

5> 6, 7, 8, 9, as far as 100 ; together with 'their
;

Firjiy Second, and Third, Differences.

The
Natural

Numbers

«

Their Cubes.
The Differences

of their Cubes.

Their2clDiffs.or|The3dDiffe-
the Diffs. of the rences of the

former Diffs. faid Cubes.

I I

2 8

.3 27

4 64

5 125
6 216

7 343
8 512

9 729
10 1000
1

1

1331
1

2

1728

33 2197
14 2744
15 ' 3375
1

6

4096
17 - 4913
18

.
5S32

19 6859
20 8000
21 9261
22 10,648

23 12>i67

24 13,824
25 13,625
26 17,576

19,683
28 21,952
29 24,3^9

7

19

37
61

91

127

169

217
27

1

33 *

397
469

547
.631

721

817

919
1027
1141*

1261

1387
15 T 9

1657
i 8 oi

1951

2107
2269

2437
2611

12

28
6

I

6 • j

24 6’

30
.

r.6
6

6 '

i

42 a
48

0

6
54 ...

60 A

66
0

6 (

72
6

78 6
84

6

^6
6

6

s-

IO2

108 •

0

f,
II4

6 j

1 20 a .

I 26
0

6
^32

1

6

6
133

'1

144
6

150
.

^56
... 6

V
•

'

1 62 f.

168
0

6
174 6
180

The



3°
31

32

33
34
35
36

37
38

39
40
41

42

43

44
45
46

47
48

49
50
51

52

53

54
55
56

57
58

59
6o
6i

62

63

2> 3» 4> 5> 6, 7, 461

Their Cubes.
The Differences

of their Cubes.

TheirzdDiffs.or

the Diffs. of the

former Diffs.

The3cl Diffe-

rences of the

faid Cubes.

27.000

29^791
32,768

35^937
39>304
42,875
46,656

50^653

54,872

59.319
64.000

68,921

74,088

79.507
85,184
91.125

97.336
103.823
110 ,592 -

117,649
125.000

132,651
140,608

148,877

157.464 ....

166,375 ..

175,616

185.193
195,112

205.379 ....

2 1 6,000

226,^8 I

^38,328

250,047
262,144

27^1

2977
3169
3367 .

3571
3781

3997 .

4219

4447
4681

492 1 .

5167

5419
5677
5941
621

1

6487
6769

7057
7351
7651

7957
8269

8587
8911

9241

9577
9919
10267
10621

10981
1 1347
11719
12097
12481

i36

192

198
204
210
216
222

_
228

234
240*

246
252
258
264
270
276
282
288

294
300
306
312

318

324
330
336
342
348

354
360

366

372

378
384
390

6
•

6

6

6

6

6
6

6

6

6

6
6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6

6 -

The
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The
Natural

Numbers
Their Cubes.

«

The Differences

of their Cubes.

TheiradDifFs.oi

the DifFs. of the

former Diffs.

The3clDiffe-

rences of the

faid Cubes.

65
66

67
'

68

69

70

71

72

73

74

75
76

77
78

79
80

81
'

82

83

84

85
86

87
88

89

90

91

92

93
94
95
96

97
98

99
100

274,625
287,496
300,763

3 I 4>432

328,509
343.000 .

357 *9^1

373.248
389,017
405.224
42 i, 8>5
438,976

456.533
474.552

493.039
51 2.000

53^441
551.368

571.787

592,704
614.125

636,056

658,503
681,472

704,969
729.000

753.571
778,688

804,357
830,584

857.375
884,736

912,673
941.192

970,299
r,000,000

12871

13267
13660

^4077
i 449 Jf

14911

^5337
15769
16207
16651

17 101

17557
18019

18487
18961

19441

19927
20419
209

1

7

21421
21931

22447 ^
22969

23497
24031

24571
25117
25669
26227

26791
27361

27937
28519
29107
29701

396 ....

402
408
414
420
426

432
438 ....

444 ....

450
456
462
468

474
480
486

.492

498

504
. .

510
516
522
528

534
540

^ 546

552

558
564
570
576
8 2

588

594

6

6

6

6

6

6

6
• 6

6

6

6

6

6
6

6

6

6

6

6

6

9
6

6

6

6

6

6

6

6

6

6 .

6

6

Art. 'i.
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. . .
'

Art. 2. And in like manner it will be found that the

fourth powers of the natural numbers i, 2, 3, 4, 5, &c,
will have four orders of differences, and that their fifth

powers will have five Orders of differences ; and, in gene-
ral, that their »th powers, n being any whole number what-

foeveri will have w orders of differences. This is a curi-

ous property of the powers of the n'titural numbers i, 2, 3,

4> S> 7 > has been long known to Mathemati-
cians. The .celebrated Mr. JLeibnitz, of Hanover, had
taken notice of it before the month of February, 1673;
and it had been obferved before him by a French Mathe-
matician, named Mouton, (who w'as a Canon of the Church
of Lyons,) in a book on the apparent diameters of the

Sun and Moon ; but which Mr. Leibnitz declared he had
not feen at the time he made the fame difeovery. Mr.
Leibnitz’s manner of confidcring the fubjedt is explained

pretty fully in a large extrail: from a letter of his to Mr.
Henry Oldenburgh, the Secretary of the Royal Society of

London, dated at London on the 3d of February, 167^,
which has been publifhed in the Commercium Epijiolicum of

Mr. John Collins and other Mathematicians of that time.

This extrait, as it contains feveral interefting particulars re-

lating to thefe numbers, I fhall here infert at length from the

faid Commercium Epifiolicum, pages 108, 109, no, - - - -

1 14. It is as follows.

Art. 3. Excerpta es^ Epijiold Domini Gothofredi Gulielmi

Leibnitzii ad Dominum Oldenburgh, Londini, Anno 1674,

3"° die Februariij data.

Hujus Autographon injeriniis Regime Societatis extat, et exemplar

ejus in Libro Epijiolarum ditia Societatis^ A°. 6, pag. 35,

dejeriptum legitur.

GUM heri apud illudriflimum Boylium incidiffem in cla-

riflinium Pellium Mathematicum in (ignem, ac de Numeris
incidiffet
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incidifTet mentio, commemoravi ego, dudlns occafione Ser-

monum, efle mihi methodum ex quodam differentiarum ge-

nere, quas voco generatrices

^

colligendi terminos Seriei cu-

jufcunque continue crefcentis vel decrefcentis. Differentias

autem generatrices voco, fi dat$ Seriei inveniantur differen-

tiae, & differentiae differentiarum, & ipfarum ex differentiis

differentiarum differentiae, ^c. & feries conftituatur ex ter-

mino primo & prima differentia, & prima differentia differ-

entiarum, & prima differentia ex differentiis differentiarum,

ea Series erit differentiarum generatricium, ut fi Series

continue crefcens vel decrelcens fuerit b, d.

Pofitd cO differentiae Notdf] differentiae generatrices erunt.'
%

^ I

1 a . lau^ b . b ^ b ^ c . 4<2co^co^c/d^C/D

b in c c ^ d.

4 a m b in b in c iiTi b c in c m d

3 a in h xn b in c b in c in c xn d

1 a in b b in c c in d

1 a b c d

Aut in Numeris; fi Series fit Nilmerorvim cubicorum

deinceps ab unitate crefcentium, differentiae generatrices

erunt numeri 0’, i, 6, 6. Voco atitem generatrices, quia

ex iis certo modo multiplicatis producuntur termini Seriei

;

cujus ufus tum maxime apparet, cum differentias generatrices

funt finitas, termini autem Seriei infiniti ; ut in propofito

exemplo Numerorum Cubicorum.

• 0 0 0
• 6 6 6 6

6 12 18 24 30

I 7 19 37 6

1

0 I 8 27 64 125

Hoc cum audiffet clariffimus Peliius, refpondit, id ja,m

fuiffe in literas relatum a D. Mouton, Canonico Lugdunenft, ex

obfer-
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t)brervatione nobiliffimi viri Francifci Regnaldi Lugdimenfis

,

dudum in literario Orbe celebris, in libro laudati D. Mouton
de diametris apparentibus Solis & Luna?. Ego qui ex Epif-

tola quadam a Regnaldo ad MoMonifum fcripta, & Diario iti-

nerum Monconifiano inferta, nomen D. Moutoni & defignata

ejus duo didiceram ; Diametros Luminarium apparentes, &
confilium de menfuris rerum ad pofteros tranfmittendis

;

ignorabam tamen librum ipfum prodiifle
:
quare apud D.

Oldenburgium Societatis Regalis Secretarium, fumtum mutuo
tumultuarie percurri, & inveni veriffime dixiffe Pellium, Sed
& mihi tamen dandam operam credidi, ne qua in animis

relinqueretur fufpicio, quali, tacito * inventoris nomine, ali-

enis meditationibus honorem mihi quserere voluiffem ; &
fpero appariturum efle, non adeo egenum me meditatio-

num propriarum ut cogar alienas emendicare. Duobus au-

tem argumentis ingenuitatem meam vindicabo. Primo, li

ipfas Schedas meas confufas, in quibus non tantum inventio

mea fed & inveniendi modus occafioque apparet, monftrem :

deinde, li quasdam momenti maximi Regnaldo Moutonbque

indidta addam, qujE ab hefterno vefpere confinxifle me non
Iit verilimile, quaeque non poflunt facile expedari a Tran-

fcriptore.

Ex Schedis meis occalio inventi ha^c apparet
:
quaerebam

modum inveniendi differentias omnis generis poteftatum,

quemadmodum conftat differentias Quadratorum elfe nume-
ros impares ; invenerdiique regulam generalem ejufmodi.

Data potentia gradus dati praecedente, invenire fequentem

(vel contra) diftantite datas vel radicum datarum ; feu in-

venire potentiarum gradihs dati utcunque diftantium differ-

entias. Multiplicetur potentia gradus, proxime praecedentis

radicis majoris per differentiam radicum
; & differentia po-

tentiarum gradus proxime praecedentis multiplicetur per

radicem minorem
:
produdorum fumma erit quae lita differ-

entia potentiarum, quarum radices funt datas. h,andem re-

gulam ita inflexeram, ut fufhceret, praeter radices, cujuf.

libet gradus, etiamfi non proxime praecedentis, potentias da-

tarum radicum dari, ad differentias potentiarum alterius cu-

* Id cft, celata

3 ^ jufcunque.
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jufcunqne, licet akioris, gradus inveniendas. 'Et okendi

quod in Qjjadratis obfervatur, numeros impares efle eorum

differentias, id non nifi regula propofitze fubfumptionein

effe.

His meditationibus defixus, quemadmodum in Quadratis

differentia? funt numeri impares, ita quoque qusfivi quales

effent differentite Cuborum, quas cum irregulares videren-

tur, qusefivi differentias differentiarum, donec inveni differ-

entias tertias effe numeros fenarios. Hsec obfervatio mihi

aliam peperit : videbam enim ex differentiis praecedentibus

generari terminos differentiafque fequentes, ac proinde, ex
primis, quas ideo voco generatrices^ (ut hoc loco 0.1.6. 6,)

fetiuentes omnes. Hoc conclufo, reflabat invenire, quo ad-

ditionis, multiplicationifve, aut horum complicationis, gene-

re, termini fequentes ex differentiis generatricibus produce-

rentur. Atque ita refolvendo experiundoque deprehendi

primum T erminum o componi ex prima differentia genera-

trice o (urnta femel, feii vice una : Secundum i ex prima o
femel & fecunda i femel ^ Tertium 8 ex prima o femel, fe-

cunda I bis &: tertia 6 femel : nam o X 1 + i X 2 +
6 X 1 — 8. Quartum 27, ex prima o femel, fecunda i

ter, tertia 6 ter, quana 6 femel : nam oxi+i X3 +
6x3 + 6xi — 27, Cff. idque Analyfis mihi univer-

fale effe comprobavit. Hsec fuit occafio obfervationis mece,

longe alia a Moutoniand, qui cum in Tabulis condendis la-

boraret, in hoc calculandi compendium cum Regnaldo inci-

dit ; nec vel illi vel Regnaldo adimenda laus
;
quod & Brig-

gills in Logarithmicis fuisjam olim talia qutedam, obfervante
Pellio, ex parte advertit. Mihi hoc fupereft ut addam non-
nulla illis inclidla, ad amoliendum Tranferiptoris nomen ;

neque enim intereft Reipublicze quis obfervaverit, intereft

quid oblervetur. Primum, ergo illud adjicio, quod apud
Moutonium non extat, & caput tamen rei eft : quinam fint

ilii numeri, quorum Tabulam ille exhibet in infinitum con-
tinuandam, quorum dudtu in differentias generatrices, pro-
dudtis inter le jundlis, termini Serierum generentur. Vides
enim ex ipfo modo quo tabula ab eo pag. 3*85; exhibetur,
non fuiffe id ei fatis exploratum

j alioqui enim verifimile eft

jta Tabulam fuiffe difpofiturum, ut ea numerorum connexio

atque
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atque harmonia appareret ; nlfl quis de induftri^ texifle di-

cat ; ita enim fe habet pars Tabula;.

1 I

2 I I

3 1 2 1

[4 )
I 3 3 I

.5 I 4 6 4 I

6 I 5 IO - IO 5 I

7 I 6 15 20 ^5 6

8 I 7 21 35 35 21

9 I 8 28 56 70 56
IO I 9 36 84 126 126

/

1

1

I IO 45 120 210 252

Apparet ex hujus Tabulte conftru<5lione folam haberi ratio-

nem correfponfus numerorum generantium cum numero
Termini generati j ut cum terminus eft quartus (4) produ-

citur ex prima differentia femel, fecunda ter 3, tertia ter 3,

quarta femel i ; ideo in eadem (4) Linea tranfversa locantur

1. 3. 3. I. Sed vel non obfervavit vel diflimulavit autor

correfponfum numerorum, fi a fummo deorfum eundo per

columnas difponantur hoc modo.

I I

2 I '

3 I 2

4 I 3 3 ^ I

5 I 4 6 4 X

6 I 5 IO IO '
5 1

7 I 6 15 20 15 6

8 I 7 21 35 35 21

9 I 8 28 56 70 56
Io 1 9 36 84 126 126

1

1

I 10 45 120 210 252

Ita enim ftatim vera genuinaque eorum natura ac genera-

tio apparet ; efle, fcilicet, eos numeros quos Cmibinatorios

appellare foleo, de quibus multa dixi in dififertatiuncula dc

Arte Combinatoria ;
quofque alii appellant Ordines numeri-

3 O 2 cos;
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/

cos; alii fpecie primam columnam Unitatum; fecundam

Numerorum naturalium, tertiam Triangularium, quartam

Pyramidalium, quintam Triangulo-Triangularium, ^c. de

quibus integer extat Tradatus Pafchalii fub titulo Trianguli

Arithmetici ; in quo tamen proprietatem numerorum ejuf-

modi tam illuftrem tamque naturalem * non obfervatam

fum miratus. Sed eft profedo cafus quidam in inveniendo,

qui non femper maximis ingeniis maxima, fed faspe etiam

mediocribus nonnulla offert.

Hinc jam vera numerorum iftorum natura, & Tabulse

conftrudio, five a Regnaldo five a Moutonio diffimulata, in-

telligitur: femper enim terminus datus columnse datre com-
ponitur ex termino prtecedente columnae tam praecedentis

quam datre : Atque illud quoque apparet, non opus effe

molefto calculo ad Tabulam a Moutonio propofitam continu-

andam, ut ipfe poftulat ; cum ha; numerorum Series pafsim

jam tradantur calculenturquc.

Cseterum Mcutcnius obfervatione ifta ad interponendas

medias proportionales inter duos extremos numeros datos

;

.ego ad inveniendos ipfos numeros extremos in infinitum

cum eorum differentiis, utendum, cenfebam. Hinc ille, non
nifi cum differentire ultimie evanefcunt (aut pene evanef-

cunt) ufum regular invenit
; ego detexi innumerabiles cafus,

regula quadam inobfervata comprehendendos ; ubi pofl'um

ex datis numeris finitis certo modo niultiplicatis producere
numeros plurimarum Serierum in infinitum euntium, etfi

differentiae earum non evanefcant.

Ex iifdem fundamentis pofl'um efficere in progreflionibus

problemata plurima ; aut in Numeris lingularibus, aut in

Rationibus vei Fradionibus
;
pofl'um enim progreffiones ad-

* Imo olfervatafuit. F'icJe Pafchalii Triangulum Arithmeticum, Parifiis

Anno 1665 editum, pag. 2. ^/pi defitiitionum antepenultima hac eji,

Le nomfre de chaque cellule eJl cgal d crluy de la cellule qui la precede dam
foil rang perpendicula ire, plus d ccluy dc la cellule qui la prhide dans fan rang
parallele. Ainji la cellule F, c’ejl d dire le nombre la cellule F, egale la
cellule C plus la cellule E ; tS* ainf dcf autrts,

derc
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dere fiibtrahereque, imo multiplicare quoque 8c dividere, id*-

que compendiose.

X X 1 9
T T • T •
I I I I

• TTT • TT TT
.

1 1 a I

TTT • VS- • TT • tt
I I t

TT TT • TzT

(ffr.

Multa alia circa hos numeros obfervata funt a me, es
quibus illud eminet, quod modum habeo fummam inveni-

endi Seriei Fraftionum in infinitum decrefcentium
;

qua-
rum numerator Unitas, nominatores vero numeri ifti Tri*

angulares aut Pyramidales, aut Triangulo-Triangulares,'

End of the Extra5ffrom Mr. LeibnitzV Letter,

Art. 4. By the help of the foregoing table of the cube*

of the natural numbers i, 2, 3, 4, 5, 6, 7, 8tc, as far as

100, we may find the cube- root of any number exaA to

two places of figures, without the trouble of any calculation

whatfoever, or by the mere infpeftion of the table. Thus,
for example, if I wanted to find the cube -root of 2000, I

need only look along the fecond column of the table,

(which contains the cubes of the numbers fet down in the

firft column,) till I found the two cube numbers which are

nearefl to the propofed number 2000, the one above it and
the .other below it. Thefe numbers I fhould find to be

2197 and 1728; of which the former is the cube of 13,
and the latter is the cube of 12. And hence I might con-

clude with certainty that, fince the propofed number 2000
is greater than 1728, or the cube of 12, but lefs than

2197, or the cube of 13, its cube-root mufi; be greater than

12, but lefs than 13, and conlequently that the two firft

figures of it mufl be 12. And from the two firlt figures

of the cube-root of any propofed number, we may derive

the following figures of it to five, oi fix, or any greater

number
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number of figures that we may defire, by the method of

approximation invented for this purpofe by Monfieur De
Lagneyy which has fince been approved and adopted by

Dr. Halley and other Mathematicians, as the moft conve-

nient that can be taken. This method is as follows.

Monfieur De LagneyV Method of approximating to the Value

of the Cube-root of any propofed Numbery when the T‘wOy or

^hreoy firfi Figures of the faid Cube-root are known»

Art. 5. If the number of which the cube-root is to be

extrafted be called Cy and a number, confiding of two, or

more figures, that is fomewhat lefs than the true value of

the faid cube-root be called the remaining part of the

faid cube-root will be very nearly equal to the quantity

confequently the whole of the faid cube-

root will be very nearly equal to -f- ^
^

will always be a little greater than the faid quantity. Alfo
the faid remaining part of the cube-root of c, which is to

be added to its firfi value ay will be very nearly equal to

the quantity 1, and confequently the whole

of the faid cube-root will Jbe very nearly equal to a +

^ ^~ iza — ~s Of to —b : but it will always

be a little lefs than that quantity. And this latter expreflion
will be a little nearer to the true value of the cube-root

of c than the former expreffion a + -

difference will be fo fmall as to be hardly worth confi-
dering.

Art. 6,
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Arc. 6. And, if or the firft near value of the cube-

root of the propofed number c, be a little greater than its

true value, the quantity to be fubtraded fiom a, in order

to make it equal to the faid true value, will be very nearly

equal to the quantity confequently the faid

cube-root will be very nearly equal to ^

it will be always a little greater than the faid quantity.

Alfo the faid difference between a and the true value of
the cube-root of r, or quantity which is to be fubtraded

from a, in order to make it equal to the faid cube-root,

will be very nearly equal to the quantity

and confequently the faid cube-root will be very nearly'equal

to a £ -V
2

V— /2^

12a

a . X— , or to Y V
4c—
iza

but it will

always be a little lefs than the faid quantity. And this lat-

ter expreffion

^

nearer to the

true value of the cube-root of c than the former expreffion

^ __ y j but the difference will be fo fmall as to be
c + za^

. hardly worth confidering.
'

Art. 7. The number of figures that will be exad in the

fecond near value of the cube-root of the propofed num-
ber c that will be obtained by either of thefe four expreffions

a -f
c—aA X a

c -i- la^

. tv (4^~— y. a , a
,
— -b p ,

a 1 -, and — +’2 12a c Za^ z

S/
¥——t (which lafl; expreffion, we may obferve, is the

very fame with the fecond expreffion,) is ufuaily triple, or

triple wanting one figure, and in the worll cafes is triple

wanting two figures, of the number of figures that are exad
in the firft near value, a%

An
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An Example of the ExtraHion of the Cube- root of a Number^

by means of theforegoing Method of Approximation,

'

Art. 8. Let it be required to extradl the cube-root of the

number 2 ; which anfvvcrs to the folution of the Problem,

fo much celebrated amongft the Antients, of doubling the

cube, or finding the length of the fide of a cube that fhall

be double of a given cube.

Here I obferve, in the firft place, that, fince the number
2000 is equal to 1000 x 2, or to 10 x 10 x 10 x 2,

the cube-root of 2000 muft be equal to 10 times the cube-

root of 2. But it appears from the foregoing table of cube
numbers, that the cube-root of 2000 muft be greater than

12, but lefs than 13, and confequently that the two firft

figures of it muft be 12. Therefore the cube-root of a

'muft be — zz — +• —
) zr 1.2, or the two firft figures

of the faid cube-root muft be 1.2. Here then we have

f zz 2, or 2.000,000, and a ~ 1.2, and confequently zz

1.728, and ia^ = 3-456, and c -b 20.^ (= 2 -f 3.456) zz

5.456, and c — (rz: 2.000 — 1.728) = 0.272, and

t — a\ X (zz 0.272 X 1.2) 3.264, and
- ^^3^ (

—

1^^) =: 0.059,82. Therefore a -f
^

will be zz
5*45^ c -J- 2a^

1.2 + 0.059,82, or 1.259,82; or the fecond near value of
the cube-root of 2, which is obtained by means of the firft

expreflion a •+• given in art. 5, is 1.259,82.

The number of figures that are exadt in this fecond near
value, 1.259,82, of the cube-root of 2, is four, to wit, the
figures 1.259, that is, three times as many figures, wanting
two, as are contained in 1.2, or the firft near value of

the
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the faid cube-roor, the more accurate value of which is

1.259,921,049, See, which is greater than 1.259,82 by

0.000,1, See.

The other expreffion given in art. 5, to wit, — + ^
may be computed as follows.

Since is = 1.2, and e is zz 2, we flrall have 12 a (zz

12 X 1.2) = I4*4 j 3,nd ~ 0.6, and 4c zz 8.000, and

4e — <2* (zz 8.000 — 1.728) = 6.272, and

= 0-4355555,5553 and v/

I 2(1

¥ -a3

12a
(= V/ 0.435,

¥
12a555,555> = 0.659,96, and ~ 4- v/

0.6000,00 4- 0.659,96) zz 1.259,96. Therefore ^ +

V/ ifJli— , or the feeond near value of the cube-root of 2,
I 12a ' ’

which is obtained by means of the feeond expreffion given

in arc. 5, is 1.259,96 ; which is exa6t in the firft five figures

1.2599, greater than the true value of the faid cube-

roor, to wit, 1.259,92, See, by only 0.000,04, See, which

is lefs than the difference 0.000,1, by which 1.259,82, or

the feeond value of the cube-root of 2, obtained by means

of the former expreffion a +
^ ^

c + 2 a^ ’
fell tliort of the

true value of the faid cube root. But either of thefe feeond

near values of the faid cube-root, 1.259,82 and 1.259,96,

is a great improvement upon its firft near value, 1.2, though

lefs than it would have been if the two firft figures of the

cube-root of the propofed number had been higher figures

than I and 2.

Art. 9. And, if we repeat this procefs of approximation

+

3P v'

with either of the two expreffions a -j- and
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V/
4<^

taking the firft four figures of the fecond values

of the cube-root, of 2, which have been already found,

(and which are the fame in both the foregoing calculations,)

to wit, the four*' figures 1.259, for the bafis of the next

operation, we fhall obtain the value of the faid cube-root

to a very great degree of exadnefs. This may be done in

the manner following.

'Let a be fuppofed — 1.259.

Then we (ball have (r= 1.259V) — 1.995,616,979,
and confequently 7.a^ 2 X 1.995,616,979) ~ 3.991,

' 233,958, and c + ia\ (= 2 + 3 ' 99 ^y^33 y95 ^) =
5.991,233,958, and c — (= 2.000,000,000 — i*995>

616,979) =: 0.004.383,02 1, and c — a^\ x a (~ 0.004,

383,021 X 1.259) r: 0.005,518,223,439, and

(ir
°-°°^5'

.̂f^3»4-39 s _ 0.000,921,049,55, &c. Therefore

" + ^’^.59 + 0.000,921,049,55, &c,)

= 1.259,921,049,55, he; which is exad in the firfi; ten

figures 1.259,921,049, the more accurate value of the

cube-root -of 2 being 1.259,921,049,89, which is greater

than 1.259,921,049,55 by only the very fmall quantity

0.000,000,000, 3'4. ••

Alfo we fliall have qr (=:= 4 x 2) tz 8.000,000,000,
atid 4^ — (= 8.000,000,000 — i .995,616,979) zz

6.004,383,021, and 12(2 (zz 12 x 1.259) z;- 15.108, and

4c — al

iza

, 6.oo4„383,o 2 t . , /“ 0.397,430,900,3, and s/ V
— n3

12a

(~ \/0.397,430,700,3) zr 0.630,421,050,01. Therefore

"T + 0.630,421,050,01 =
0.6295 + 0.630,421,050,01) zz 1.259,921,050,01 ; which
exceeds the more accurate value of the cube-root of 2, to

wit.
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wir, 1.259,921,049,89, by only the. very fmall quantity

0.000,000,000,12, which is ftill lefs than the fmall quantity

0.000,000,000,34.

Another Example of the Extraction of the Cube-root of a Num*

ber, by thefame Method of Approximation,

Art. 10. Let it be propofed to find, in Inches and deci-

mal parts of an inch, the fide of a cube that is equal to the

Englilli meafure called a gallon, which contains 231 cubick

inches ; or, in other words, let it be required to find the

cube- root of the number 231.

Now, if we look along the column of cube numbers in

the foregoing table, we lhall find that 216 is the cube of 6,

and that 343 is the cube of 7. Therefore we may con-

clude that the cube- root of the propofed number 231 mufl;

be greater than 6, but lefs than 7. VVe will therefore take

6 for the value of a, or for the firft near value of v/^1231,

with which we are to begin our approximation;

Now, fince c is, in this example, equal to 231*, and a is

6, we fhall have a} — 216, and ia} — 432,
and c + ^a^ (— 231 + 432) zz 663, and c — a^ (zz

and c —231 216) ^5. X (z- 15 X 6) = 90,

, c — aA X. a , 90 r,-, r
,

c — a^] X «
and (z= ^ = 0.13. Therefore a + ;

—
c -i- 2a^ ^ 663 c + 2 ai

will be ( = 6 + 0.13) iz 6.13; which is therefore the fe-

cond near value of the cube-root of 231.

Now let a be taken ::r 6.13, in order to obtain a third

near value of the cube-root of 231,

Then we fhall have <3^ (= 6. 13]’) zr 230.346,397, and
(zz 2 X 230.346,397^ ~ 46 o*.692,794, and c ’+ 2^*

3P2 {=
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(— 231 + 460.692,794) 691.692,794, and c —
{
—

231.000,000 — 230.346,397) =0.653,603, and ^2

(= 0.653,603 X 6.13) = 4.006,586,39, and
"

(zz 4 = 0.005,792,436. Therefore a ^^ 691.692,794^ c+ia 3

will be (= 6.13 + 0.005,792,436) = 6.135,792,436;
which is therefore the third near value of the cube-root of

231, or of the length, in inches and decimal parts of an inch,

of the fide of a cube that contains an Englifh gallon, e. i.

This number 6.135,792,436, is exafl in the firft nine

figures, 6.135,792,43, the more accurate value of the cube-

root of 231 being, according to Dr. Halley, (from whofe

tradl upon this fubjefl: in the Philofophical Tranfadlions

this example is taken,) 6.135,792,439,661,958, &c. There-

fore the number of figures obtained exadly in this.inftance

by means of the exprcflaon a -f-
^3"^

- is juft triple of

the number of figures that are contained in a, or 6.13,
agreeably to what is obferved above in art. 7. •

t Art. II. The other exprefiion of the third near value of

the cube-root of 231, to wit, the exprefiion ~
may be computed as follows.

Since c is = 231, and ^ is z= 6.13, we fliall have 4c (rr

4 X 231) = 924, and (= ~
3*065, and 12^2

(
—

12 X 6*13) = 73 - 5 ^, and (= 6. 1 3I*) rr 230.346,397,
and (=: 924.000,000— 230.346,397) == 693.653,603,

(= = 9.429,766,218,053,289,8,

and v'jiLEil.
9.429,766,218,053,289,8) =:

3.070,792,441. Therefore-^ -f ^ 4f

—

> 12a
will be (z: 3.065

.4*
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+ 3.070,792,441) =r 6. 135,792,441 j or the third near

value of the cube-root of 231, obtained by means of the

cxpreffion — + v/ will be 6.135,792,441.
2> 12^

E. !•

Art. 12. This number 6.135,792,441, obtained by means

of the expreffion — -J-
4c —
iza

exceeds the more ac-

curate value of the cube-root of 231, to wit, 6.135,792,439,
&c, by only the fmall fradtion 0.000,000,002 ; which is

fomewhat lefs than the fmall fra6fion 0.000,000,003, by
which the former number 6.135,792,436, that was obtained

by means of the expreffion a 4- (hort of the

faid more accurate value. But both thefe differences enter

in the fame place of decimal fradlions, to wit, the ninth

place, and therefore the fmall difference of ejwdtnefs in

thefe two expreffions a -1- and —^ c + 2a^
^

2
+

I 12a

is not worth attending to. But Dr. Halley gives the pre-

ference to the latter expreffion -^ + \/
4c —

iza
on another

account, to wit, becaufe he thinks the extradlion of the

fquare-root of the fraftion ~~~~ a lefs laborious operation

than the divifion of c — x ^ by the great divifor c 2<s’.

His words are as follows. And this Formula [the irra-

tional formula ^ though he ufes a fome-

what different notation,] is defervedly preferable to th^

rational [or a -f-

^
,] upon the account of the

great divifor, which is not to be managed without a

great deal of labour ; whereas the extraction of the

fquare-root proceeds much more eafily, as manifold ex-

‘‘ perience has taught me.”

<(

((

(t

tc

Thefe
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Thefe two examples are taken from a very ingenious and-

ufeful tradl on this fubjed, iiititled, A new, exabt, and eafy

Method of finding the Roots of Equations Generally, and that

without any previous Reduction ; written by the celebrated

Dr. Edmund Halley, and publiflied firfl: in the Philofophi-

cal Tranlactions for the month of May 1694, Number 2 10,

and afterwards in the year 1708, in the fecond volume of

the Colledion of Mathematical and Philofophical Trads,

intitled Mifcellanea Curiofa, in three volumes odavo. See

the 2d volume of the faid Mifcellanea Curiofa, pages 70, 71,

72, 73» 74» and 75.

A Third Example of the ExtraUion of the Cube-r'cot of a

Number, by the fame Method of Approximation,

Art. 13. This example fliall be that which is given by

Mr. Raphfon in his Analyfis AEquationum Univerfalis, Pro-

blem 2d. It is to find the cube- root of the number 37,945;

Now, if we look along the column of cube-numbers in

the foregoing table, we fliall find that 35,937 is the cube

of 33, and that 39,304 is the cube of 34. Therefore,

fince the propofed number 37,945 is greater than 35,937,
but lefs than 39,304, it follows that the cube-root of 37,945
will be greater than 33, but lefs than 34, and confequently

that the two firfl; figures of it will be 33.

Here then we have c
—

37,945, and a n 33. Therefore

a^ will be = 35,937, and zaP will be (— 2 X —
71,874, and c 4- za% will be (=: 37,945 + 71,874)

—
109,819, and c — a^ will be 37,945 — 35»937) =
2008, and c — a^\ x a will be (=: 2008 X 33) — 66,264,

and confequenily will be (~ — 0.6033.

, T herefore
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Therefore a + c— X n

c + 2a^ ’
or the fecond near value of the

Cube-root of the propofed number 37,945, will be {= 33
+ 0.6033, 33*^033»»' which number the five firfl

figures 33-603 are exaft, the more accurate value of the

faid cube-root being 33.603,526,179,43, &c.

Now let us fuppofe « to be zr 33.6033, or the fd:ond

near value of the cube-root of 37:945 that has been already

found ; and let us, in order to obtain a third near value

of it, repeat the foregoing procefs.

Then we (hall have d^ z=: 37,944.235,801,747,937, and 2a’

(zr 2 X 37,944.233,801,747,937,) zz 75,888.467,603,495,
S74, and c+ia^ 37,945.000,000,000,000 + 75,888.467,

603,495,874) zz 113,833.467,603,495,874, andr— «^(zz

3 7,945-000,-000,000,000^-^7 , 944. 23 3, 80

1

, 747 >93 7 ) ==

0.766,198,252,063, and c— a^] x a 0.766,198,252,063
X 33*6033) = 25.746,789,723,548,607,9, and confe-

, c-aA. X a
, 2j;.746, 789, 7-23, C48,607,Q. ,

TT-nr (= A

J

) = 0.000,226.
c + ^ 113,833.467,603,495,874

179,437,95. Therefore +
c—^ X a

c 4 20^
will be (zr 33.6033

+ 0.000,226,179,437,95,) — 33.603,526,179,457,95 ;

that is, the third near value of the cube-root of r, or

37,945, that is obtained by means of the rational cxpreflion

a +
c— ^3) X a

C 4 2^j 3
’

will be 33*603,526,179,437,95 ; which I

believe to be exa6b in the firft fifteen figures 33.603,526,

179,437,9, if not in the laft, or fixteenth, figure 5 like-

wife.

Art. 14. The other exprofiion of the third near value of

the cube-root of 37,945» to wit, the irrational expreffion

— y/ may be computed as follows.

Since c \s — 37,945, and is zz 33.6033, we (hall have

A- — 16.801,65, and 12^? (=z 12 x 33.6033)
Z
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z=. 403.2396, and (= 4 X 37>945) —
a* (— 3^6^^') = 37,944.233,801,747,937, and ^c—a^
(rr 151,780.000,000,000,000 — 37,944.233,801,747,937)

n: 113,835.766,198,252.063, and
4^ — /1^

J2a (
=

ii3.83y.;66,i98,2S2,o6j x _ 282.303,043, 149,165,069, and
403.2396

>/
4c — rt* ,

12<2
(= v/ 282.303,043,149,165,069) z= 16.801,

876,i 79,437>96- Therefore will be (
=

16.801,65 + 16.801,876,179,437,96) = 33.603,526,179,

437,96 ;
that is, the third near value of the cube-root of c,

or 37,945, that is obtained by means of the irrational ex-

preffion
-f + 33-603,526,179,437,96.

Art. 15. This number 33.603,526,179,437,96 muft (if

there has been no miftake made in the calculation,) be fome-

what greater than the true value of the cube-root of Cj or

37,945; and the former number 33.603,526,179,437,95,

obtained by means of the rational expreffion a -{-

\

muft be fomething lefs than the faid true value. Thefe
two numbers differ only by an unit in the laft, or fixteenth,

figure. And hence it follows that the firft fixteen figures

of the laid true value muft be the fame with thofe of the

leffer of thofe two numbers, or 33.603,526,179,437,95.
Mr. Raphfon, however, computes it to be 33.603,526,179,
458,08. But I fufpeft that his three laft figures are not
exadt. But, whether they are exad: or not, we may, at

leaft, conclude that, fo faj* as* thefe different calculations

agree with each other, they muft be exa6t, and confequently
that the firft thirteen figures of the cube-root of the number

37,945 are 33.603,526,179,43.

A fourth
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A fourth Example of the Extrusion of the "Cuhe-root of 4

Number, by means of theforegoing Method ofApproximation,

Art. 1 6. -This example fhall be one that is given by
Monfieur de Lagney himfelf, in his booji intitled, Nou-
•veaux Elements dArithmetique et dAlgebre, which was publilh-

ed at Paris in Duodecimo, in the year 1697. It is to find

the cube-root of the number 696,536,483,3 18, 640,035,073,
641 ,037, which confifts of twenty feven figures, and may
be exprefled in the words following, to wit, 696 'quadril-

lions, or fourth powers of a million, 536,483 trillions, or

third powers of a million, 318,640 billions, or fecond

powers of a million, 035,073 millions, and 641,037 units.

This number is fo great, that it will be convenient to divide

it into thefe two parts, 696, 536,483,000jOOo,ooo,000,000,00c»
and 318,640,035,073,641,037, and to begin by feeking the

cube-root of 'he firft part, 696,536,483,000,000,000,000,
000,000.

Now this number 696.536,483,000,000,000,000,000,000
is 696,536,483 X 1,000,000,0.00,000,000,000, or

696,536,483 X the cube of i,ooOjOOo, Therefore its

cube- root will be equal to 1,000,000 X the cube root of

696.536.483. Therefore, if we can find the cube-root of

696.536.483, -W& need only multiply it by 1,000,000, in

order to obtain the cube root of 696,536,483,000,000,000^
000,000,000. We will therefore endeavour to find the cube-

root of 696,536,483.

Now this number 696,536,483 is greater than 696,536,000,
or than 696,536 x 1000, or than 696,536 x the cube of

10. Therefore the cube-root of 696,536,483 will be greater

than the produdt of the multiplication of the cube root of

696,536 into 10. Therefore, if we can find the cube-root

of 696,536, we need only multiply it by 10, in order to

obtain the cube-root of 696,536,000, which will be fomething

3 ^
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lefs than the cube-root of 696,536,483, and may ferve as a

bafis from which to begin our approximation to the true

value of the faid cube- root. We will therefore now en-

deavour to find, to a fmall degree of exadtnefs, the cube-root

of 696,536.

Art. 17. Now, if we look into the foregoing table of the

‘cubes of the natural numbers i, 2, 3, 4, 5, 6, 7, &c, as

far as 100, we fiiall find that 681,472 is the cube of 88,

and that 704,969 is the cube of 89. It follows therefore

that the cube root of 696,536, (which is greater than

681,472, but lefs than 704,969,) mufi be greater than 88,

but lefs than 89, and confequentiy that the two firft figures

of it muft be 88. Therefo're the cube-root of 696,536,000
muft be greater than 88 x 10, or 880, but lefs than 89 x
10, or 890, and confequentiy the two firft figures of it

will be 88. Therefore 8 So, being lefs than the cube- root of

the number 696,536,000, will be lefs alfo than the cube-

root of the number 696,536,483, which is greater than

696,536,000 ; but it will approach fufficiently near to it to

enable us to begin a further approximation to it by means

of the foregoing exprefiions of Monfieur de Lagney.

Art. 18. Let us therefore fiippofe a to be zi 880; and,

in order to find a fecond near value of the cube-root

of f, or 696,536,483, let us compute the expreflion a

c—a^ X a

c+za3 *

Here then we fliall have (— 8 8 o'] rz 681,472,000,
and 2a^ zz 1,362,944,000, and e 4- 2a^ (z: 696,536,483
4- 1,362,944,000) ZI 2059,480,483, and e — (

—
696,536,483 — 681,472,000) ~ 15,064,483, and c — a}

X a, (zz ^5,064,483 X 880) zr
1 3,256,745,040, and con-

fequenily _ g g Therefore^ ^ c -j- 2ai 2059,480,483
^

^
c + 880 -f 6.436,9) = 886.4369;

and confequentiy 886.4369 will be a fecond near value of

the cube-root of the number c, or 696,336,483,
Art. 19.
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Art. 19. Therefore (by what is Ibewn in art. 16,)

SS6.4369 X 1000,000, or 886,436,900 will be nearly

equal to, but fomevvhat lefs than, the cube-root of the num-
ber 696,536,483,000,000,000,000,000,000, and, a fortiori,

will be lefs than the cube-root of the propofed number

696.536.483.318.640.035.073.641.037. And, as 886,436,

900 is not much Id's chan 886,437,000, it feems probable

that 886,437,000 will likewife be fomewhat lefs than the

cube-root ot the faid number 696,536,483,318,640,035,073,
641.037. And fo upon trial we lliall find it to be. For
the cube of 886,437,000 is 696,535,206,998,055,453,000,
000,000, which is lefs than the faid propofed number.

Art. 20. Now let a be fuppofcd to be ir 886,437,000,
and let us endeavour to find a nearer value of the cube-root

of the propofed number 696,536,483,318,640,035,073,641,

037, by computing the expreffion — ¥
1 2a

Then, fince r is = 696,536,483,3 18,640,035,073,641,

037, and is ~ 886,437,000, and confequently is ~
696,535,206,998,055,453,000,000,000, we fhall have

886,437,000

2
) 443,218,500, and

4T (= 4 X 696,536,483,318,640,035,073,641,037)

= 2,786,145,933,274,560,140,294,564,148

and 4C — {— 2,786, 145,933,274,560,140,294,564,148,— 696,535,206,998,055,453,000,000,000

)

— 2,089,610,726,276,504,687,294,564,148, and 12^2 (zz

12 X 886,437,000) z:: 10,637,244,000, and
4^ — ^3

iza (=
2,o8t),6io,726,!-:6,;c'4,687,394,;64,.43, _ ... o^-orr

—

• —
) — 190,442,865,086,222,

10,637,244,000 ^ ^ ^

983, andv/1^^ \/ 196,442,868,686,332,983) =

zz 443,218,759. Therefore ~ + \/ liZfl will be (z=
^ 12^

3 0^2 443 >
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443,218,500 + 443,218,759) = 886,437,259 ; and con.

leqc.ently the cube-root' of the propofed long numbep

696,536,483,318,640,035,073,641,037, will be very nearly

pqual to 886,437,259, E. I.

Monfieur de Lagney determines tlds cube-root to be

only 886,437,166. But this is owing, as I apprehend, to

his intirely neglefting the laft eighteen figures, 318,640,

0^^^073,641,037, of the propofed number, and confe-

quently giving us only the cube-root of the nurr:beF

696,536,483,000,000,000,000,000,000, which is lefs than

the propofed number : whereas in the lad: operations of the

foregoing proccfs we took notice of all the figures of the

propofed number, when we found the value of 4c, and

^Xtraded the fquare-root of the fradion —

Mr. de Lagney adds, as a proof of the great ufefulnefs

of this method of extrading cube-roots, that the mod Ikil-

ful Arithmetician would not be able to find the cube root of

this long number, 696,536483,318640,035073,641037, tq

the fame degree of exadneis, or to nine' places ot figures,

by the common method of extrading the cube-root, in thq

fpace of a whole month. See Monfieur de Lagney’s Nou-<t

Elements d^Aritbmetique et d^AlgebrCj page 307.

.K-
'

' .. I
..I .

A SCHOLIUM.

.Art. 21. This very ufeful method of approximating to

the cube-roots, and other roots, of numbers was firfl; pub-

liflied by Mr. de -Lagney, at Paris, in the Journal des,

Sfavants for the 14th of May ^691, and afterwards was

pubhfiied again at greater length, and with a demonftra-

tion, in a feparate trad in quarto, in the month of May of

fhe following year 1692. But Mr. Jofeph Raphfon had

pubiidied his Andyfis Momationum Univerjdis, (which con-
' .

— ' ‘
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tains a general method of finding the roots of all forts of
equations by approximation,) in the year 1690 : and his

method of approximation is not very different from this of
Mr. de Lagney ; and tl# ground, or principle, of it is ex-
a6lly the fame. So that, if Mr. de Lagney had feen Mr.
Raphfon’s Analyjis JEquationiim before he had difcovered his

own method of approximation, it would have been eafy

for him to have deduced his own method from Mr. Raph-
fon’s; and in that cafe it would have been candid in hini

to acknowledge that he had feen Mr. Raphfon’s book, and
had been led by it to the difcovery of his own method.
This, however, he has not done ; at lead, not in his Nouveaux
Elements d'Arithmitique d'Algebre^ which is the only book
of his that I have feen. And therefore I fuppofe he invented

his method of approximation by his own, efforts, and with-

out having met with Mr. Raphfon’s book.

Art. 22. It may further be obferved, that Mr. Raphfon
himfelf was not the firft inventor of the method of refolving

equations by approximations of the kind he has made ufe

of, that is, by approximations performed by transforming

the original equation into another equation that involves in.

it the powers of the unknown difference between the firfl

near value (already obtained, by conjecture or otherwife,)

of the root of the firft equation and its true value, and by
refolving the faid transformed equation in the manner of a

fimple equation, or by dropping all the terms that involve

in them any higher powers of the faid unknown difference,

or root of the fecond equation, than its fimple power. But
this excellent method of difcovering the roots of high equa-

tions had been found out by the great Sir Ifaac Newton
more than twenty-four years before the publication of Mr.
Raphfon’s Analyfis Mquationum Univerjalis^ to wit, in the

year 1666, vvhen he wrote his learned little traCl, intitled

De Analyft per aequationes numero terminorum infinitas^ which

js printed in the Commercium Epijtolicum of Mr John Col-

lins and other Mathematicians, pages 67, 68, 69, &c. - -

93, of the 2d edition. This trad was firft printed in the

year 1712, in the firft edition of tfte fajd Commercium Epijio-

licum.
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licum. But it had been (liewn in manufcript to Dr. Ifaac

Barrow, and by him.fenc to the faid Mr. John Collins, with

Mr. Newton’s leave, in the month qf July 1669, and fliewn

to the Lord Vifcount Brouncker, (a great Mathematician

of that time,) and, probably, to many other learned Mathe-

maticians that were Fellows of the Royal Society, to which

Mr. Collins was then a Secretary. And afterwards a part of

it, containing a fliort fpecimen of Mr. Newton’s method

of refolving equations by approximation, was publiflied by

Dr. Wallis in the 94th chapter of his Algebra in the year

1685, which was five years before the publication of Mr.
Raphfon’s Analyfts uEquationum Univerfalh. Whether this

fpecimen fuggelted to Mr. Raphfon the difcovery of his

method of approximating to the roots of equations, (which

differs but little from that of Sir Ifaac Newton,) it is diffi-

cult to determine. He has not mentioned Newton’s method
in his treatife on this fubje6t, though he was a great ad-

mirer of his genius, and ever ready to commend him : and
therefore I am inclined to think that the above-mentioned
fpecimen of Newton’s method of approximation was not the

circumftance that led him to the difcovery ©f his own. But,

whether it was or not, it is certain that the honour of

priority with refpedl to this very ufeful .invention is due to

Sir Ifaac Newton.

Of the Ground^ or Principle, of the invefiigation of the fore-

going Exprejftons, invented by Monfieur de Lagney, for Ap-

proximating to the Yeilue of the Cube-root of a given Number,

4

Art. 23. The inveftigation of all the foregoing expref-

fions invented by Monfieur de Lagney for approximating
to the cube-root of a given number, when a firlt near value

of the faid cube-root that is exad to one, or two, or more,
‘ places
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places of decimal figures, is already known, is not difficult.

It rd'ults from the contemplation of the compound quanti-

ties that are equal to the cubes of a binomial quantity, (fuch

as a h,) and a refidual quantity, (fuch as a — h,) ac-

cording as a, or the firft near value of -/3 |T which is al-

ready known, is lefs, or greater, tlian and therefore

it ought properly to be divided into two parts, the one re-

lating to the cafe in which a, or the firft near value of the

cube-root of the given number c that is already known, is

lefs than the cube- root of c, and the other relating to the

cafe in which a, or the faid firft near value of f7, is

greater than the faid cube-root. The firft of thefe invefti-

gations, (by which we fliali alfo obtain Mr. Raphfon’s ap-

proximation to the value of the faid cube-root, in the fame

cafe, or when a is lefs than f?,) is as follows.

^

An Inveftigation cf the two ExpreJfwnSy a + X a
and

—
\2a

c -p la^ ’

,
given by Monfteur de^ Lagney, for a Second

near Value of the Cube-root of a given Number c, when a,

er a Firft near Value of it that is already knowUy is lefs

than its true Value.

Art. 24. Let % be put for the unknown difference by
which <3, or the firft near value of the cube root of the

given number Cy falls fhort of its true value ; fo that, a -{ z

(hall be zr

Then will « 4- 2]^ be =z c. But a -j- z\^ is zz

-p ^azz 4- 2^ Therefore a^ -f- 3^^2 + ^azz -f 2? will

alfo be = c.’ This cubick equation is the foundation both

of
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of Mr. Raphfon’s and of Monfieur de Lagney’s methods of

approximating further to the true value of

Art, 25. Mr. Raphfon’s approximation is obtained as fol-

lows.
'

Since z is lefs, and ufually much lefs, than a, to wit,

abpiit a loth or a looth part of it, or^ perhaps, ftill lefs,)

it follows that both ‘^azz and z' will be lefs, and ufually

much lefs, than 2>^az, and confequently that -f o,aaz will

be nearly equal to q- + 3«zz + z% and therefore

to c. Let them therefore be fuppofed to be equal to d
Then, lince a} + are = c, we fliall have ^aaz =

c a* and confequently z = which fradtion con

fills intirely of known quantities. Therefore a + z will be

— a 4. LZ-f!, and a + ^ will be a fecond near value

of \/* (T, or the cube-root of the given number c. e. i.

This is Mr. Raphfon’s approximation to the cube-root

of Cy when a is lefs than the faid cube- root ; and it is the

iimpleft and eafiell approximation that can well be imagined,

and approaches very confiderably beyond a to the true value

of For it ufually gives us twice as many figures

exadl as w^e had before in a, or the firft near value of

And it is lefs operofe, or difficult to compute, than Mr.

Lagney’s firll, or rational, expreffion a -p ^
• + 2a^

~~
’

caufe it is ealier to divide c — by 3^1^, or three times

the fquare of a, than, firll, to multiply c ^ a} by a, and

tjien to divide the produft by r -}- which is a longer

number than 3^^. And for thefe reafons Mr. Raphfon, in

the Appendix to the fecond edition of his Analyfis jEqua~
‘ tiomm Univerjalis, (which was ptiblifhed in the year 1697,
feveral years after the publication of Mr. de Lagney’s me-
thod of approximation,) declares that he continued to prefer

his own approximation to thofe of Mr. de Lagney, not-^

withllanding their greater exadnefs.

We
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We will now proceed to inveftigate Mr. de Lagriey’s firft,’

or rational, expreflion above-mentioned, in obtaining which
Mr. Raphfon’s approximation is made ufe of as a neceflary

ftep.

Art. 26. Mr. de Lagney’s firft, or rational-, expreffion,-

a + f
obtained by preferving the term 3^?2.z, -as

well as the term ^aaz^ of the cubick equation -f*

^azz = c, or by fuppofing 4- ^aaz + ^azz to be

equal to and refolving the quadratick equation -f- ^aaz

-f 3<22iz — c, refulting from that fuppolition, in an im-
perfect, or inaccurate, manner, by proceeding as follows.

Since -f ^aaz + 3^2:2: is “ c, we fhall have ^aaz +
3^2:2 zz c — a^j and (dividing both fides by ^aa -1- 3^22)

- -3

Let us now fubftitute, inftead of 2, in the

—
the near value of z

^aa -f- 30Z

denominator of this fraction
^aa -f- 3^2

already obtained by the refolution of the fimple equation

^ and we fhall

; which

-}- 2>^az — c, to wit, the fraCtion —

thereby obtain the equation 2 ~ —
^aa

c —

laft quantity is equal to
C —

+ 3« X
-
^aa

laa
— ni 3«^ + c —

c —
c -f 2<3^

— c — X
c -|- 2d ,)

= c— a^l X a

c -j- 2a^
Therefore 2

will be zz — and confequently a z will be =
C -|- 2«3

f — flJ X a
a -j- ;—r— . Therefore the true value of a z, or

c -p 2a* - ^

the cube-root of the given number will be nearly 1=

c— a^l X a

c + za^
q. E. I.

3R Art, 27;
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c X ^
Art. 27. This expreflion a H of the fecond

near value of v/^ fc, will always be lefs than its true value ;

as may be demonftrated in the manner following.

Since c— aS is “ ^a(7z + 3^22: + and ^aaz + ^azz

+ zMs zr: ^aaz + azz + ^azz + 2% it follows that c —
will be y.az + azz + zaz% -b 2% and confequently will

be greater than 'xaaz + atz. Therefore - vviil be

,
riaa% + a%%

, , ^ c- — .

greater than , or than 3^2; + "zz. But is
a

Za X
xaa

will be greaterP
^

Therefore 35 x

than 3^32 + 22; and confequently (adding to both fides,)

will be greater than + 22.

— will be lefs than

+ 3« X

Therefore —

c - a}

7^(1a

c — c

But

laa + 3a X

c — a}

— /j3

laa

IS rz
X a

laa + 3« X
- «3 c -h 2«3 , and

3r7rt + 3rtZ + zs

c — a}

3 «fl + '^a% 4- zz

3 ^7«

is the true value of 2. Therefore ^ will be lefs
C + 2fl3

than the true value of 2. Therefore a + ^
~ ^

will
C 4- 2«3

be lefs than the true value of q- 2, or than \/^(7.

ct. E. D,

This exprelfion, a gives ufually three times

as many figures of the value of \/^ fo exafb as were given
exaftly by or the firlt near value of the faid cube- root.

But in fome cafes the figures which it gives exactly are only
three times as many wanting one, and in fome unfavour-
able cafes only three times as many wanting two, as were

exadt
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cxaA in a ; as we haw feen in fome of the foregoing ex-

amples.

Art. 28. Mr. de Lagney’s fecond, or irrational, exprelTion,

~—h for the fecond near value of the cube-root

of f, when a is lefs than the faid cube-root, is obtained by
preferving the term 3^2:2:, as well as the term 3^(32, of the

cubick equation cd -4- '^aaz -1- -^azz -j- and refolv-

ing the equation thence refuking, to wit, the quadratick

equation a} -h n^aaz -f 3^22 = in an accurate manner.

This may be done as follows.
I

If we fuppofe ad' -f '^aaz + n^azz to be equal to c, we
fliall have 7,^az + p^azz — c — cd

,

and (dividing all the

terms by 3^2) az -i- zz = —— Therefore (adding — to
3«

aa
both Tides,) we (hall have — -i- az + zz zz -—-—{-

^ 4 3« 4

(

4c — 4«^ 3«^ 4c — 4a^ -f Q^a'-

12a
“b —

12« 12«

ing the fquare- roots of both Tides,) -f> 2 — \/

Therefore 2 will be zz \/

4c — «3

12a , and (extradt-

J4C — «3

4c— «3

12«
•, and a z will be

(— a “b \/
4^-^' A)
iza 2 ' 2 1 za

Therefore

[c will be nearly equal to the fame quantity —

p

V/
4f —

12a
E . I

.

a

2
+ v/

4c —
12a

mu ft alwaysArt. 29. This expreffion

be greater than the true value of \/^f7,
or than the true

value of ^3 -b 2 in the original cubick equation a^ + ^aaz

-p 3^22 -jr zz c.

For it is derived from a fuppofition that -b b
3 R. 2 3^/22



492 Of the ExtraEiion of the Cube-root

2,azz is equal to or to + 3^22 + 2% or is

greater than it really is : from which it will neceffarily fol-

low that the value of 2 deduced from that fuppofition mufl:

be greater than its true value, and confequently that the

vaL.e of a z deduced from that fuppohtion, that is, the

expreffion — +
4c—
12a

will be greater than the true

value of a + z, or than e. d.

Art. 30. The irrational exprelTion — + v/
.-jc —

12a
will

approach a little nearer than the rational expreffion u +
^—-—

—

to the true value of (T, becaufe it is obtained

by refolving the quadratick equation + ^aaz + 3^22

= e accurately, whereas the rational ' expreffion a +
^ X a

C 4 20^
is obtained by refolving the fame quadratick equa-

tion inaccurately, by fubftituting
^ —

- inftead of 2 in the
laa

—
quantity 2az in the denominator of the fradlion

^aa +
in art. 26. But the difference of the two expreffions in

point of exaftnefs is not confiderable ; and the principal

a —
reafon for preferring the irrational expreffion -f

“

to the rational expreffion a .-f-
-—-— is, that there is

much lefs labour in extradling the fquare-root of the fradion

> ffi3,n in dividing the numerator c — x « by the

denominator c when that denominator is a very long

ppmber,

/[n
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'
( 3

"

An Invefligation of the 'Two ExfreJJions, a — and
c +

h \/
2

' ^
4c ~a^

iza ,
given hy Monfieur de Lagney for a Second

near Value of the Cube-root of-a given Number c, when a,

or a Firjl near Value of it that is already known, is greater

than its true Value.

Art. 31. Let z be put for the unknown difference by
which a, or the firfl near value of the cube- root of the given
number c, exceeds its true value j fo that a— z fhall be

Then will a be zi cl But a — is = <2’ —
3^^z -I- 3^?zz — z^ Therefore or' — '^aaz + 3^zz — z’

will alfo be ~ c. This cubick equation is the foundation

both of Mr. Raphfon’s and of Monfieur de Lagney’s me-

thods of approximating further to the true value of

Art. 32. Mr. Raphfon’s approximation is obtained as

follows.

Since z is lefs, and ufually much lefs, than a, (to wit,

about a loth, or a looth, part of it, or, perhaps, ftill lefs,)

it follows that both 3^zz and z^ will be lefs, and ufually

much lefs, than 3<2^z, and confequenily that a^ — ^aaz

will be nearly equal to a^ — 2>‘^az + ^azz — z^, and there-

fore to c. Let them therefore be fuppofed to be equal to c.

Then, fince aS — are ~ c, we fhall have ad — c -f*

•^aax, and '^aaz zz a^ — c, and confequently z zz ~
Therefore a — z will he — a -

3 _
aa

— c

jaa , and confequently

the expreffion a — will be a fecond,near value of

or the cube-root of the given number c. e, i.

This
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This is Mr. Raphfon’s approximation to the cube-root

of when a is greater than the faid cube-root ; and it is

the iimpleft and eafieft approximation that can well be ima-

gined, qnd approaches much nearer than a to the true value

of the faid cube-root. For it ufually gives us the value of

the faid cube-root exaA to twice as many decimal places of

figures as were exad in a, or the firft near value, of the faid

cube-root. And it is lefs operofe, or difficult to compute,

than Mr. de Lagney’s firft, or raiional, expreffion, a —
X a

c + 2a^
becaufe it is eafier to divide c — by o^aa^ or

three times the fquare of a, than, firft, to multiply — c

by a, and then to divide the produft by f -f 2^1% which is

a longer number than And for thefe reafons Mr. Raph-
fon always preferred it to Mr. de Lagney’s approximations,

notwithftanding their greater exacftnels.

We will now proceed to inveftigate Mr. de Lagney’s firft

expreffion above-mentioned, to wit, the rational expreffion

a — obtaining which Mr. Raphfon’s approxi-

mation is made ufe of as a neceflary ftep.

Art. 33. Mr. de Lagney’s firft, or rational, expreffion,

a obtained by preferving the term 3^2:2:, as

well as the term of the cubick equation

-f- 3^22; — 2^ — c, or by fuppofing — 3^3^72 3^22 to be
equal to c, and refolving the quadratick equation —
‘‘^aaz -f 3«22 iz c, refulting from that fuppofition,' in an
imperfect, or inaccurate, manner, by proceeding as follows.

Since — '^aaz + -^azz is fuppofed to be equal to zr,

we ftiall have 3^722 zr c + 3^7^72, and z=r c + 377/72

— 3/722, and ci^ — c — '^aaz — 3<^Z2, or 3/7/72; •— 3/722

= (divitling both fides of the equation by

3/7/7 — 3 ^^?) ^ = Mr. de Lagney then fubfti-

tutesj^
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tutes, inftead of z, in the denominator of the fradtion

the near value of 2 already obtained by the refo-
laa — 3 <JZ

lution of the fimple equation — "^aaz ~ r, to wit, the

fra<5lion
^

3aa
and thereby obtains the equation % =

z 3 _

3aa — 3a X
z3 _

; which laft quantity is equal to

3aa
Saa-

— c

a

(
= z3 _ a3 — c

3^3 f^3 3«3 — ^3 ^ ^

a3 — c

2 a^ -1- c
— — A X

i) =
a^—c X a

,
. Therefore z will be zr

c -f- c + 2a^

and confequently a — z will be zr ^

a3— c X a

c za 3 >

There-
+ 2 fl 3

fore the true value of a — z, or of the cube-root of the
' — cl X a

given number c, will be nearly — a —

Art. 34. This expreffion, a

C 4- 2fl3

0} — c) X a

C + 2«3

Oi E. I.

, of the fecond

near value of \/^ [T, will always be greater than its true

value; as, may be demonftrated in the manner following.

It has been fliewn above in art. 31, that — '^aaz -f-

3<2zz — zMs zi c. Therefore + ^azz will be z= 0 rh
^aaz z^ and will be = r + '^aaz — o,azz + 2% and
— c will be z: ^aaz — o^azz + z^. But 3<2^3!z — o^azz

-4- 2^ is
“ '^aaz— azz — ^azz + 2^. Therefore a?— c will

be z: ^aaz — azz — lazz -j- 2^ But, becaufe z is lefs

than cz, 2’ will be lefs than <222, -and, d fortiori^ lefs than

lazz,. Therefore ^^az r— <22:2 — 2azz -f z* will be lefs than

2,aaz — azz; and confequently — c (which is = '^aaz

— azz — zazz
-f-

z%) will be lefs than ^aaz — azz.

Therefore will be lefs than or than 3^72 —
a a

22 .
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7.x. But is = 3<z X (^. Therefore 3a x^
will be lefs than o^az — zz. Therefore, if both thcfe quan-

tities be fubtrafted from <^aa, the remainder — 3^

X will be greater than the remainder '^aa —['^az—zz,
laa

or than — 3^2: + zz. Therefore -..t
— will

be lefs than
«3 _

3 <z<j — ^az, 4~ z%
But

2)00— 3a X

— c

,3 _
3fla

_ 3a X

IS =:

^aa

^ ^ ^ Therefore will be lefs than

^aa

a^ — e

c -h Za^

c
But

c +
*'

*3aa — 3az+ %z

is equal to the value of z in the cubick
•^aa — 3^2 + 22

equation — ^aaz + o,azz — z^ == r, or to its true value.

Therefore ~ will be lefs than the true value of z.
c + za*

And confequently a greater than the

true value of « — z, or than the cube-root of c. e. d.

Art. 35. The other, or irrational, exprelTion— +
ifr
—
I2fl

given by Mr. de Lagney for the fecond near value of the

cube-root of r, when a is greater than the faid cube-root,
is obtained by preferving the term ^azz, as well as the

term ^aaz, of the cubick equation — ^aaz + ^azz — z^

r= f, obtained in art. 31, or by fuppofing the trinomial
quantity —

-
^aaz + ^azz to be equal to r, and refolving

the quadratick equation — 3^^z + ^azz — c in an ac-
curate manner. This may be done as follows.

Tf we fuppofe -j- 3<?zz to be zr c, we fliall

have a* -f 3^zz ~ c + 3<?«z, and zz c “^aaz — 3^zz,
and c zz ^aaz — 3<?zz, or ^aaz — ^azz — — c.

Therefore
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Therefore (dividing both fides of the eqoation by_ 3^,) we
\

(hall have az — zz = -.

3«

The compound quantity az — zz, which forms the left-»

hand fide of this equation, is rz « — ^ X z, and confe-

quently (by Euclid’s Elements, Book 2d, Prop- 5,) muft

be lefs than the fquare of or than And confequently

the other fide of the equation, or the quantity will
S'*

alfo be lefs than They may therefore both be fubtrafted

from — . Let them be fo fubtradled. And we (hall then have
4

e:a
j
dl

4
— zz — aa —

c

4 3«

3«3 11
1

w

1
12a 12a

t aa ,
aa

, or az 4- ZZ — —’4 4

3a

Therefore the fquare-root of the trinomial qua.ntity

az zz, will be equal to the fquare-root of the

fraction ——~. Now, if 2: could be of two different values,

the one greater than and the other lefs than the tri-

nomial quantity ^
— az zz might have two fquare-

roots, to wit, z, and z — j . But, as z in the pre-

fent problem is fuppofed to be much lefs than the latter

of thefe fquare-roots, to wit, z — cannot exifl, and' the

other fquare-root, ^ . z, will be the only one confiftenC

with the conditions of the Problem. Therefore we (hall

3 S have
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have — 2; rr and confequently (adding z to

both fides,)
4^ —
iza

4- z, and (fubtrafling \/^
4c—

2a

from both fides,) z = ~ — '

Therefore a — z

be = « - (= o -
2 ’ 12a '• 2 I iza •'

r
= - + 4c — n.3

iza

\/^fc will be ~ 4- \/

Therefore the fecond near value of

0^ E, I.
4f

—

12a

Art. 36. This exprelfion always

be lefs than the true value of the cube-root of the given

number c.

For, if we fuppofe z to increafe continually from o till

it becomes equal to the compound quantity az — zz,

or a — z\ X z, will increafe continually at the fame time

till it becomes equal to
a aa

or —

;

and confequently the

compound quantity 3<2 x [uz—^Zy or the compound quan-

tity ^aaz — ^azzy^ will increafe continually till it becomes

Therefore, when the compound
, aa

equal to 3« x — ,
“

quantity ^aaz — ^azz is equal to — r, the quantity z

will be greater than when the compound quantity ^^az —
^azz is equal to — c — which is lefs than — c \

that is, the value of z in the quadratick. equation o^aaz —

^

3^2:2 ~ — c will be greater than the value of 2 in the

cubick equation <^aaz — <^azz =. — c — 2% or in the

cubick equation -^aoz— 3^22 -4-2^ = —- r, or in the

cubick equation — Oy^^az 3^22 — 2^ zz But the

value of 2 in the quadratick equation ^aaz — ‘^azz z:
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rt’ — c is —— ; and the value of z in the cubick

equation a^ — ^aaz + ^azz — z^ rr f is the true value

of 2, or of the excefs of a above (c. Therefore the ex-

preffion ~ — will be greater than the true value

of z. Therefore a — — — or ——|-

2 \
12a ’ 2 ^ I 12a *

will be lefs than the true value of a — z, or than the cube-
root of the given number 0. 0^ e. d.

Art. 37. The irrational Formula
2 I 12«

will

approach a little nearer than the rational Formula a

'tf» — 7) X a

c 4- 20}
to the true value of the cube-root of c

;

becaufe

the irrational Formula is derived from the quadratick equa-
tion a^ — Of^az 4- 3^22 zi: r by an accurate refolution of
it, and the rational Formula is derived from the fame equa-
tion by an inaccurate refolution of it. But the difference

of exadlnefs between thefe two expreffions is not great, and
either of them will ufually give us three times as many de-

cimal figures of F exaft as were exa6t in <3, or the firft

near value of it. But, when the given number c itfelf

confifts of nine, or ten, or more figures, and alfo when a
confifts of three, or four, figures, and confequently a? con-

fifls of nine, or ten, or more, figures, the irrational expref-

fion ——1- \/\ will be found to be much eafier to
2 I

12«

compute than the rational expreffion a — \ ac-

count of the labour of dividing a^ — 7| x a by the long

number c 4- and therefore Dr. Halley thinks it; ought

to be preferred to the other.
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Art. 38. I have now given very full inveftigatlons of

the lour expreffions invented by Mr. de Lagney for the

fecond near value of the cube-root of a given number r,

of
,
which a firft near value, denoted by the letter a, is

already known, to wit, the four expreffions a +
A-C— ai

A, and a — fl X’«
and 7 +

la
and, — + .

,, , „ ,

of which the two firft relate to the cafe in which or

the firft near value of the faid cube-root, is lefs than its true

value; and the two laft relate to the cafe in which a, or

the firft near value of the faid cube-root, is greater than its

true value. And I have given demonftrations of what is

afferted concerning thefe four expreffions in art. 5 and 6,

to wit, that the firft of them, or a -V
c — X a

c +
is al-

ways lefs than the true value of and that the fecond

of them, or~ -f
A.C —

1 2a
is always greater than the

^—c'. X <*

c 2a^
faid true value, and that the third expreffion a —
is always greater than the faid true value, and that the

fourth expreffion p \/
4^ —

iza
is always lefs than th»

faid true value. And the two firft of thefe affertions have
been confirmed upon trial in the examples given in art. 8,

9, lo, II, 12, 13, 14, 15, 16, 17, 18, 19, and 20, of the

extraftion of the cube-roots of the numbers 2, 231, 37,945',
and the long number 696,536,483,318,640,035,073,641,037;
the faid cube-roots having been extrafted by means of the

two firft expreffions a -f-
—~ ^

- and A—p </^ c + zai 2
' ^

4c —
12a

which relate to the cafe in which a, or the firfl near value

of. is lefs than its true value, 1 will now therefore
give an example, or two, of the extraction of the cube-
^pots of numbers by means of the two latter expreffions
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a
X a

c + za*
which relate to the

cafe in which a, ov the firft near value of [7, is greater
than its true value.

An Example of the ExtraSlion of the Cube-root of a given Num^

her^ by means of Mr. de Lagney’j 'Third and Fourth Expref-

fions a — and— + in which a,

or the Firft near Value of is fuppofed to be greater

than its true Value.

•Art. 39. Let it be required to find the cube-root of 2,

which was extrafted above in art. 8 and 9 ; and let a^ or

the firll near value of the faid cube-root, be 1.26, which
is fomewhat greater than its true value, which is 1.259,921,

049, &c.

Here then we have c ~ 2, and a -=z 1.26. Therefore a*

will be ~ 2.000,376, and 2a^ will be zi 4.000,752, and
c + 20} will be (z: 2 + 4.000,752) = 6.000,752, and
a} — c will be (~ 2.000,376 — 2) z: 0.000,376, and

a^— t'j X a, will be (z: 0.000,376 X 1.26) zi 0.000,473,76,

\ c 1
<2^ — rl X a .-ii , 0.000, ^^7 X,

*7 6 V

and confequently will be (z:
a — ) —

c -j- 2a^ 6.000,752

0.000,078,950. Therefore a — la^ —q X a

c + 2a^ ’
or the fecond

near value of the cube-root of 2, will be (z: 1.260,000,000
— 0.000,078,950) = 1.259,921,050; which is a little

greater than its true value 1.2517,921,049, &c, agreeably to

what is alierted in art. 6, and demomtraced in art. 34.

And we fliall have 4c (z: 4 X 2) z: 8.000,000, and

== (~ 12 X 1.26) z: 15.12,
t 2

and
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and 4C ‘—
{— 8.000,000 — 2.000,376) z: 5.999,624, and

4£Zfl (— 5 -999 >6 z 4
^
- 0.396,800,529,100,529,100,529, &C,

12a ' 15.12

and v/[^—' {— v/0.396,800,529, 100,529, 100,529, &c,)
I2<2

A

2
+ 4^ - a}

12a ( =z: 0.629,921,049,894,76, and

0.630,000,000,000,00 + 0.629,921,049,894,76) zz 1.259,

921.049.894.76. Therefore the fecond near value of the

cube-root of 2, obtained by the irrational expreffion — +

• ,
will be 1.259,921,049,894,76; which is a little

lefs than the true value of the faid cube-root, agreeably to

what is alTerted in art. 6, and demonftrated in art. 36, the

more accurate value of the faid cube-root being 1.259,921,

049.894.873.164.76, &c.

Art. 40. The foregoing more accurate value of the cube-

root of 2, to wit, 1.259,921,049,894,873,164,76, was obtained

by taking 1.259,921,0 for a, or the firft near value of the faid

cube-root, and computing the expreffion + \/(^
14c - aJ

12a

For, if ^ is = 1.259,921,0, or 1.259,921, we (hall have

= 0.629,960,5, and«^ (= 1.259^92?!') = 1.999,999,

762,390,486,961, and 4c (zz 4 X 2) “ 8.000,000,000,
000,000,000, and 4c— zz 8.000,000,000,000,000,000

— 1.999,999,762,390,486,961
zz 6.000,000,237,609,513,039,

and 12«!? (zz 12 X 1.259,921) zz 15.119,052, and confe-

quently ^ 6.000,000,237,609,513,039 . _
^ 15.119,052 ^

0.^96^850,294,423,850,982,125,069,746,436, and
iza

( — \/ 0.396850,294423,850982,125069,746436 ) ZZ

0.629,960,549,894,873,164,76, &c. Therefore —^ +]
2
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will be (=: 0.629,960,5 + 0.629,960,549,894,

873,164,76, &c,) = 1.259,921,049,894,873,164,76, &c,
which therefore will be a very near value of the cube-root

of 2.

All the twenty-one figures of this number 1.259,921,

049,894,873,164,76, may be depended upon as exaft, if

no miftake has been made in computing the value of the

expreflion
- ai

12a
becaufe a, or the firft value of the

cube-root of 2, to wit, 1.259,921,0, confifls of eight figures

whicb are all exadt, and the number of figures that are

"
is always triple, or triple wantingexaft in ~ -f-

iza

one or two figures, of the number of figures that are exadt

in a i as was obferved in art. 7.

Art. 41. And in like manner in the fecond example, re-

lating to the extradlion of the cube-root of 231, if we take

equal to 6.14 (which is fomewhat greater than the true

value of the faid cube-root,) inftead of taking it equal to

6.13, (which is fomewhat lefs than the faid true value,) and

compute the two expreffions a —

^
I 12a , we fhall find the former of thefe expreffions to

be fomewhat greater, and the latter of them to be fomewhat
lefs, than the true value of the faid cube-root, agreeably
to what is aflerted in art. 6. Thefe computations may be
performed as follows.

If a is fuppofed to be ~ 6.14, we fliall have —

— 3.07, and 12a (= 12 X 6.14) = 73.68, and (=:

677?') = 23 1.475, 544,_and — c (= 23i-475>544 —
231) =: o.475,544/.and x a (= 0.475,544 X 6.14)
z; 2.919,840,16, and 2«' ( ~ 2 x 231.475,544)

—
462.
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462.951.088, and c 4- 10? {—

693.951.088, and confequently

231 + 462.951,088)

c +
2.919,840,16

693.951,088

6.004,207,559- Therefore a - ^ will be
(
=

6.140,000,000 — 0.004,207,559 ) — * 35 »79^’44 * >

which is greater than the true value of the cube-root of

231, agreeably to what is afferted in art. 6, and demon-v

ftrated in art. 34, the faid true value being only 6.135,792,

439,661,958, &c. See above, art. 10, page 476.

And we (hall have 4^ ( == 4 x 231) == 924, and — df

924.000,000 — 231.475,544) zz 692.524,456, and

“ 9.399,083,279,044,516,829, and

''I 12«

439,004.

(= ‘/9-3990831279044,516829) = 3.065,792,

Therefore — + i^[——

~

will be (z= 3.07
2 '

I 12« ' j /

+ 3-065,792 i439 i004,) z= 6.135,792,439,004; which ia

lefs than the true value of the cube-root of 231, to wit,

6.135,792,439,661,958, &c, agreeably to what is aiTerted

in art. 6, and demonllrated in art. 36.

Art. 42. Thefe two examples are fufficient to illuftrate

and confirm what is alTerted in art. 6, and demonftrated

in art. 34 and 36, concerning the two expreflions a —
t

6)x« , , ^1, 1*1 • 1

given by
c -4 2«^

and
12«

which are

Monfieur de Lagney for a fecond near value of the cube-
root of a given number e, when or the firft near value

of it, is greater than its true value. And with them 1 (hall

conclude the prefent trad.

£f?J of the ’TraEl on the Cubes of the Natural Numbers i, 2,

3 > 4 > 5 > 6, 7, 65?^", and on Mr, de Lagney’j Method of

ExtrabHng the Cube- roots of Numbers by Approximation.

A GENE-
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( 5°7 )

A

GENERAL METHOD
O F

EXTRACTING THE ROOTS OF NUMBERS

B Y

APPROXIMATION.
,

Article I. "T N the foregoing Tra<5t I have inferted Mon-
Jl fieur de Uagny’s Method of Extrafting the

Cube-roots of Numbers by Approximation, and have both

given full inveftigations of it, and illuftrated it by feveral

examples that clearly prove itS' great utility. But Mr. de
Lagny did not confine this method to the extraftion of the

cube-roots of numbers, but extended it to the extradtion of

their fifth roots, and their feventh roots, and all higher

roots of them vvhatfoever. This he did by purfuing the fame
principle by which he had before been enabled to find his

approximations to the cube-root of a given number, to wit,

by confidering the conftitution of the compound quantity

that is equal to any given power of a binomial quantity,

(fuch as <2 -4- ^,) or of a refidual quantity, (fuch as a— ^,)

and fubflituting the fum, or difference, between a, the firfi:

near value of the root fought, (which is fuppofed to be al-

ready known,) and z, its unknown difference from the true

value of the faid root fought, inftead of the faid true value

itfelf in the original equation derived from the conditions of

the Problem, and then refolving the new equation, refult-

3 T 2 ing



5o3 Mr. de Lagny’j Method of Extra&irg

ing from fuch fubftitiitlon, as if it were a quadratick equa-

tion, or negle6ling all the terms of it which involve any

higher powers of its root, or the difference z, than the fquare.

This method I fhall now endeavour to explain in the folu-

tions of the two following Problems.

PROBLEM I.

Art. 2 . Let N be any propofed number whatfoever, and

m any propofed whole number whatfoever ;
and let ^ be a

known number that is nearly equal to, but lefs than, the

wih root of the given number N. It is required to find a

fccond near value of the faid wth root of the given num-
ber N, that fltall approach much nearer to it than or the

former near value of it that is already known.

SOLUTION.

Let z be put for the unknown difference between the

firfl near value of the ;;;th root of the given number N, and
the true value of the faid number. Then, flnce a is fup-

pofed to be lefs than N, it follows that a \ z. will be

^ N, and confequently that a -f- will be — N.

But, by the binomial theorem in the fiift and fimpleft cafe

of it, to wit, the cafe of integral powers, a

the feries a m ^

%

-p m x

-f will

OT -» 2

be

2
X CL
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. w— 1 m — 2 m— X ,
,

m — \ m — %
+ OT X — X — X « ^ 2^ 4- X —— X

2 i 23
•m— X m— ± .

.
m—l m— z m— X «— 4

i X a ^ 2/^ + 7n X X X -7^ X --

—

X

X

a^~~^ + See, continued to »; + i terms; or, if, for the

fake of bievity, vve fubftitute the -capital letters A, B, C,

D, E, F, &c, inftead of the feveral numeral co-efficients

I, m m X
m— I

2

vt—z m—X VI—

z

X , m X X —

—

3 2 3
X

^ and m x
4

X
4

X
m— ^ &c, refpec-

tively, a -j- zp will be rz the feries A a”* +

C a 2® 4 Da^ ^ 2^ 4 2 “* 4 F ^ z*

4- &c, continued to »2 4 i terms. Therefore the faid feries

4 F / ^ 2* 4 5^c, continued to w; 4 i terms, will be

=2 N. This is the original equation, by the folution of

which we are to find a near value of 2, and confequently

a fecond near value of <e 4 2:, or %/”* N.

Art. 3. Now, fince 2 is lefs than a, and ufually much
lefs, being about a loth or'iooth part of it, or fome ftill

lefler part of it, it is evident that all the terms in the afore-

faid feries that involve 22, and z% and z*, and the follow-

ing powers of 2, will be lefs, and ufually much lefs, than

the term B 2, which involves only the fimple power

of 2. And therefore, if all the faid terms of the feries be

negleded or omitted, the two firft terms alone, to wit,

A^"” 4 B<3^ ^2, will be nearly equal to the given num-

ber N ; and confequently (if we fubtrad A a”^ from both

fides of the equation,) we fliall have B«^^~^2 rjearly n:

N — Aa^

,

and (dividing both fides by z nearly



510 Mr, de LagnyV Method of Extracting

m
^ ~ — or (becaufe A is = i, and B is m) z

m — 1 '

B a

heady
ti — a

m

m a
m—i

which fradion may be derived from the

known quandties N and a by the operations of Multiplica-

tion, Subtradion, and Divifion. This therefore is an ap-

proximation to the true value of and confequently a ^
21—1— will be an approximation to the true value of a z,

m

or of N, or will be a fecond near value of it that will

approach nearer to it than a, or the firft near value of it

which was already known. But it will evidently be fome-

what greater than the true value of ; becaufe it arofe

from a fuppofition that A + B a" ^ z were equal to the

whole feries of which they are only the two firft terms, or

that they were greater than they really were.

m
This quantity, a + —

,
is the expreffion given by

m a

Mr. Raphfon for the fecond near value of the »2th root of

the given number N. And it is a very ufeful approxima-
tion ; for it ufually gives us twice as many figures of the

true value of N exad as were exad in or the firft

near value of the faid ;;^th root. And it is evidently the

moft fimple and eafy approximation to the value of the faid

m\\\ root that can well be imagined.

Art. 4. But Mr. de Lagny, being defirous of finding at

once a ftill nearer- value ot the mi\\ root of the number N,

retains the third term C as well as the two firft

terms ka and B^^^^ ^ z, of the feries A

-h C <2 z^ T) ^ E a'" ^z4- ft- Fa^~~^z^ -t-

&c, (_which is equal to N,) and thereby converts the original

equation
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1

equation z + z^ + Dzz”**“^2*4*

E z^ -|- &c, = N into a quadratick

equation, to wit, the equation A a +Bzz z + Ca 2; A
rr N, inftead of converting it (as Mr. Raphfon does,) into

the fim pie equation Aa”^ ^ z ~ N. And this

quadratick equation he refolves firft imperfedlly, or inac-

curately, by fubftituting in one of its terms, inftead of z, the

inaccurate value of z already found by the refolution of the

' fimple equation Aa^ + z ~ N, to wit, the ffaflion

N — <J

;
, (by which fubftitution the quadratick equation is

tn a^~~^

reduced to a fimple equation,) and then refolving the faid.

fimple equation thereby obtained ; which produces a fecond

value of z that is nearer than the former value to
m— Im a

its true value. And this gives him a rational expreffion for

the value of zz + z, or the fecond near value of N.

And then he refolves the fame quadratick equation, Aa”^

•h B z + C a z*, accurately, by the common
methods of refolving quadratick equations ; which produces;

a furd, or irrational, expreffion for the value of z, and
confequently another furd, or irrational, expreffion for the

value of a + z, or for the fecond near value of \/”* N,

Thefe refoliitions of the faid quadratick equation A a'" 4-

Ba'^'^^z — zz N, may be performed in the

following manner.

Art. 5. Since A«”* + z 4- is r: N,

we (hall have B af~^z + C z* := N —. A zz
j
that

is.

f
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is, 2: X + z X C X will be r= N -

A«”, orz x[Ba"‘-‘ + C X «"“Qwill be = N —
A of . Therefore (dividing both Tides of the equation by

the compound quantity + C X z) we ibaU

have z — N — A/J

m— I ,
m -r- 2

S,a + c« %

N — A
”

Now let or (which has already been
'B a til a

fliewn to be nearly equal to z,) be fubftituted inftead of z

in the fecond term C a
m— z

of the denominator of the

fraftion laft obtained, to wit, the fraftion

And we fhall have z —

N — A <7
m

m— 1 ,
iw— 2

B a + c a *

N *- A <7

m

B <» + C a X
( iT*
I

s — a

or

m a
m-r-l

(becaufe A is =: i, and B is rr »/,)
/

„ fn
N """ d 1*1"

Z ~ which is

m—\
, m— 2 .ma + c a x

f VI
N — a

m a
m—\

N — a
m

a
Zm— 2

+ cam
— z

X N — a
m

m a
m— i

N

^ I m— z „ zm— zm^ a -HcNa — ca
m— i

N a I

«P a
m— l

m , zm— z , 'z«--2 zrn^Z*a +CNa — ca ^
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n — a I X m a
m— I

, 2/w— 2 ,
m— 2 zm — 2

a + c N rt — c a

N — rt
7?I

X Z7H a
m— i

, , 2 7/1— 2
,

77/— 2 zm
im-

a

+ 2C N — 2C«
~ (becaufe C is

= m X
TTt

and confequently 2C is in w X — ij

which therefore may be fubftituted for it,)

— a I X 1777 a
m— I

2777^ a
zm — z zm— z

+ 777 X m — 1 ] X X " —777 X m — 7} X a

(if we divide both the numerator and the denominator

by m,)
N — « 1 X 2a

777 —1

zm z

^
a — a I X za

^777 —

Z

771— 1

1777 a +777 ll X N X « — (777 — T) X a
zm— 2

Z/77 — 'm — 1

I
Z777— Z

, ^ m — zX a +OT — llXNXfl

m-r-17/71

N — a \x 2a

zm — m + i') Xrt^”* "+OT — dxNXa
m— I

711—

z

N — a ' X Za

777
1 2777— .2

.

— ^ 771 2
4- I] X « + 777 — i] X a X a

tiply both the numerator and denominator into a,')

= (if we mul-

s — a I X 2a
m

m + 1 X a
Z777—1

+ 777 — 1
] X N X a

m-
-— — (by dividing

both the numerator and the denominator of this fradlion by

T/n
•a — a \

a
m— 1

.)

X 2a

m 4^ X a 4- — d X N
, or

2a X N — a

777 ?] X N 4- 777 4- + a
m

Therefore z will be
2a X N — a

m

m— d X N 4- ?«4- d X a

3 U

, and confe-

qucntly
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quently a z will he = a —
^ - w — II X N

2 a X N — «
fft

+ m+ i] X
m

or a +
2a X N — a

will be a fecond near value

X N + «* +T| X a ^

of ^ + 2?, or of the mh root of the propofed number N.

0^ E. I.

Art, 6 . The quadratick equation mentioned above in

art. 4, to wit, the equation A a'^ -r B a z + L a z

zz N, or (becaufe A is = i, and B is z= m, and C is =:

tn X j) the equation a + 7jt a z + m x X
2 2

accurately refolved in the manner

following.

By doubling both Tides of this equation we fliall have

m ,
m-rri

,

‘

^ ;/z — 2 -r

+ 2ma z -h m X fri — i) X « zz — 2 JN ;

and, by multiplying both Tides of this equation. into aa, we

(hall have la -{• 2fn a z m x ri — i x ^

X zz = 2a* N ; and, by fubtrafling from both

Tides, we lhall have z m X m — x x az

n 2aa N — ^
; and, by dividing both Tides of this

«4" I
2tna z

,
2aa N — 2 a

4- —
, or

laft equation hy m x in —^ x ^ , we fliall have

«+2 «+ 1- ‘ 9/2 * 'y.

+

+

' m X m-r'H X a

Zaa

X «— M

, or (becaufe

X a
m m — l\ X

' m+ I

m X m— l X <?

m
is == a,)

2az

m — i

ZZ
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OT-f* Z
^ „ 2aa N — 2 a '

^ ,

Xz = : , or -— X Z + ZZ —
m fft—l

2 N — 2 a
m

m X »2—1 1 X a m X m— I X fl

tn-^Z'

la ... 2 X N — a
or X Z ZZ —

m

»2 — 1
tn X m—x X a

»2— 2

Now let the fqtiare of (which is half the co-efficient

of z in the term —— )
be added to both fides of this equa-

tion. And we fhall have
^

+
2 X X — a

»2

m— I

aa

,
2a a

+ X z + zz:=—
»2—1 m -^1

m— 2
+

2 X w — a
m

in—

2

on
m X »2— 1 X a'" “ »2 — ij* m X m — i X a

if, for the fake of brevity, we put P for the quantity

aa
+

2 X N — a
m

VI—

z

, we (hall have —- ] 4-
2a

2» — I m — im — M® 2W X »2— 1 X a’

X z + ZZ ZZ P. Therefore, (extrafling the fquare-roots

of both fides.) we fliall have — zz V'P, and z zz

Therefore a + z, or v^^fN, will be =z
»2—1

« + v/P ~ or 27 + a/

Ei I.

aa
+

2 X N — a

»2— ir m X m—i X, d
»2— a

Th I

Art, 7. This irrational expreffion

r.

\

ad
d-

2 X N — a

m — lY m X m — l X a
m— Z m-

or a '4^
'I ‘ ‘

4 + y

- 1:
— will approach fomewhat nearer to the true

value of y fN than the former, or rational, expreffion,

^ \J z ft -f*
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a + —!!—

t

; becaufe it proceeds from the
s

,

—r~ m ^

VI— 1| X N + I X a

accurate refolution of the quadratick equation + rruT

+ m X X ^ zz — N, whereas the rational ex-
2

la
prefiion a + _

— was derived from an in-

, 7«— I X N + w-t- X

accurate refolution of the fame quadratick equation. But
the difference of the two expreflions^ in point of exadnefs^

is not great ; and either of them will ufually give us three

times as many decimal figures of the true value of
exad as were exad in or the preceeding near value of it.

Examples of the Extratlion of the Roots of Numbers by

Means of the foregoing Exprefions*

EXAMPLE I.'

/

Aft. 8. Let it be required to find the cube-root of the

fiumber 2, having 1.259 value of the

faid cube-root.

Here N is = 2, and m is ~ 3, and confequently m — i

is 3 — i) ~ 2, and 7n + 1 is (— 3 + i) zi 4, and

the expreflion a -f
X N — m

VI— 1 ) X N + 7«+ l] X a
m

becomes — a +

ia y.

, or a -4-
rt X N — «3

3 or a -\-
N — X a

, or, (if
2N 4 4«^ '

‘ u + 2a^
3 1 _

J
_ ^^3

we fubftitute the fmall letier c iiifteacl of the capital letter

N.)
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N,) the fil'd, or rational, expref-

fion, given in the preceeding tradl for the ciibe-j'oot of the

number c. And as a is fuppofed to be — 1.259, this ex-

,
c — X « n I I

2 — iTiTgjslx l.Zin
prelnon a + ^— will be =r 1.2 co H
^ c + 2 a^

1-259 + 2 — • i.99S»6'i6,q79^X 1.259

2 -}- 2 X 1.995,616,979

2 + 2 X i.25^s

= 1.259 +
0.004,383,021 X 1.259 _ , ,

0.005,5i8j2 23,-4J9
•

— — — 1.259 -j- __ 1.259
2+3.991,233,958 5.991,233,958

-b 0.000,921,049,55, &c :i:f 1.259,921,049,55, &c. There-
fore 1.259,921,049,55, &c, will be a near value of the cube-
root of 2. E. I.

' See the preceeding Tra6V, page 474.

Art. 9. And if we compute this cube-root by me^ns of

the irrational expreflion -f \/P — or a — -p

v/Pj or ^ —
-f-

m— I' m— I

m— i

aa
+

2 X N — a
m

m X m— 1 X a
m— 2

, we

fliall find that this expreflion will, upon making the proper

fubftitutions, co-incide with the irrational expreflion given

for the cube-root of a given number c in the foregoing

traft, to wit, the expreflion — H-
^

and confe-

quently give the fame value of the cube root of 2, as was

obtained in the foregoing trad by means of that expreflion.

For, fince m is — 5, we fliall have m — 1 = 2, and

~if‘ zz 4, and m x fft — i (z: 3 x 2) zz 6, and#;•

2.

m — 2 (“ 3
— 2) = I, and a zz <^, and confequently

N —

m

aa aa
, and

2 X N — a
7H

2 X N— aS

m X w— 1 X a
m — z t X 0

‘ and
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and P, or
tut

m—1
+

2 X N — a
m

m X m —X X a

^ aa N —
f»— 2 "4

3«

_ 3fL , g - 4ff _~ 12a 12^ 12a 12a ’ ’

fubftitute £ inftead of N, in order to adopt the notation

ufed in the foregoing traft,) P = and a

+ v'P ^ - -f + v/P = -^ + v/P) = -f +

; which' is the irrational expreflion given in the

foregoing trad for the fccond near value of the cube-root of

the number c. So that the general, irrational, expreflion a—»

2 X N — a
m

Jt- + v/P.oi- « - „7^ + v/ =^. + -

m X m— i X a

which is obtained by the general inveftigation of the wth

root of the given number N in the prefent trad, agrees

perfedly with the particular, irrational, expreflion — -f-

V/
[4^ —

12a
, which was obtained in the foregoing trad, by

the particular inveftigation of the cube-root of the given

number c.

And, fince ^ is zi 2, and <2 is zz 1.259, we fhall have

(r: 1.259V) — 1.995,616,979, and 4c — (n 8.000,

000,000 —*• 1.995,616,979) zz 6.004,383,021, and 12^

—
j

J5.108
(=12x1.259) = (= ^

12a

<^*397 j43 o» 70o^3> v^o*39743o,7oo3) z:

©.630,421,050,01, and
-J-

(z: ^^^) z: 0.6295, and

Of6295 4. 0.630,421,050,01) z: 1.259^

92*,
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9

9*1,050,01. Therefore 1.259,921,050,01 will be a fecond
near value of the cube-root of 2. e. i.

The firft eight figures 1.259,921,0, ,of this number
1.259,921,050,01, are exad, the more accurate value of the

cube-root of 2 being 1.259,921,049,894,873,164,76, &c,
of which I believe all the figures to be exaft. See above,
pages 502 and 503.

EXAMPLE II.

Art. 10. Let it be required to find the fifth root of the

number 2, which the celebrated Vieta, or Monfeur Viete,

has found to be 1.148,697.

Here m is “ 5, and confequently m — i is r: 4, and
m + I IS — 6 , and the firft general expreflion a -f-

2 ^* X N
m

m X N w+T| X

•111 / ,
X N —

Will he (— a =s <2 4.
^ 4N -

1
- 6«^ ' *

^ ^ ^
^

, or a f ; and the other general expreflion
2 N 4 3a*

m— I

2 N -f 3^:5

+ s/FjOra —
-f \/

aa X N—

a

m

m-

will be (=z a ^ -p
16
+

^ X m— i\ X a

2 X N— flS 3«

m— zi

5 X 4 X +
n —
loa^ 4

lOflS _ 1(5^5
mmmmmmrn

i6oa^ 160a* “T
V/

4- j

6

n — i6<2*

i6o<j2
=^+ V/

4

i 6n — 6a*

lOoa-» )=f +4
8n—
8oa*

We muft therefore compute one of the two expreftions

in order to obtain aa +
ax N a-

2N 4 3a*
, and

fecond
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fecond near value of the fifeh root of N, or 2, when we
fliall have firft found a, or a firfl; near value of the faid fifth

root that is lefs than its true value, ,to a fmall degree of

exadnefs.

Art. II. The value of a, or the fiift approximation to
|

the fifth root of 2, may be found in the following manner.

The fifth root of 2 is the fecond of fix quantities in con-

tinued geometrical proportion, of which i is the firfl:, or

leaft, and 2 is the fixth, or greateft. Now the excefs of the

fecond of thefe proportionals above tjie firfl, is neceflarily

lefs than the fifth part of the excefs of the greateft above

the leaft, becaufe the excelles increafe in the fame proportion

as the terms themfelves. The excefs of the greateft of thefe

fix terms, to wit, 2, above the leaft of them, or i, is i ;

of which the fifth part is — , or -A-, or q.2. Therefore the
^

J JO

excefs of the fecond term above the firft will be lefs than

or 0.2 j and confequently the fecond term itfelf will be

ids than i -p or than 1.2. Let us therefore fuppofe

this fecond term, or'the fifth root of 2, which we are feed-

ing, to be equal to i.i
; and let us raife this number to

the fifth power, in order to try how nearly it approaches to

the truth. d
/

Now, if we raife i.i to the fifth power, or multiply it

four times into itfelf, we (hall find that iTTl’ is 1= 1.61051, ;

which is confiderably lefs than 2. Theiefore i.i muft be

confiderably lefs than the true value of the 5th root of 2.

But we have feen that the faid true value muft be lefs than

1.2. Let us therefore fuppofe it to be equally diftant from
I.I and 1.2, or to be a-^d try whether this will not

be pretty near the truth.

Novv i.i cV is := 2.01 1,357,187,5 ; which is a little

bigger than 2. Therefore 1.15 mqft be foiT\ething greater

than the 5th root of 2. But the difference can be but fmall.

Wq
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We will therefore, in the next place, fupp.ofe the faid 5th

root to be iz 1.14, and raife this nutnber to the fitch power,
in order to difcover whether the faid fifth power will be
greater, or lefs, than 2, and confeqiiently whether i. 14 will

be greater, or lefs, than the fifth root of 2.

Now, if we multiply 1.14 four times fucceffively into it-

felf, we fliair find that 1.14I® — 1.925,414,582,4 ; which
is fomewhac lels than 2. Therefore the 5th' root of 2 will

be greater than 1.14, Hut lefs than 1.15 ; and therefore 1.14

will be a very convenient firft near value of the 5th root

of 2, and will be very fit to be made the bafis' of.ja .further

approximation to the true value of the faid 5th root, Jby
fubflituting it inftead of a in either of the two expr^Ons

a -j- ^ ^ ^ and —
-ft > which have been de-

rived from the foregoing Problem.'

Art. 12. Now, if we fuppofe a to be z: 1.14, we fliall

have aa = 1.2996, and a- — 1.481,544, and zz 1.925,

414,582,4, and confeqiiently N — (z= 2.000,000,000,0

— 1.925,414,582,4) == 0.074,585,417,6, and.N ~ x a
(— 0.074,585,41 7,6 X 1*14) = 0.085,027,376,064, and
2N (“ 2 X 2) rr 4, and 3«* (= 3 ^ 1-9255414,582,4)

5*7765243,747,2, and 2N + (~ 4 + 5*776,243,747,2)

. j N —a^] X a . 0 .085 ,027 ,376 ,064 .

= 9-776>243.'/47.2. “"d (= -
2N 4-

— /2^1

9-776524357475^

X a
will be (rz 1.140.008,697,34. Therefore a + —

T y I TOT 2N 4-

+ 0.008,69,7,34) zz: 1.148,697,34; and confeqiiently

1.148,697,34 will be very nearly equal to the 5th root

of 2. ti. E. I.

This number 1.148,697,34 agrees with that found by
Vieta, to wit, 1.148,697, in all its (even figures, but is car-

ried to two more figures.

The other expreffion — +
as follows.

may be computed

3X Since
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Since is iz: 1.14, vve fliall have 3^ (rz 3 X 1*14)

.5.42, and (:
Idi) 0.855, and 8N (= 8 X 2) =
4

j6, and3^7*C— 3 x i •92'554i4)5^^>4) — 5 *77 ^>^43 >747 >^»

and 8N — 3«* (zr 16.000,000,000,0— 5.776,243,747,2)

z: 10.223,756,252,8, and 8o^z^ (— 80 x 1.481,544) z:

,118.523,520, and -g^^3 ' 118.523,520
^

259,303,240,40, and v/ (= v/0.086259,303240,

40) z; D.293,699,34, and confequently
^ + \/

8n —
8ofl^

(z: 0.855 + 0.293,699,34) z 1.148,699,34. Therefore

the fifth root of 2 will be very nearly equal to 1.148,699,34.

, Qi E. I.

EXAMPLE III.

Art. 13. Let it be required to find the 5th root of the

number 307,68282,1 1067,13625.

In order to find a firft near value of the 5th root of this

long number, we may begin by comparing it with the fifth

powers of the numbers 10, 100, and 1000, and the follow-

ing powers of 10. Now the fifth power of 10 is 100,000;

which is very much lefs than the propofed number : and
'the fifth power of 100 is 10,000,000,000 ; which is alfo

much lefs than the propofed number : and the fifth power

'of 1000 is 1000,000,000,000,000 ; which is alfo lefs than

the propofed number:, but the fifth power of 10,000 is

100,000,000,000,000,000,000 ; which is greater than the

,
propofed number. We may therefore conclude that 1000

'muft be Ids, and that 1 0,000 mull be greater than the filth

root
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root of the propofed number. Therefore the fifth roof of

the faid number muft be of an intern^ediate magnitude be-
tween looo and 10,000.

Further, the propofed number 307,68282,1 1067, i_5625 is

greater than 307,00000,00000,00000, or than 307 X 1000/.

Therefore the fifth root of the faid number will be greater

than the produdl of the multiplication of the fifth root of

307 by I coo. We will therefore inquire what is the fifth

root of 307.

Now the fifth power of 2 is'32, and the fifth power of 3
is 243, and the fifth power of 4 is 1024. Therefore the

fifth power of 4 is much greater than 307, and the fifth

power of 3 is a little lefs than 307. We may therefore ,

conclude that the fifth root of 307 will be much lefs than

4, and a little greater than 3 ; and confequently the fifth

root of the number 307,00000,00000,00000 will be niuch

lefs than 4 x 1000, or 4000, and a little greater thai4

3 X 1000, or 3000. We may therefore reafonably con-

jedure that the fifth root of the propofed number 307,
68282,11067,15625, will be nearly equal to 3100. And
accordingly, if we raife this number 3100 to the fifth power,

we (hall find the faid power of it to be zz 286,29151,00000,
00000, which is pretty nearly equal to, but fomewhat lefs

than, the propofed number 307,68282,1 1067,15625^ There-

fore 3100 will be a proper number to make the bafis of a

further approximation to the true value of the fifth root of

the faid propofed number, by means of either of the two ex-

preflions above-tpentioned, to

+ v/

wit, a 4-
N — X a

21^ 4- 3
^**

*

Art. 14. Here then we have N zz 307,68282,1 1067,15625,
and a = 3100, and conlequently ~ 286,29151,00000,
00000, and (zz 3 x 286,29151,00000,00000) =:
858,87453,00000,00000, and 2N ( zz 2 X 307,68282,

11067,15625) = 615,36564,22134,31250, and 2N + 3a*

3X2 (
=
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(zr ^615,36564,22134,31250 + 858,87453,00000,00000)

zz 1474,24017,22134,3 1 250, and N (zz 307,68282,

11067,15625 — 286,29151,00000,00000) = 21,39131,

11067,15625, and N — X a {— 21,39131, 1106 7,1 5625

X 3100) zi 66313,06443,08184,37500, and y (~

<i6a.j,°6443 .°l-j±31g3
) = 44.0S. Tlierefore

will be(=; 3100 + 44*98) — 3144.98, which will there-

fore be. nearly equal to the fifth root of the propofed num-
ber 307,68282,11067,15625. 0^ E. 1.

The three firft figures, 314? number 3144.98, or,^

father, the five firlt figures of it, 3144.9, are exaft, the

error being only in the fixth figure 8, which ought to be

a 9 inftead of an 8. For the exaft root of the propofed

number 307,68282,11067,15625 is 3144.999,999, ad infi-

mtum ^ or the whole number 3145, as will appear by raifing

the faid number 3145 to the fifth power. '

Art. 15. The other, or irrational, expreflion for the fe-

cond near value of the fifth root of this number 307,68282,

11067,15625, to wit, the expfefiion — +
4

be computed as follows.

8n —3a*

80«^
may

’ Since a \s — 3100, vve fliall have 3« (— 3 X 3100) zr

9300, and (zz zz 2325, and a^. zz 2,97910,00000,
4 4 «

and — 286,29151,00000,00000, and 8o^^' (zz 3o X
2,97910,00000) rzz 238,32800,00000, and 8N (zz 8 X
307,68282,1 1067,15625) zz 2461,46236,88537,2 5000, and

zz 858,87453,00000,00000, and 8N — (zz, 2461,

46256,88537,25000 — 858,87453,00000,00000) zz 1602,

58803,88537,25000, and

•

^^

^ 3

-

iz 672^:^9.6091, and

1 602, 5 880 3, 885^^-, 2 5000

23 8, 32>- 00,00000

v/ 672429.6091)

820.01,
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820.01,’ and confequently ^ (~ ^3^5 +
' 820.pi) ~ 3145.01. Therefore 3145.01 will be a fecond

near value of the fifth root of the propofed number 307,
68282,1 1067,15625. ' Q. E. I.

Art. 16. If we (hould chufe to find the fifth root of this

number 307,68282,1 1067,15625, by means of Mr. Raph-
fon’s expreffion for its value, to wit, the expreffion a +
N —'

rt ’ a*— -

y
, or ^ H ,

(which certainly has the merit of

»

being much Ampler, and eafier to be remembered., than

either of Mr. de Lagny’s expreffions, and likewife much
eafier to compute,) the computation will be as follows.

Since is zz 3 100, ve fliall have a* — 9235,21000,00000,
and ~

286,29151,00000,00000, and c^a'^ ~ 46176,
05000,00000, and N — (~ 307,68282,1 1067,15625
— ^86, ’9151,00000,00000) zz 21,39131,1 1067,15625,

and ^
.. ,9-3.,r'c67,.i6x; _ Therefore « +
46176,05000,00000

N

5«4
will be (zz 3100 -f 46) — 3146; which therefore

will be the fecond near value of the fifth root of the pro-

pofed number 307,68282,1 1067,1 5625, obtained by Mr.
Raphlon^s approximation. e. 1.

A SCHOLIUM.

This lah near value of the fifth root of the faid propofed

number, which has been obtained by Mr. Raphfon’s approx-

i nation, is greater than its true value, 3145, by only an

unit, or the 3145th part of the faid true value. So that this

very Ample method of approximating to the roots of num-
bers
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bers may be jnftly confidered as extremely ufefiil as well as

cafy. And, if this procefs were to be repeated, by taking

3146 for the value of a, and fuppofing a — 2s to be equal

to\/*N, {a, or 3146, being fomewhat greater than the true

value of the fifth root which we are in fcarch of,} and by

computing the expreflion a -— that would refult from

that fuppofition, this fecond procefs would double the number

of figures that are exadt in a, or 3146, or give us about foyr

times the number of figures that were exaft in 3100, or the

former value of a

;

which is more than is done by either of

the two expreflions, a -f-

N — («^1 X a

2 N 4- 3d* * and — 4-
4

^
I 8o«3

given us by Mr. de Lagny : So that two fteps of Mr. Raph-

fon's method of approximation are more than equivalent to

one ftep of Mr. de Lagnf^ method. It may therefore be

doubted, whether Mr. Raphfon's method is not, upon the

whole, to be preferred to Mr. de Lagny's, as Mr. Raphjon

himfelf always thought it to be. For he tells us in the Ap-
pendix to the fecond edition of his excellent Treatife, ip-

titled, Analyfis jEquationum UniverfaliSy (which fecond edition

was publiflted in the year 1697, feven years after the firft

edition of it, and five or lix years after the publication of

Monfieur de Lagnfs method,) that he himfelf had had thoughts

of refoiving the quadratick equation A a”^ ^ ' z

L. 2 — JN
, or m a 2 + X X

2

VI 2 •

a 2® = N, in the imperfedt manner adopted by Mr.
Lagny, in order to obtain his rational value of z, to wit,

—-— , to wit, by fubftituting in the term
i\ X N 4 /«4-7) X

^ 2 • • •X — X tf 2* of the faid quadratick equation, in-

flcad of 2, the value of z already obtained by the refolution

of the fimple equation m ^ 2 ~ N, to wit, the

fradtion
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m
fradlion (by which fubftitution the faid quadratick

m *

equation would be converted into the following fimpleequa-

* m-~lma

• fn ,
771—1

,
VI—

I

tion, a ->r m a z-4-»jx X «
7n—x m—

I

m — z
z X

cr N,) and then refolving the fimple equation tlience re-

fulting, to wit, the fimple equation -}- m x
7»

,
?n—i 7U— 2 n—a m — t+ OT X X a z X = or ma z
2 m—l

777 a

,
777—1 771—2

+ X X a X
/ 777

IN — a

» 777—1
777 a

xz =z or

2 X \r/i a
I

777— \
.

777— 1 777-2 j N — »»\ma + m X X a X | z: N— « ,
' 2 777— I

*

777a

in the ufual way, or by the fingle operation of Divilion,

which would give us 2 (—
N — a

777

777—1
, ^

777— 1 777

177a -{• 777 X X a
2

X Er-il
* 777— 1
777 a

N — a
Tit

fN — a
777

777— 1 ,
777—1 ^ 777 — 2 ^ .

777 a + X a X
. ^ 1 ^ ~ I

2 X N — a
777

V
777-1

,
777— 2 ^

2777 a 777— 1 a X
N — a

771

. 777—

X

2 X N — a
777

277} a
2771— 2

171— 1 X a^^ ^ X N — a'^*

772 —1



^2? Mr» </i?Lagny’j Method of ExtraHln^

2 X N —a m

ifn— z . \ Vi— z zm— z p 2tn—z
zma + w— 1 1 X rt X N — « -Y a

a
m-

2 X N — a
tn

. - zm— 2 ,
Zm — 2m a

^ + a ^XN
;T'>iT.'1...c :—

.

a
m — I

2a X N m

Zm —1,1 zm — I
, ^ rh — i

.. + d VI —,\\ X a X N

2a X N—

a

m
> a
j

m

2a X K a
m

m
,

m
,tna + a + m— i x n ?n l\X a + m — \ XN

, V -

, and cbnfecjdentiy a + z ar ^3 -f-

)

m
N —'a ^.x 2a

w
7W— i| X N + wJ+i X a

t X za
N A

'_—

'

; which is Mr. de La^ny*s rfltfoMl
»7^^ X If + OT+ll X
exprellion f»r the fecond near va4ue of the OTth root of N.
Mr. Rafbjon {I fay,) tells us that he hin^felf had had thoughts

of refolving the qurrdratick equation a”* m
~

^ z +
m X

m—i-I m—2 , - , . , . . -
-- X ^ „ 2

_
= N m this manner, in order to

obtain a value of z fbmewhat nearer to the truth than the

fraftion
N — a

m

m a
i"Z7> which he had obtained by the refolution

^ • -.t

of the fimple equation a but that he
did not think proper to adopt this' method, becaufe he
tl^ught his own method* of approximation, (which he pub-
limed in the firft edition of his Analyjis Aquationum Unreer^
Jalis, in the year and which is derived from the

lim pie equation- /2 m ^ z zz N,) the ea'fi'en: and
clcaielj, and, upon the whole, the befl:, and fitteft for prac-
tice, that could be followed. His words, in his Appendix,

relating
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relating to this fubjed, are as follows. An Dominus de Lagny
Librum meum unquam viderat^

nh-ne^ prorsus nefcio. ^uibujce

modis non Jolum jua methodus^ fed et etiam alia quam-plurima,

eodem prorsus procejfu, et perpetua inde derivata graduumfcald,

inveniri poffmt, hujujce Appendicis efi ojiendere ; tdque, quam

pojjimusy breviffime.

ipje equidem de gradafim inferendis (quas prius rejeceram in

L’hecremate Y\tx.-3eof potejiatibus olm cogitavi: Sed tamen non

profecutus fui j utpote qui methodum meam, harum omniumfun-
damentalem, veluti facillimam femper exiftimavi. Su^egucnti

procejfu earum omnium inventionem indagare cuilibet liceat. See
Mr. Raphfon’s Analyfis Mquationum Univerfalis

,

Edition 2d,

1697, page 49. And again, in page 55, he concludes his

Appendix with thefe words : Innumeras etiam alias methodos

et abbreviationes (novarum quidem methodorum nomine inftgni-

endas,) adinvenire liceat
;
qua tamen omnia fundamentali huic

fuperiorim potefiatum imprimis rejeliionis methodo, poftedque gra->

datm retinendarum, innitantur. Nojiram tamen fmpliciffmam

fore et facillimam, cuivis pateat.

EXAMPLE IV.

———

a

maiw i I

Alt. 17. Let it be required to find the feventh root of

the number 34^487, 7^ 754675307’5^35iS2,492,153, 794, 673

;

which, Mr. Bonrycajile, of the Royal Military Academy
at Woolwich, in his Scholar's Guide to Arithmetick, page

189, tells us, is 32017.

This number mufl;, in the firfl place, be compared witft

the feventh powers of 10, ico, 1000, &c, to which it ap-

proaches neareft, in order to know between which two of

thofe numbers 10, 100, 1000, &c, its feventh root will lie.

Now the feventh power of 10 is 10,000,000, which is very

much lefs than the faid propofed nuiii:)er ; and the feventh

3 Y power
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power of lOo is i©o,000,000,000,000, which is likewifc

niuch lefs than the' faid propofed number j and the feventh

power of 1000 is 1000,000,000,000,000,000,000, which is

likewife lefs than the faid propofed number; and the feventh

power of 10,000 is 10,000,000,000,000,000,000,000,000,000,

or I with twenty-eight cyphers annexed to it ; which is like-

wife lefs than the faid propofed number, which confifts of

32 figures. But the feventh power of 100,000 is 100,000,

000,000,000,000,000,ooOjOOo,opo,000,000, or i with 35
cyphers annexed to it, and is therefore greater than the faid

propofed number, which confifts of only 32 figures. There-

fore 10,000 will be lefs,* and 100,000 will be greater, than

the feventh root ot the faid propofed number.

Further, the propofed number 34,487,7 17,467,307,513,

182,492,153,794,673, is greater than the number 34480,
000,000,000,000,000,000,000,000,000, or than 3448 X
10.000.000.000.000.00b,000,000,000,000, or than 3448
X the feyenth power of 10,000 ; but the difference between

them is not great. Therefore the feventh root of the faid

propofed number will be greater than 10,000 times the fe-

venth root of 3448 : but the difference between them will

not be great. And confequently, if we can find the feventh

root of the number 3448 exadt to two, or three, places of

figures, w'e need only multiply the faid feventh root by

10.000, in order to obtain the feventh root of 34480,000,
000,000,000,000,000,000,000,000, exadt to two or three

places of figures. And, when we have obtained the faid

pear value of the feventh root of the number 34480,000,
000,000,000,000,000,000,000,000, the faid near value will

likewife be a near value of the feventh root of the propofed

number 34487,7 1 7,467,307,513,1 82,492,1 53,794,673, and

will be lefs than the true value of the feventh root of the

faid number, and therefore will ferve as a convenient bafis

of a further approximation to the true value of the feventh

root of the faid propofed number, by means of one of

Monfieur de Lngny's two expreffions found above in the fo-

lution of the foregoing Problem. We muft therefore now
endeavour to find a near value of the feyenth root of the

numbey



the Roots of Numbers by Approximation. 531

number 3448. Now this may be done in the manner
following.

Art. 18. The feventh power of the number 2 is 128,

and the fevemh power of 3 is 2187, and the feventh power
of 4 is 16384. Therefore, fince 3448 is greater than 2187,
or the feventh power of 3, but is much lefs than 16384, or

the feventh power of 4, it follows that the feventh root of

3448 muft be greater than 3, but much lefs than 4. We
may therefore reafonably conjedure, that it will be nearly

equal to 34, or 3.2. And accordingly, upon trial, we fhall

find it to be fo. For, if we raife 3.2 to its feventh power^

we fliall find the faid power to be = 3435*973^836,8 ;

which is lefs than 3448, but very nearly equal to it. There-

fore 3.2 is a very near firft value of the feventh root of the

number 3448; and confequently^ 3.2 x 10,000, or 32000,
will be a very near firft value of the number 34480,000,
000,000,000,000,000,000,000,000, and therefore will be

alfo a pretty near firft value of the propoled riumbe^

34487,717,467,307,513,182,492,153,794,673. We will

therefore fuppofe <3 to be 1= 32000, and proceed, upon that

fuppofition, to compute the two expreffionS given in the fo-

lution of the foregoing Problem, for a fecond value of the

feventh root of the faid propofed number that fhall approach

nearer than or 32000, to its true value. Thefe computa-
tions will be as follows.

Art. 19. The firft, or rational, expreffion, given in the

folution of the foregoing Problem, for the fecond near value

of the wth root of any propofed number N, is a +
N — a X 2a

m
-. Now, when m is n 7,' this ex-

?n—i X N + »7+1 X a

predion will be' (= <3 ^ a +
7 — i)XN+7 + iix«^

N — X 2a.

6n +
u “b

N — <77") X a

3N + 4«’

Now, fince N is, in this cafe, z: 34)487,717,467,307,
3Y2 513,
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^13,182,492,153,794,673, and ^ is _ 32000, we fliall have

a' (zz 320^0 = 34,359^73S,36S>oo°50oo,ooo,ooo,ooo,

000,000, and N —
(= 34,487, 7 17,467, 3o7>5^3»iS2,492, 153,794,673

34,359,7 38,368,000,000,000,000,000,000,000)

= ’127,979,099,307,513,182,492,153,794,673, and

N— X a (— 127 ,979 ,099 , 307 , 513 ,
182 ,492 , 153 , 794,673

X 32000 ) = 45095533 ‘>i 775 ^ 40 ,42 i,f^39 »74^.92 i, 429 ,

536 ,
000 ,

and 3N (- 3 X 34 ,487 , 717 ,467 , 307 ,513 , 182 ,

492 , 153 , 794 >673 )
= 103 ,463 , 132 ,401 ,922 ,539 , 547 ,476 ,

461 ,384 ,019 ,
and 4^’

(rr 4 X 34,359,738,368,000,000,000,000,000,000,000)

n 137,438,945,472,000,000,000,000,000,000,000,

and 3N + 4«’

(= 103,463,1 52,401,922,539,547,476,461,3845010

+ 137,438,945,472,000,000,000,000,000,000,000)
z= 240,902,097,873,922,539,547,476,461,384,019, and

N •— ai\ X a 4,095,331,177,840,421,8^9,748,921,429,436,000

3N + 4a’ ^ 240,^902,097,873,922,539,547,476,461,384,019
’

nearly, z= 16.99998. Therefore
^ "

240,002'^ 3N -t- 4a’

will be (~ 32000 + 16.9998) = 3-2016.9998, and confe-

quently the fecond near value of the leventh root of the pro*

pofed number 34,487,717,467,307,513,182,492,153,794,

673 will be 32016.9998. 0^ E. I.

This number is true in all the figures but the laft, which

ought to be a 9 inftead of an 8, the true value of the feventh

root of the faid propofed number being 32016.999,999,999,

999, &c, ad infinitum^ or the whole number 32017.

Art. 20. The fecond, or irrational, expreffion, given in

the folution of the foregoing Problem, for the fecond near

value of the m\h root of any propofed number N, is ^

—

2 X N — a
711

m ~~ Z
which, when m is

= 7,

X w— I X a
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r: 7, (as is the cafe in the prefent example,) is (rr a

+
ra

, , \ aa
.

2 X N -

+—==
' /

— i' 7x7 — 1

/ 2 X N —

2 X N — fl’

X a*

_

3: a
a

T

7 X 6 X «5

•)
M ,aa N —
6”^'^

36 7X3XflS
— 5«~ T7

+ v/ - +
36 2 1a*

N-«> _ if + ^
zia^ 36N -36^7 _ ^

11x36a* 21x36a* 6
**

^ —-
7T

7 X 36a*

.
I 2 N - I 2a7 _ . /+ ^rrTTrrr — "tt t* v
7 X 36

— if j,
‘ 7 X 36 a* ^ 6

*

v/
12N — e /^^5a’

252a*
This expreffion may be computed as follows.

Since N is =: 34.48757^72467,307,513,182,492,153,794,
673, and is — 32000, we (ball have 5^2 (zz 5 x 32000)

: 26,666.666,666, &c.
X j / 160,000.

zz 160,000, and ~ (= —7—

)

and (= 320^') 3: 33,554,432,000,000,000,000,000,
and 2c^ia^ (— 252 X 33 ,554 ,432,000,000,000,000,000) zz

8.455.7 16.864.000.000.000.000.000, a '^ [= 32,00^’)
zz 34,359,738,368,000,000,000,000,000,000,000, and

(— 5 X 34,359,738,368,000,000,000,000,000,000,000) zz

171.798.691.840.000.000.000.000.000.000.000, and i2lSr

(= 12 X 34.487,717,467,307,513,182,492,153,794,673)
zz 413,852,609,607,690,158,189,905,845,536,076, and
12N— 5«^'(= 413,852,609,607,690,158,189,905,845,536,
076 — 171,798,691,840,000,000,000,000,000,000,000)
= 242,053,917,767,690,158,189,905,845,536,076, and
I 2 N — ja^

(
252a*

28,626,067.033799, and vX

242,053,917.767,690,1 58,189,90^,84^,5:36,076 __
8,455,716,864,000,000,000,000^000

’

12«— 5a^

252a* (
= \/ 28,626,067.

033799) = 5350.333

j

35 * Therefore

will be (zz 26,666.666,66, &c, + 535o*333>35) ~ 32017,
000,01 ; and confequcntly 32017.000,01 will be the fecond

neap
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near value of the feventh root of the propofed number

34,487,717,4675307,513,182,492,153,794,673. Q. E. I.

This number 32017.000,01 is exad in the firft nine

figures, 32017.0000, and errs only in the 10th figure, i,

which ought to be a cypher, o, inftcad of a i, becaufe the

true value of this feventh root is 32017.000,000,000, &c,

ad infnitum, or the whole number 32017.

Art. 21. If we feek the value of this feventh root by

Mr. Raphfon’s expreflion a H ,
or a -+• , the

m a ^

computation will be as follows.

Since ^ is 32,000, we (hall have 32,00c'®) =
1.073.741.824.000.000.000.000.000.000, and 7«® (n 7

X 1,073,741,824,000,000,000,000,000,000) = 7,51 6,192,

768.000.000.000.000.000.000, and o' 32,oo<^^) rr

34.359.738.368.000.000.000.000.000.000.000, and N —
(= 34,487,717,467,307,513,182,492,153,794,673
— 34,359,738,368,000,000,000,000,000,000,000)
= 127,979,099,307,513,182,492,153,794,673, and

/_ 137,979,099,307,513,182,492,153,794,673 V _ j Q2,
70^ ^ 7,516,192,768,000,000,000,000,000,000 * /' *

Therefore a + --- / is (= 32000 + 17.02) ~ 32017.02;
/
^

and confequently 32017.02 will be nearly equal to the

feventh root of the propofed number 34,487,717,467,307,

513,182,492,153,794,673. 0^ E. I.

This number 32017.02 is exad in the fix firft figures

32017.0, and errs only in the feventh figure 2, which ought
to be a cypher inftead of a 2, becaufe the true value of this

feventh root is 32017,000,000,000, &c, ad infinitum^ or the

whole number 32017.

Art. 22, This expreflion a -f ~ or ^ +
N — <1^

. m— im a
70

* J is

fo
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fo much fimpler than either of Mr. de Lagny*s expreffions

above-mentioned, and fo'much lefs difficult to be computed,
that I am inclined to agree with Mr. Raphjon in thinking it,

'

upon the whole, preferable to them. Bur, perhaps, when a,

or the firft value of the root fought, confifts of only one
figure, it may fometinies be advifeable to make ufe of one
of Mr. de Lagny's expreffions, in order to obtain a fecond.

near value "of the root fought, and then to make ufe of

Mr. Raphfonh expreffion in order to obtain a third near

value of it.

Art. 23. Thefe four examples are, I prefume, fufficient

to illuftrate Monfieur de Lagny'^s method of extracting the mlh.

root of any propofed number denoted by the letter N, by

means ofeitherof the two expreffions <7

nt
X a

and a — a

7H—1 + \/
m

an
+

- m
N —
m—i m — z

m X X a
, or ^—

m — I
+ v/

c
—
aa X N — a'”

w— il®

1

m X m-l X a”-

^

,
when a, or the

firft near value of v/" N, which is fuppofed to be already

known, is lefs than its true value ; which is the cafe fup-

pofed in the foregoing Problem. I fliall therefore now
proceed to confider the other cafe, in which a, or the firft

near value of the tnth root of the propofed number N, is

greater than its true value, and to inveftigate fimilar ex-

preffions for a fecond near value of the faid root that fliall

approach nearer than a to its true value. This may be done
by a folution of the following Problem.

PROBLEM
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PROBLEM ir.

Art. 24. Let N be any propofed number whatfoever,

and m any propofed whole number whatfoever
; and let a

be a known number that is nearly equal to, but fdmewhat
greater than, the nixh root of the given number N. It is

required to find a fecond near value of the faid ;»th root of
the given number N, that fhall approach much nearer to

it than a, or the former near value of it that is already

known.

SOLUTION.

Let z be put for the unknown difference between the

firft near value of the ;«th root of the given number N, and

the true value of the faid root. Then, fince a is fup-

pofed to be greater than N, and to exceed it by the

difference z, it follows that a — z will be zz N, and

confequently that a— 2
1

will be N.

But, by Sir Ifaac Newton's refidual theorem in the firft

and limpleljt cafe of it, to wit, the cafe of integral powers,

— 2.( .Will be = the feries a — m a z m y.
2

m —

2

»

X « z •— OT X

X
m — 2

X
7W—

3

X
3 4

X
w— 4

X
VI—

a > 2;S

5

m— l m— 2 w—3», m — i

X X « m X
2 3

m—l m— 2 VI—

z

a ' Z" — m X X X —-234
+ Stc, continued to -fi i terms

;

or.
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or, if, for the fake of brevitas we fubftitme the capital letters

A, B, C, D, E, F, &c, inllead of the feveral numeral co-

rr .
"

tn— \ ;/z— I m— 2 m—\
efficients i, m. m x , m X x j m X X* * 2 2 3 2

«-2 —3 ..
—I ^ —3 ^ &c, refpec-

3
X , m X X

3
X X

4 5

tively, a — will be ir the feries
^ x

+ Ca^-^ x^- ^
+ &c, continued to »2 + i terms. Therefore the faid feries

. m -ry 2 a ^^"“3 3 I T' W—4 -Ka — B ^2 2 C <2 X — Da ^x^ + Da x*
\

— Fa'” ^
-F &-C, continued to w + i terms, will be

= N. This is the original equation, by the refolution of

which we are to find a near value of z, and confequently

of ^ — z, or a fecond near value of \/^ N, which will ap-

proach nearer to it than a, or its former near value.

Art. 25. Now, fince z is lefs, and ufually much lefs,

than a, being about a loth, or a looth, part of it, or fome ftill

lefl'er part of it,- it is evident that all the terms in the afore-

faid feries that involve zz, and z^, and z“^, and the follow-

ing.powers of z, will be lefs, and ufually much lefs, than

the term Fa x, which involves only the fimple power
of z. And therefore, if all the faid terms of the feries be

neglefled or omitted, and the two firfi; terms alone, to wit,

the terms A a”' — Fa'” ^
z, be retained, the faid two

terms alone will be nearly equal to the whole feries, and
confequently to the given number N ; and therefore, if we

add Fa”"~'' z to both fides, we fliall have A a nearly, ~
N + z, and (fubtradling N from both fides,) Aa”*

— N, nearly, -rr Fa”' *
z, or Fa'” 'z, nearly, n Aa””

— N, and (dividing both fides by Fa”'~"\) weihall have

32:
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z, nearly,
“ m

Art — N

B rt
m — I

or (becaufe A is ~ i, and B is

— mf) we fhall have z, nearly,
— m

a — N

m a
m—i ; which fradlion

may be derived from the known quantities N and a, by the

common arithmetical operations of Multiplication, Subtrac-

tion, and Divifion. This therefore is an approximation to

the true value of z, and confequently a will

be an approximation to the true value of a — z, or of N,
or will be a fecond near value of it that will approach nearer

to it than a, or the firft near value of it which was already

known. And it will be flill fomewhat greater (as the former

value a was,) than the true value of N j as may be
demonftrated in the manner following.

The whole feries A^”* — B ^ z C ^2® —
F z^ + &c, is zr N.

Therefore (adding z to both fides,) we fhall have

the feries A -}- C a'^~^ z^ — z^ -f Fa

F ^ 2®
-f- &c, zz N -p B z, and (fubtrafting

N from both fides,) we (liall have the feries Aa"‘ — N -f-

C ^ z^ — D « ^ F 2^^ — F a -^2®
-f-

&c, = B ^2. But, becaufe Q z^ is greater than

~D ^2®, and E 2“* is greater than F a
^

^2®, and,

in like manner, every following term in the faid feries that

is marked with the fign -h, is greater than the term imme-
diately following it, which is marked with the fign — ,

it

follows that the feries Aa”‘— N + ”*”"‘'2"— F)a^~^z^

+



the Roots of Numbers by approximation. 539

+ ^2^ — ¥ a”‘ ^25 + &c, will be greater than its

two firfl; terms A — N. Therefore B ^ z (which is

equal to the faid feries,) will be greater than A a — N.

m
^

Therefore 2 will be greater than ^— , and conle-

B a

quently « — 2, or \/ N, will be lefs than a —

f m
\
a — N

f m
A a — N

m— 1
E a

or than a —
m a

m— 1
, and therefore a —

?n
a — N

ma m— I
will be

greater than a— z, or the true value of the wth root of the

propofed number N. 0^ e. d.

This quantity, a —
VI

a — N

m a
m~V is the expreffion given by

Mr. Raphfon for the fecond near value of the »nh root of

the given number N. And it is a very ufeful approxima-

tion : for it ufually gives us twice as many figures of the

true value of N exaft as were exaft in or the firft

near value of the faid^ »/th root. And it is evidently the

mod fimple and eafy approximation to the value of the faid

mih root that can well be imagined.

Art. 26. But Mr. de Lagny, being defirons of finding at

once a ffill nearer value of the mth root of the number N,

retains the third term C a 2*, as well as the two firfl

terms A ^
2, of the feries A — ¥>a^~^z

+ — + E«’"“^2+ —

+

&c, (which is equal to N,) and thereby converts the original

equation A a — ¥>a 2 + C^ 2 — Da ^2^+-

3 Z 2 \
Ea
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+ &c, = N into a quadratick

equation, to wit, the equation A a — a z ^ a z

— N, inftead of converting it (as Mr. Raphfon does,) into

the fimple equation A a — B i3 z N. And this

quadratick equation he refolves in mo different ways, to wit,

firft, imperfedtly, or inaccurately, and then accurately. By

the former, or inaccurate, refolution of it, he obtains a ra-

tional exprcffion for the value of z, and confequently an-

other rational expreflion for the value of a — z, or for a

fecond near value of N, which is nearer to its true

value than a, or the former near value of it, was ;
and by

the accurate refolution of the fame quadratick equation he

obtains a furd, or irrational, expreffion for the value of z,

and confequently another furd, or irrational, expreffion for

the value of a — z, or for the. fecond near vfilue of s/^ N,
that approaches much nearer to its true value than its former

near value, did. Thefe refolutions of the faid quadratick

equation Aaf^^ — B * z + C « zz — N, may be

performed in the following manner.

Art. 27. Since A — '^a’’
^
z + ^z* is zr N,

we fliall have Aa'^ -f z^
~ N 4- z, and

A«'" — N 4- B^'^^-^z - and An""' — N
/= B^'^^“'z ~ or B^''^"'z-

=

Aa — N ; that is, z x B — z x ^z will

he ~ A a — N, or z x ^ — C ^ will be

— Aa — N. Therefore (dividing both fides of the equa-

tion by the compound quantity B — Ca z,) we
m

fliall have z — —Hd!
,

Now
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tn _ — V!

Now let —i or ~
,
(which has already been

B a m a

fliewn to be nearly equal to z,) be fubftituted inftead of 2

in the fecond term, C z, of the denominator of the

fradion laft- obtained, to wit, the fradion

m
A a — N

m—i m~~ 2
B a — c a s

And we fliall have 2 zi

m
A a — N

w— I 7»— 2
B a — ca X

m
a — N

or

ma m— I

(becaufe A is “ i, and B is = m,)

m
z n:

;
which is

{=

m— I m—

2

m a — c a X

m
a — N

m
a — N

m a
777—1

, Zm~z m— 2 7ti
a — ca xa —

N

m a
jn— i

m
a — N

a
zm— z — c a

zm-
-J- c N a

m— z

m a
m—i

-VT:= a _ N X

TVT 1— a — N

m a

7n^ a
Z77t— 2 2771—

Z

,— c a + c N a

777—1
zaa X 771 a

VI—

z

-KT
7Z a — N X

, 2777
2777* a —

Za

'

2777
,2C a +

in
X m a

777

2C N a

. 2777 2777
1

zTti^a — 2 C a

2777a

+ 2C N a
•

m in
zm'^a — 2 c a + 2 c n
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= -n] X

= r _ n 1 X

= _ N X

= «” - N X

' znia

m »»— I ~ 1

2;«*« — 2 X 7« X X rt + 2 X OT X X N

zma

znP-a^ — 772 X 777—1 X
711

,a + /77 X 7/7 — I X N

277

772 f
2777 « — 1777 — I X

m
,

a + w— I X N

2a

m m . m
,

^ ^
2OT<2 — ni a a +/w — i|Xn

za

m a +a + 77;— iJXN

a
m N X

2a
•)

m

-JX 27T

+7) X <7
^” + 777 — n X N

— . Therefore z will be zr

7/7— l] X N + 7« + il X a

za

7tt

777
1a — N' X

or
2tT X — N

and
;«— ll X' N + 777 + il X a’^ vi~— l] X N + 777 + l| X 7*

confequently 'a — z vyill be zr

77;

a
v> 7«

za X a — N

m X N + W2+ 0 X a
m ,

or a —
m

za X a — N

772
1 \ ^— r|XN+ 777 +llXrt

777

will be a fecond near value of \/ N, or of the mi]\ root

of the propofed number N, e. i.

Art. 28. The accurate refolution of the quadratick equa-

tion Art”* —- Brt”*~*z + C a‘~^ z" — N, may be per-

formed as follows.

Since A rt — Brt”*“*z 4- Crt”*'"^^* is zr N, wc

niail have A rt
”* + C rt 2" r: N + Brt”*“"^2, and

Art”* zz:N + Brt^””*z — C ”*"^2% and Art”* — N.



the Roots of Numbers by Approximation: 543

B
m — I tn— 2 1 TD

a z — C a z ,
OS Q a z —

Aa”^ — N, or (becaufe A is ~ i, and B is n m, and C
. w — I. m— I m—xm—2^ m
IS =: zw X ) ma z — m X ^ ‘ z ~ a

m~i m—2 a

^ MM ^— N, and (multiplying both fides by 2,) ima z m

X m — I X a
m— 2

z^ — 1 X <2
^ — Nj and, (dividing

both fides of the equation hy m x m — i X )

2ma X z

m X m— il X a

TO— 1

TO— 2
ZZ — TO

Z X a — N

m— 2
or

2a Xz

TO — I X a
m— 2

' ZZ — 2 X a

TO X TO— I X a

, or ( becaufe
TO

m X m— x X a
TO — 2

TO—

I

m— 2
is = a,)

2a
m

m — I
X 2 — ZZ =r

— V>
2 X a — N

TO— 2

Now X z — 2Z IS ZZ z X

TO X TO— I X a

(MT-
Euclid’s Elements, Book II, Prop. 5, the redangle or pro-

duct, under z and —
;

— z, muft be lefs than the fquare

2a

TO— 1

TO — 1

of half the line
2a

m— I

Therefore the compound quantity

2az

TO

— — ZZ will be lefs than the fquare of half — or

than the fquare of or than .J!f. . Therefore^ TO-I TO-l]^

,
(which is equal to the compound quan-

-
2 X a — N

TO X TO — I X a
TO— 2

tity ZZ;) will alfo be lefs than Therefore
^ TO-I TO-l]^

• , , ^ . . 2<IZ t j 2 X
both thele quantities — zz and^ TO— I _

V.
2 X a — N

m X m— I X a
m— 2

may

be
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be fubtraded from
aa

Let them be fo fubtradcd. And
m

then we fhall have
aa

VI

2az

m—i
zz — aa

m — I

2X6 m

tn X m— 1 X a

mial quantity

m—

2

. Therefore the fquare-root of the trino-

aa

m

2rt!S

m—l
4- ZZ will be equal to the

fqiiare root of the compound quantity
aa

m

2 X 6 ^* — N

m— 7,

; or, if, for the fake of' brevity, we de-

m X m — \\ X d"

note the faid compound quantity by the capital letter P, the

Iquare-root ot the trinomial quantity -7=^ —
: + zz

VI 1
m— l

a
will be zr \/P. But, whenever z is lefs than — (as is

commonly the cafe in thefe extradions of the roots of num-

bers,) ~ — z will be the fquare-root of the trinomial
'' m—l ^

quantity
aa

+ 22. Therefore
OT m — I m—l

— z will

— \/P, and confequently —^ will be rr ^/P -4- z, and z
^ OT— I

'

will be IT \/P. Therefore a — z will he (•= a —
m— I '

— V^P) — a •— -f y/P ; and confequently a — ~z\

+ \/P, or a •

VI—

I

+ v/
r aa

m
. 2 X a — N

OT — OT X w — I X fl

OT

m— z

will be a fecond near value of
of the given number N. (i. e. i.

Art. 29. When m is zz 3, the former of thefe two ex-

preffions,
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prcflions, to wit, the rational expreffion a —
m

2a y a — N
,

, 2/7 X — Nv
, Will be (

— a ;
—— ) zz 7?—

w— 1 1 X N + m-t- 1^ X a + 4«^

ax a^ — s

m— i

^ ^^3 ; and the latter, or irrational, expreffion, a —

+ v'
/7/7 '2 X a

m
N

m

a
+ %/

r.aa

m X m— l X a

Z X /7
^ — N

m— 2
will be (=

= -2- + V»"
aa

4

z 3 —

t

la3 X 2 X /7

, f4«3 — 4N a
,

,^3^3^74^34.414 a
+ V i— — ‘ TTT- = “ + V , TT:: ; — +

12/7 12/7 12«

Therefore the two expreffions for the fecond

near value of the cube-root of a given number N, when a,

or the former near value of it, is greater than its true value,

and — + v/are a — a X /73 —

N

N -h 2 /j 3

4N

12 «

Art. 30. And, when m is = 5, the former of the two
foregoing general expreffions, to wit, the rational expreffiori

a
w

2 a X a — N

m — i\ X N -p 777 -f ll X a

•n u / 2a X «3 — Nv
, Will be (— a ——

)

*
' 4N -p 6 /z*

^

== a
a X «5 _i4

2N -p 3«S

- + v/

; and the latter, or irrational, expreffion.

m— I m

aa
777

2 X <7 — N

7H X m — \ X a

-r- ' will be (zz— 2 Vm---2

^ 4. V/
««

16

2 X « 5 — N

5 X 4 X /73

3 “*
r
aa

4 + 16

/5 —

^ + V/
4
~ i6o«3

IO«S [i6«3_i6n 3«

i6o«3 4

4 A

Tv'

IO«3

f^IO«S — ri 6 /73— i6n

i6oo^
"
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+ V/+ v/

'

lOa s _ itiflS 4. i6n - 3 **

i6ofl^ 4

'Sn — 3«*
Therefore the two

8o<ji*

i6n — 6rt* 3«

ibofli
'

4

cond near value of the fifth root of a given number N,

when a, or the former near value of the faid root, is greater

S'* ,

than its true value, are a — —a X _ N

2K 4* S'**

and

V'
8n — 3«^

8p<j3

Art. 31, And, when m is r: 7, the former of the two

foregoing general expreffions, to wit, the rational expreffion

(i — 2a X — u
will be (iz

m

2a X —

N

6n -|- 8^* )
7»— il X N + i| X a'

a — ^ ^
f
~y

;
and the latter, or irrational, expreffion,

?/i — I

3N + 4«’

+ V/
aa w 7**

2 X a — N

-d
/7/ X m —1 X a

m— 2
will be

a . / [aa a X n c<j , y
(= -

-T + = 6 +
Crt

, » X (2 I a’ (^<7*—
:?
6n 5 /x fTa* — /5^7 — 36N

= T + '^lITx—> - II61J775- = t ^ I ,6X2..=

f
aa «7— N

36 2 la^

= f + v/
21^7 — 36^74-3671 577 .

36 X ^\a^ 6

36

3^ —15^7 5«

36 X 2la^ 6
+

ex-v/
^

^ -i- ^5"» Therefore the two
36 X ' o ! 252 <7 S

preffions for the fecond near value of the 7th root of a given

jrumber N, when aj or the former near value of the faid

root, is greater than its true value, are a
a X a^

f + V/
|l2N— 5^7

252«'!

3 N + 4<27
and

Examples
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Rxampks of the ExtraHicn of the Roots of given Numbers, by

means of the ‘Two General Exprejfwis a — 2a X a
m

N

rrt

+ v/
aa

OT— l)x N + m+1 Xd

y which
2 X a — N

vt — z
and a —

^ ^ m X m—i X a‘

have been found by the Scluticn of Probiem /7, when a, or

the Firji near Value of N, is greater than its true

Value.

EXAMPLE I.

Arc. 32. Let it be required to find the fifth root of 2,

which has been already inveftigated by means of the two
exprefiions inveftigated in Problem I, and found to be rr*

1.1485697,34. And let us fuppofe that we have already ,dif-

covered that this root is greater than 1.14, but lefs than 1.15,

and differs lefs from 1.15 than from 1.14; fo that 1,15 may
be taken for a^ or its firft near value. Then, by arc. 30,
the two expreffions of the fecond near value of this root will

, a X — H j Xa
.

yfSti'
be a — and — + v

2S + 4

be fubftituted inftead of N, and i

8o<jS

,15 inftead of a.

in which 2 muft

Now, fince N is = 2, and a is z= i.i5j we fhall have
zN (= 2x2) — 4, and a^ = 1.520,875, and —
2.011,357,187,5, and — N (= 2.011,357,1 87,5 —-

2.000,000,000,0) zi o.oi 1,357,187,5, and ay, a^ — N
(rr. 1.15 X O.OI 1,357,187,5) ~ 0.013,060,765,625, and
3^* {= 3 X 2.01 1,357,187,5) = 6.034,071,562,5, and
2N -i- 3^^ (=4 + 6-o34>o7i,562,5) = 10.034,071,562,5,

and
a X ai— N . 0.0

1
3,^60,765,62

5

3M 4 10.034,071,562,5
= 0.001,301,641, and

4 A 2 confe-



54S Mr. de Lagny’j Method of Extra5lln^

confequently a
a X a> — N

2N +
1.150,000,000 o.ool,

301,641) = 1.148,698,359. Therefore 1.148,698,359 will

be a fecond near value of the fifth root of the given num-
ber 2 . Qi E. I.

And, fince is = 1.15, and is = 1.520,875, and

is n 2.01 1,357,1 87,5, and 3aMs — 6.034,07 1,562,5, we
fliall have Soa^ (~ 80 x 1.520,875) rz 121.670,000, and
8N —3«^ 8X2 — 6.034,071,562,5 ~ 16.000,000,

000,0 — 6.034,071,562,5, ) =: 9.965,928,437,5, and

€n 9.Q65,g28,+37,5
( 121.670,000 ) = 0.081909,496486, and

(= ‘y' 0.081909,496486,) zr 0.286,198,351,

and 3« (= 3 X 1. 15) = 3-45»
S'»

and — + v/
4

8n — 3^1*

I

80a ^
(zz 0.8625 4-

1= ^')= 0.8625,

0.286,198,351) =

1.148,698,351. Therefore 1.148,698,351 will be a fecond

near value of the fifth root of the given number 2.

(1. E. I.

As thefe two approximations to the fifth root of 2, to

wit, 1.148,698,359 and 1.148,698,351, agree with each

other in the firfl nine figures 1.148.^698,35, we may rea-

fonably conclude that thofe nine figures arc exadl, or are

the firft nine figures of a more accurate value of the faid

fifth root.

Art. 33. If we make ufe of Mr. Raphfon’s expreffion,

to wit, — , ora
m a

m — i

a* — N

5«+

obtaining a fecond near value of the fifth root of 2, after

1. 15 has been taken for or, its firft near value, the com-
putation of it will be as follows.

Since a is zz 1.15, we fhall have zz 1.749,006,25,
and a^ ~ 2.01 1,357,187,5, and (zz 5 x 1.749,006,25)

6 zz
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— S. 745.031, 25, and ^5 _ N (rz 2.011,357,187,3 — 2)

O 1
— N, - o.ot i,357,i87,c

,_ o.oi 1,357,187,::, and — (— —z —
^ - 5^^^ 8.745,031,25 !

— N

5
«^

(— 1.150,000,0 — o.oor.0.001,298,7, and a —

298,7) = 1.148,701,3. Therefore 1.148,701,3 will be the

fccond neiir value of the fifth root of 2, rdulting from

Mr. Raphfon’s expreffion a — :^-N

5
«+ 0^ E, I.

This number 1.148,701,3, is greater than the true value

of the 5th root of 2, to wit, the number 1.148,698,3, but
exceeds it by only the very fmall quantity 0.000,003,3.

EXAMPLE II.

Art. 34. Let it be required to find the 5th root of the

number 2,327,834,559,873.

Now this number, ' which confifts of thirteen figures, is

greater than 100,000, or the fifth power of 10; and it is

likcwife greater than 10,000,000,000, or the fifth' power of

100: but it is lefs than 1,000,000,000,000,000, or the fifth

power of I'ooo. Therefore its fifdi root muft be greater

than 100, but lefs than 1000.

Further, this number, 2,327,834,559,873, is greater than

2,320,000,000,000, or than 232 X 10,000,000,000, or

than 232 X the fifth power of 100. Therefore the fifth

root of 2,327,834,559,873 will be greater than 100 x the

fifth root of 232. But the difference will not be great ; and

confequently, if we can find a number that fhall be nearly

equal to the fifth root of 232, we need only multiply the

faid number into 100, and the producT: will be nearly equal

to the fifth root of 2,320,000,000,000, and therefore will

likewife
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likewlfe be pretty nearly equal to the fifth root of the propofcd

number 2,327,834,559,873, fo as to be a convenient firft

near value of the faid fifth root, and a proper bafis to found

a further approximation upon to a fecond near value of* the

faid fifth root, by either of the two foregoing expreflions of

Mr. de Lagny, which have been invelligated above in the

Solution of Problem II, or by Mr. Raphfon’s exprefiion.

We will therefore endeavour to find the fifth root of the

number 232.

Art. 35. Now the fifth potver of the number 2 is 32,

which is much lefs than 232; and the fifth power of 3 is

243, which is a little greater than 232. Therefore the

fifth root of 232 mufl be much greater than 2, and a little

lefs than 3. We may therefore reafonably conjedure that

it will be nearly equal to 2 + or 2.9. We will there-

fore fuppofe it to be =: 2.9, and try what the refult of that

fuppofition will be.

Now the fifth power of 2.9 is 205.11149, which is lefs

than 232. Therefore the fifth root of 232 will be greater

than 2.9. And, as 232 differs much lefs from 243, or the

the fifth power of 3, than from 205.1 1149, or the fifth

power of 2.9, we may reafonably fuppofe that the fifth

root of 232 will differ much lefs from 3 than from 2.9 ;

and therefore we will fuppofe that it is nearly zz 2.98,

and will raife the faid number 2.98 to its fifth power, in

order to examine the truth' of the laid fuppofition.

Now 2.98V is nz 235.007,282,396,8 ; which is nearly

equal to, but a little greater than, 232. Therefore 2.98

muft be nearly equal to, but a little greater than, the fifth

root of 232; and confequently 100 x 2.98 muff; be nearly

equal to, but a little greater than, the fifth root of 232 x
20,000,000,000; or 29S muff be nearly equal to, but a

little greater than, the fifth root of 2,320,000,000,000.
And, further, fince 2.98 is the fifth root oV the number
235.007,282,396,8, the number 100 x 2.98, will be the

fifth root of the number 235.007,282,396,8 x 10,000,000,

000 ;
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ooo ; that is, the number 298 will be the fifth root of the num-
ber 2,3 50,072,823,968, which is greater than the propofed

number 2,327,834,559,873. Therefore 298 will be greater

than the fifth root of the faid number 2,327,834,559,873. But
it will be near enough to it to make it a very convenient bafis

of a further approximation to the true value of the fifth root

of the faid number, 2,327,834,559,873, by means of the two

cxpreffions a — a X — li

2N + ’ and — + \/
8n— 3«^

8oa^

Art. 36. Herethen we fhall have N — 2,327,834,559,873,
and a = 298. Therefore will be = 26,463,592, and

will be 3; 7,886,150,416, and will be = 2,350,072,
823,968 ; and confequently — N will be (—
823^8 — 2,327,834,559,873) 22,238,264,095, and

— N X a will be (= 22,238,264,095 x 29B) ~
6,627,002,700,310, and 2N will be (~ 2 X 2,327,834,

559>873) = 4,655,669,119,746, and 3^* will be (zz 3 x
2,350,072,823,968) = 7,050,218,471,904, and 2N + 3^*

will be {— 4,655,669,119,746 + 7,050,218,471,904) ^
11,705,887,591,650, and ""'Jl will be (zz

2H 3«^

6,627,^2,700,310 _ Q -55 j 2^ 605, and confequently
11,705,887,591,650

^ ^ D 'I J

a — fJLf ? will be (zr 298.000,000,000 — 0.566,125,
2N + 3^5 V ^ ^ J 3 J*

60s) - 297.4335874,395- Therefore 297.433,874,395
will be a fecond near value of the fifth root ot the propofed

number 2,327,834,559,873. e. i.

And 3« will be (= 3 x 298) zz 894, and ^ will be (zz

= 223.5, and will be (zz 2^*) zz 26,463,592,

and 8N will be (= 8 X ^327>83455595873) zz 18,622,

676,478,984, and will be (zz 2^*) = 2,350,072,

823,968, and' 3^* will be (= 3 x 2,350,072,823,968) zz

7,050,218,471,904, and 8N — 3«® will be (zz 18,622,

676,
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676,478,984 — 7,050,218,471,904) = 11,572,458,007,080,

and 8otf^ will be (= 80 x 26,463,5g2) = 2,117,087,36c,

and 2^ will be (=
8oa3 2,117,087,360

569,863,2, and \/
8n - i,a^

8oa^
will be

(

—
) — 5466.216,

\/ 5466.216569,

8632) n: 72.933,866,190, and confequently 11
4

d-

+ 72-933>866,I9o) =:

£97,433,866,190. Therefore 297.433,866,190 will be a

fecond near value of the fifth root of the propofed number
2j327jS345559>873* bi e. i.

Thefe two numbers 297.433,874,395, and 297.433,866,

190, agree with each other in the firft feven figures 297.

433,8. Therefore we may conclude that thefe feven figures

are exa6l, or are the firft feven figures of a more accurate

value of the fifth root of the propofed number 2,327,834,

5595873.

Art. 37. If we make ufe of Mr. Raphfon’s expreffion,

to wit, a — , or a —
ma m-

— N
, for the purpofe of

obtaining a fecond near value of the fifth root of the pro*

pofed number 2,327,834,559,873, after 298 has been taken

for or its firft near value, which is fomewhat greater than
the truth, the computation of it will be as follows.

Since « is — 298, we fhall have — 7,886-, 150,416,
and —

2,350,072,823,968, and — N (— 2,350,072,

823,9^8 — 2,327,834,559,873) 22,238,264,095, and

(— 5 X 7,886,150,416) — 39,430,752,080 ,
and

„o„ ) == 0.563,982, and a —
5
«4 39>430>7S2>o8o 5«+

(zz 298.000,000 — 0*563,982) rr 297.436,018. There-
fore 297.436,018 will be a fecond near value of the fifth

root of the propofed number 2,327,834,550,873, ct: e. t.

The
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The firft five figures, 297.43, of this number, 297.436,01 8,
obtained by Mr. Raphfon's expreffion, are exaft.

And, if we make a = 297.436, and repeat the applica-
’ tion of Mr. Raphfon’s expreffion, we fliall obtain the value

of the fifth root of the faid propofed number 2,327,834,

559 ’^ 73 ’ ^ much greater degree of exadnefs. This

may be done in the manner following.

If a is taken ~ 297.436, we fliall have

7,826,617,827.880,165,417,216, and
rr 2,327,917,900,253.364,881,035,058,176, and

—- N 2,327,917,900,253.364,881,035,058,176— 2,327,834,559,873.000,000,000,000,000)

= 83,340,380.364,881,035,058,176,

and 5^^^
(
=: 5 x 7, 826,617, 827.880, 165,417, 2i’6) zr

39,133,089,139.400,827,086,080, and confequently
;3 _
5^+

N

a —

3^0-3^4^88 1,0:; 5, oi;8,
1
76 .

39,1 33,0X9, 139.400,827,086,080''

i

,

.— [— 297.436,000,000

0.002,129,662, and

' 0.002,129,662) ~

^97 433’870,338. Therefore 297.433,870,338 will be the

more accui ate value of the fifth root of the propofed num-
ber 2,327,834,555,873. E. I. ,

Of this number, 207.433,870,338, which we have now
found for the laft near value of the fifth root of 2,327,834,

559,873, I believe the firft ten figures 297,453,870,3 to

be exadl, if no miftakes have been made in the calculation.

Yet Mr Rapbjon (from whofe Analyfs Aiquationum Univer-

falis, Problem IV, page 12, this example is taken,) makes
this fifth root equal to 297. 433, 874, 8( 5. But I believe the

four laft figures, 4895, of tljis number to be eiToncous
;

becatife in Mr. Raj‘hjon\ laft procefs, (of which this num-
ber, 297.433,874,895, is the relult,) the value of g (which

anlwers to a in our notation,) was taken equal only to

297.46, which is exact only in the firft four figures 297.4,

whereas in the laft proccfs of ihe foregoing computation we

4 B took
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took a equal to 297.436, which is exaft in the firft five
|

figures, 297.43 ; and confequently the number refuhing I

from this fuppofition ought to be more exadt than that
|

which refults from the other lefs accurate fuppofition made .j

by Mr. Rnphfon. But we may, at leaft, conclude that the j

firft eight figures, 297.433,87, of thofe two numbers, which 1

are the fame in both, are exaft, or are the firft eight figures

of a number approaching more nearly than either of them-

to the true value of the fifth root of the propofed number

2^327,834>559»^73*

Art. 38. Thefe two examples will, I prefume, be fuffi-

cient to illuftiate Monfieur de Lagny's method of extracting

the ?«th root of any propofed number N, by means of '

either of the two exprefiions, a —
m

2a X a — N

m m

and a
I a

m •

+ n/
an

m—\'T

— i| X N + il X a

,
when ay

m
z X a — N

m X m — il X a
m— 2

or the firft near value of \/^ N, which is fuppofed to be

already known, is greater than its true value ; which is the

cafe fuppofed above in Problem II, by the folution of

which thofe cxprefTions were obtained. I have therefore

nothing more to add concerning the explanation of Monfieur

de Eagnfs method aforelaid. But I will juft make another

obfervation, or two, concerning the faid method of extraft-

ing the roots cf numbers, as compared with other methods

of performing the lame thing.

{

Ohfevvalions
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Obfervations on theJeveral different Methods that may be taken

for Exlrabting the Roots of Numbers.

Art. 39. In the ift place, then, it is manifeft that either

of Mr. de Lagny’s two expreffions, the rational one and the

irrational one, for obtaining a fecond near value of the root

of a given number, when a former near value of it is al-

ready known, is greatly to be preferred to the common^ or,

rather, the old, method of extracting fuch root, by which,

with a great deal of trouble, we obtain only one new figure

of the root fought by every new procefs ; except, perhaps,

in extracting the fquare-root of a number, which is eafy

enough in the common vvay, (at leaft for the firft three or

four figures of the root fought,) to make it unnecefiTary to

have recourfe to other methods. But in extracting the

cube-root, or the fifth root, or the feventh root, or any
higher root, of a propofed number, the cafe is very dif-

ferent, and it will be found highly expedient to have re-

courfe either to Mr. de Lagny's method of extracting them,

or to Mr. Raphfon'Sy or to fome other method of performing

the faid extraction.

Secondly, if the m\.h root of any number is to be found

only to four, or five, figures, it will be moft advifeable to

have recourfe to a Table of Logarithms for this purpofe.

For, by the ufe of fuch a Table, we may always obtain any

propofed root of a given number exaCt to four, or five,

places of figures, with very gre'at eafe, and without making
ufe of the proportional parts fet down in thofe tables, and
which are neceflTary to the obtaining the faid roots exaCtly to

fix, or feven, or more, places of figures. Whenever there-

fore we want to find the mih. root of a propofed number
only to four, or five, places of figures, it feems belt to

have recourfe at once to a Table of Logarithms for that

purpofe.

But, 3dly, if we wilh to obtain the wth root of any num-
ber, exaClly to nine, or ten, or more, places of figures, it

4 B 2 will
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will be convenient to have recourfc to either Mr. de Lagny\

or Mr. Raphjods methods of approximation for that pur-

pofe. And, if w^e wifh to obtain the faid root exadt only

to nine places of figures, I Ihould think it would be ex-

pedient to make ufe of Mr. Raphjon's expreflion for that

purpofe, in preference to either of Mr. de Lagnf?, expref-

fions, as being fimpler and eafier to compute than the lat-

ter; bur, if we wilh to obtain the faid root exadl to four-

teen, or fifteen, places of figures, I (hould think it would

be mofh advifeable to have recourfe to one of Mr. de Lagny's

expreflions for that purpofe, rather than to make ufe of

Mr. RaphJoyH expreflion, and repeat the procefs a fecond

time, as was done above in art. 37. And of Mr. de Lagny’s

two expreflTions, the latter, or irrational, expreflion will be

found lefs troublefome to compute, and, ufually, in a fmall

degree more exadl, than the rational expreflion. But it

may often be prudent to compute them both, to be checks

upon each other ; and the number of figures in which the

refults of both expreflions are found to agree, may be juftly

concluded to be exafb.

And, 4thly, when we make ufe of either Mr. Raphjon^s

or Mr. de Lagnfs methods of extrafting the wth root of a

given number, I conceive it will be always advifeable to

make ufe of a Table of Logarithms firfl:, in order to obtain

the firfl; near value of the root fought, from which we are

afterwards to derive a fecond and more accurate near value

of it, by means of the expreflions invented by thofe ingeni-

ous Gentlemen. This, indeed, is not abfolutely neceflary,

as it is always eafy to find the propofed root exaft to one,

or two, figures, by fome very fimple reafonings and trials,

as is fhewn above in all the foregoing examples. But it will

always be ftill eafier to find thefe firft figures by the help of
a Table of Logarithms, and we may find them by that

means not only to two places of figures, but to five.

End of the TraEi^ intitled, Mr. de LagnyV General Method of

ExtraEling the Roots of Numbers hy Approximation.
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OBSERVATIONS
I

O N

- MR. RAPHSON’S METHOD

O F

RESOLVING AFFECTED EQUATIONS OF ALL DEGREES

B Y

APPROXIMATION.

Article i. "T N the foregoing Trad I have given a pretty

JL full explanation of Monjietir de Lagny's Method
of Extrading the Roots of Numbers by Approximation,

and 1 have likewife mentioned Mr. Raphjonh more fimple

and eafy, though lefs exad, method of performing the fame
thing. But both thefe methods may be applied to the re-

folution of all forts of equations, thofe which are called

affe5led equations or in which the unknown quantity occurs

in

* This exprelTion of affeEled equatlens feems to require fome further expla-

nation, It was introduced by the celebrated Vieta, the great father and
reftorer of Algebra. He has many exprefliona peculiar to himfelf, and which
have not been adopted by fubfequent Algebraifts. Amongft thefe are the

following ones. He calls a fet of quantities in continual geometrical pro-

portion, (fuch as the quantities i, x'^, x^, x*, x^, x^, x"^, &c,) a fet of

(calar quantities, or magnitudines fcalares ;
and, when there are feveral of

thefe J'calar quantities connefted with each other by the figns + and

or by Addition and Subtraftion, (as in the compound quantity -J-

ax* — h'^x'^,) he calls the higheft quantity, or that which is fartheft in

the fcale of quantities i, x, x^, x*, x®, x’, &c, (to wit, the

quantity x* In the faid compound quantity x^ + ax‘^ — l>^x^,) the power of

the fundamental quantity x, or of the fecond term In the faid fcale ; and

he calls the lower fcalar quantities, which ai;c involved In the fecond and third

terms of the faid compound quantity x’ -p to wit, the quanti-

ties
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in more than one term, as well as thofe which are called

fure equations, or in wkich the unknown quantity occurs in

only one term, and vyhfch are refolved by the mere extrac-

tion of the roots of’given numbers. And in all affeded

equations beyond biquadraticks, or thofe of the fourth

power, thefe methods of approximation are the only me-

thods that can be taken for difeovering their roots, or the'

values of the unknown quantities contained in them. And
even in cubick and biquadratick equations, though parti-

cular methods have been invented by Mathematicians, for

the accurate refolution of mod of the cafes of thefe equa-

tions, (to wit, the rules called Cardan^ rules for the refo-

lution of mod cafes of cubick equations, and the rules in-

vented by Lewis Ferrari of Bologna in Italy, about the year

1545, and explained at large in Bombelli's Algebra, in the

year 1579, and thofe afterwards invented by Mmfieur Fes

Cartes, and publiQied in his Geometry in the year 1637,

ties and x^, (or, in our prefent language, the inferiour powers of .y,)

fcalar quantities of a parocltc degree to .r’, or the poster of the fundamental

quantity x. This word parodic 1 take to be derived (tliough Vieta does

not tell us fo,) from the Greek words and which figuify near and

a way, or road, becaufe thele inferiour fcalar quantities, x^ and a"*, lie in the

way as you pafs along in the fcale of the aforefaid quantities i, x, y*, x^,

yS, a®, a^, &c, from i to y*, which he calls the power of a in the faid

compound quantity x^ -j- ax^ — Thefe inferiour fcalar quantities a^

and are therefore />nror//V, or Jituated in the way to, or zee hading to, the

faid ^<7=a'er, or higher fcalar quantity, a^. He then proceeds to define a

pare power and an offered power, and tells us, that a pure power is a fcalar

quantity that is not affedted with, or mixed with, any parodic, or inferiour

fcalar quantity, and that an affcfledpower is a fcalar quantity that Is mixed,

or connedled by Addition, or Subtraction, with one, or more, inferiour,

or parodic, fcalar quantities, combined with co-efficients that raife them to

the fame dimenfion as the power itfelf, or make them homogeneous to It, and

eonfequently capable of being added to It, or fubtradled from it. Thus a*

alone h a pure power of x, namely, its fitth power ; and a'^ -f-
— h^x^

is an afefled power of x, namely, its fifth power afcBed by, or conneflcd,

with, the two parodic, or inferiour fcalar quantities, a^ and a^, wliich arc

multiplied Into bb and a, in t>rder to make them homefgrneojis to, ox of the

fame dtmenfon with, x^ itfelf, and eonfequently capable of being added to it,

or iubtraCled from it. See Schooteu’s edition of Vieta’s Works, publilhcd

at Leyden in Holland, in the year 1646, pages 3 and 4.

This, then, being the meaning of the expreffions a pure power and an af-

fflcd power, the meaning of the correfponding cxprellions of a pure ajua-

ticn
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1

for the refolution of biquadratick equations, by the media-
tion of cubick equations,) it will be found that thefe methods
of approximation will, for the moft part, enable us to find

the values of their roots to any propofed degree of exa(5t-

nels, with lefs trouble than the particular and accurate me-
thods above-mentioned, which have been invented for that

purpofe. So that thefe methods of refolving equations by
approximation ought to be confidered as of the higheft utility,

and as being abfolutely necelfary to the completion of the

Do6lrine of the Refolution of Algebraick Equations, which
is the moft important branch of the Science of Algebra.

Art. 1 . But it is not fo eafy to determine, which of thefe

two methods of approximation, Mr. Raphjon's, or Mr. de

Lagny deferves to be preferred to the other on thefe oc-

cafions. Mr. Rapbjon^s is certainly much fimpler than the

other, becaufe it proceeds by confidering the new, or tranf-

formed, equation, (refulting from the fubftitution a z,

tlon and an offered equation follows from it of courfe : a pure equation figni-

fying an equation in which a pure power of an unknown quantity is declared

to be equal to fome known quantity
;
fuch as the equation .v® zr 79 ; and an.

affeded equation iignifying an equation in wliich a power of an unknown
quantity affeAed by, or conneAed, either by Addition or SubtraAion, with,

fome inferiour powers of the fame unknown quantity, (multiplied into pro-

per co-efficients in order to make them homogeneous to the faid highdl power
of the faid unknown quantity,) is declared to be equal to fome known quan-

tity ; fuch as the equation .v* -|- ax^^ — = 79. This I take to be the

original meaning of the expreffion an affeded equation. But, as the language

of Vieta has not been adopted by fubiequent writers of Algebra, I ffiould

think it would be more convenient to call them by fome other name. And,
perhaps, thofe of hinomlal, trinomial., quadrinomial, quinquinomial, and, in

general, that of multinomial equations, would be as convenient as any.

Thus, XX ax = r?', and x^ + ax'^ = and x^ -b a'^x — and x*' -}-

Q^x — r^, and x^ ax^ = r^, might all be called binojnial equations, be-

canfe they v/ould be equations in which a binomial quantity, or quantity con-

fiding of two terms that Involved the unknown quantity x, is declared to be

equal to a known quantity ; and, for a like reafon, the equations x^ -f ax"^

-b b'^x = r^, and x“^ — ax^ -b b^x'^ = r*-, and -- ax"^ -b b^x =: r*, and

A'* “b + Id'x^ — r®, and a® -b ax^ — b^x^ = ? and x^ -b b^x^ q-

zzz r*, might be called trinomial equations. And the like names might be

given to equations of a greater number of terms. Dr. Hutton, I obferve,

in his excellent new Mathematical and Philofophical DiAionary, juft now
publiffied, (Feb. 2, 1795,) calls them compound equations; which is like-

wife a very proper name for them, and lefs obfeure than that of affeded

equations.

or
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or ^— z, inftead of .v, in the original equation,) as being

only a fimple equation, and refolving it accordingly, or by

the mere operation of Divilion ;
whereas,, in Mr. de Lagny'%

^

method, the faid new, or transformed,’ equation is confider-

ed as a quadratick equation, and refolved accordingly;

which, when a (or the firft near value of the root, that is

fuppofed to be already known,) is a number confiding of

five, or fix, figures, produces a great deal of labour, and

often a great deal of perplexity. I am therefore inclined to

give the preference to Mr. RaphJon\ method in refolving all

aftecfled equations, more efpecially when the number a con-

fifts of more than two figures ; but it muft be confeffed

that the celebrated Dr, Halley (who had much experience,

and was an excellent judge of thefe matters,) was of a dif-

ferent opinion, and gave the preference to Mr. de Lagny’s

method, which he has therefore taken the pains to explain

in a better manner than had been done by Monfieur de

Lagny himfelf, and likewife to illufirate by examples, in his

Traft in the Philofophical Tranfadtions, Number 210, in-

titled, ‘‘A Neiv, ExaSl, and Eajy . Method, of finding the

“ Roots of any Equations Generally, and that ‘uaithout any pre-^

“ vious Redu5lion,’" which was publilhed in the year 1694.
On the other hand we may obferve, that Mr. Raphjon al-

ways continued to give his own method the preference, after

the publication of the tradfs of Monfieur de Lagny and Dr.

Halley upon the fubjedl, as well as before their publication,

when he tells us he had himfelf had the thought of adopt-

ing the principle which was afterwards followed by Mr. de

Lagny and Halley, of treating the transformed equation

as a quadratick equation, but had deliberately rejedfed it

on account of the greater eafe and fimplicity of the other

method, in which the faid transformed equation is confidered

and treated as a fimple equation. And Sir Ifaac Newton in

his method of refolving equations by approximation (which
differs very little from Mr. Raphfon's,) feems alfo to prefer

Mr. Raph/on's pradfice, of treating the transformed equa-
tion as a mere fimple equation, to that of Mr. de Lagny
and Dr. Halley, of treating the faid equation as a quadra-
tick equation. I therefore cannot but recommend it to all.

young Algebriiifts to fludy Mr. Raphfon’^ excellent Trea-

tife
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life on this fubjccft, intitled, Anahfts Mquatwium Univerjalis

,

with great attention, and to endeavour to make themfelves

mailers of it, by going carefully through all the examples
given in it, and performing all the arithmetical operations

contained in them. And 1 will venture to fay that they

will thereby acquire more ufeful knowledge in Algebra, to-

wards the bufinefs of refolving aifeded, or compound, or

multinomial, equations, than by reading all that has been

written by Harriot and Des Cartes, and his learned Comment,
tator Van Schooten, and all his other Commentators, and their

numerous followers, on the boafted dodlrine of the Genera-

tion of Equations one from another, by fuppofing — a to

be n: o, and x — h to be rrr o, and x— c to be =: o, and
.V + to be — o, and -j- ^ to be z; o, and fo on ; ancf

then multiplying the binomial quantities x— a, x — h, x— c,

X + d, X -r 0, 8^c, into each other, and likewife all the

abftriife and intricate matter that has been delivered by Sir

Ijaac Newton, and Mr. Gravejende and Mr. Mac Laurin, and

other learned Algebraifts of modern times, on the invention

of Divifors, which is grounded on that dodlrine of the Ge-
neration of Equations from each other.

Art. 3. Yet in reading this excellent Treatife of Mi%
Raphjon, which I fo much recommend, there will now and

then occur fome difficulties which are not inherent in the

fubjeft itfelf, but which might have been avoided, if Mr.
Raphfon had not unfortunately adopted the perplexing doc-,

trines of modern writers of Algebra, about negative quanti-

ties and negative roots of Equations. The quantities called

negative are fuch as it is impoffible to form any clear idea of,

being defined, by Sir IJaac Newton and other Algebraifts

* Quantitates vel JlJJirmativee funt, feu majores Nihilo, vel Negativa-, feu

Nihilo minores. Newton’s Jirithmetica IJnivcrfaUs, page 3.

When a greater quantity is taken from a leffer of the fame kind, the re-,

mainder becomes of the oppofite kind. :Mac Latirin\ Atgehra, page 5.

An affirmative quantity is a quantity greater than nothing, and is known
by tliis fign, + ; a negative quantity is a quantity lefs than nothing, and is

k-uown by this fign, — . Saunetetpon^i Algebra, Vol. b page 50, article 2.

q. C to
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to- be fuch quantities as are left than nothings or as arife from

theJubtra^ion of a greater quantity from a leffer, which is an

operation evidently impoffible to be performed ; and, as to

the negative roots of an equation, they are in truth the real

and pofitive roots of another equation confifting of the fime

terms as the firft equation, but with different ffgns -f and

— prefixed to fome of them ; fo that, when writers of Al-

gebra talk of the negative roots of an equation, they, in

faft, jumble two different equations together, and fuppofe

the propofed, or firft, equation to have not only its own
proper roots (which they call its affirmative, ox 'pofitive, roots,)

but to have likewife the roots of a different equation, which

they call its negative roots. Thus, for example, they would

fay, that the quadratick equation xx + 4.V ~ 320, has two

roots, to wit, the pofitive, or affirmative, root, +16, and

the negative root, — 20. But this latter number, 20, is,

in truth, the root of a different equation, to wit, of the

equation xx — 4.x
—

320. So that this kind of abfurd and
fantaftick language only tends to the confounding together

the two different equations xx 4.x
—

320, and xx— 4.x

= 320, and confidering them as if they were one and the

fame equation. Now this perplexing language is unfortu-

nately ufed by Mr. Raphfon in this valuable Treatife, and
tends to throw an air of myftery and obfcurity upon fomfe

of the Problems folved in it, from which they would other-

wife have been intirely free. As a proof of the truth of this

oblervation, I fltall here infert one of the faid Problems, the

folution of which is by tiiis means rendered fo obfcure, that I

had a good deal of trouble to find out the meaning of it

;

though, if this language had been avoided, and the proper

and natural language, belonging to the conditions of the

Problem, had been ufed in its ftead, there could not have
been the leaft difficulty in underffanding it. This Problem
is the 24th, in page 32 of the 2d edition of the book, and
is, verbatim et litterat'im, as follows.

PROBLEMA
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PROBLEMA- XXIV,

Aquationum ^inta Potejlatis Adfe5iarum Solutio.

Proponatur —aaaaa 4- qaaaa— zoaaa + i^^aa = 10,000,

Hoc eft, — aaaaa + baaaa — caaa + daa zz f,

Theor. ^ = / + ggggg + cggg - Igggg - dgg

A’gSg + ^dg — ^gggg - ^cgg

Sit ^ - 5

f ggggg + ^ggg - hggg - dgg — - 387;mg + ^dg - ^ggg - ^cgg =z. - 9675) (- 3875,0 (+ ,4z=

- S»

+ »4

f + ggggg + <^ggg - hggg - dgg = - 420,36896

Aggg + 2dg — sgggg — ygg = - 7659,736) - 420,36896 ( 4- ,055 = X

- 4,6

+ >055

/ + +m - ^gggg - dgg = - 5,960359465465625

4te+ 2f^J'- 5m-^- 3^<g?= - 74 ‘o»74S) - $>9603^94 (+,00080428=4!'

+ ,000,804,28

fl = - 4> 544>i 9 S >72

To this folution I have, in my copy of Mr. Raphfon’s

Tra<ft, fubjoined the following Note,

Numerus 4.544,195,72 eft radix tequationis + ya* 4-

2oa^ 4- 155^2^ — 10,000; quod hie obfeure innuitur fub

fpecie radicis negativse aquationis — <** + 7^4 — 20^2’ 4-

155«® — 10,000. Omnes fere difficultates quibus permulti

cultioris Ingenii viri ab Algebra difeenda et excolenda deter-

rentur, ex hifce radicibus negativis et aliis quantitatibus ne-

gativis,
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gativis, feu (ut hodierni Algebra fcriptores abfurde loquun-

tur,) nihilo minoribus, ortum habent.

In this Problem the letter a is ufed for the unknown quan-

tity, or root of the equation, which is ufually denoted by

the letter .v ;
and the letter ^ is ufed for the firfl: near value

of the root of the equation, which in the two foregoing

Trads has been denoted by the letter a

;

and the letter x is

tifed for the difference between^, the firtl near value of the

root of the equation, and its true value, which difference

has been denoted in die two foregoing Trads by the letter z.

So that, if. we exprefs the enunciation of the foregoing Pro-

blem in the notation that has been ufed in the two foregoing

Trads, it will be as follows.

Proponatur — xxxxx + yxxxx— loxxx + 155.W = 10,000»

Sive — A'* -p ^x* — 20x^ + 155AA = 10,000,

Hoc eft, — xxxxx + hxxxx — exxx + dxx r: /,

Sive — A* 4- hx^ — cx^ + dx^ — f.

f naaaa + caaa — haaa<t — daa
Theor. 2:

— r ; 7-
,

^fiaaa 2 da — ^aaaa — 3^^»«

/'-}-<’* + — da^
or 2 ^

4- “2.da za* — yar

Art. 4. Here, then, the equation propofed by Mr. Raph^

fon to be refolved, is faid to be A’ + 7A* 20A* 4-

155AA = 10,000, or I55AA — 20A3 4 yx* A® = 10,000.

But this is not the equation he refolves ; and, indeed, it is

not a poffible equation, becaufe the greateft poffible mag-
nitude of the compound quantity 155AA — 20A® 4* 7-^'^

A® is that which it has when the infinitely fmall increment'

of the binomial quantity 2o.v^ 4 a® becomes equal to the

contemporary increment of the binomial quantity 155.W 4-

•jx*, that ts, (if we put .V, or x with a point placed over it,

for the infinitely fmall increment of a,) when 20 x 3a®a;

4* c^x'^X becomes equal to 155 X "
2-xx 4 7 X 4Abv, or

when 6oa^ 4 5a‘* is n: 310A* 4 28a®, or when 6oa 4 5a 3

is r:: 310 4 28AA, or when 5A® — 28aa 4 6oa is 3io>

otr
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?. S VA>* •

or when x^ — —^
f- i2a; is = 62, or when x^ — c;, 6xx

5 . .

^

•+ lix is =: 62; and that is when x is nearly — 5.5; at

which time the compound quantity 155.VA? — 20x^ + yx^ —
will be nearly equal to 2733, as will appear by iubfti-

tuting 5.5 inftead of .v in the terms of the faid quantity

Jj^xx —• 2ox^ + yx"' — x^ : and this quantity 2733 (which
is the greateft poffible magnitude of the compound quantity

1 55.V.V — 20a.-^ yx"’ — x%) is very much lefs than 10,000,

or the abfolute term of the equation 155.VA: — 20;^^ + yx*

— iz: 10,000, and confequently the faid equation is im-

.
poffible. But Mr. Raphfon, though he fets down this equa-
tion 155AW — 2o;i:^ -I- yx"^ — x^ ~ 10,000, as the equation

that is to be refolved, yet really means to refolve a quite

different equation, to wit, the equation that refults from
fuppofingw to be a negative quantity, or from fubhituting

the powers of — «, to wit, + ‘’ca’? — + x^, and — a;*,

in the terms of the faid equation 1 ^^xx — 20^^ + yx'*'— .v*

— 10,000, inftead of the like powers of + x, to wdr,

+ xx^ + x^, + and + x^ ; by which fubftitution the

faid equation will be converted into the equation 155 x
+ .Y.v— 20 X — + 7 X + X* — I X — = 10,000,

or 155VV -b 2o;c^ + yx* + x^
~

10,000, which is evi-

dently a poffible equation, and of which the root is 4.544,

195,72, or the fame number which he obtains by his folu-

tion of the Problem, and which, with the fign — prefixed

to it, he calls the negative root of the propofed equation

i^^xx — 2o.v^ -{- yx*' — — 10,000. Now all this per-

plexity would have been avoided, if Mr. Raphjon had pro-

pofed at firft: to find the root, or, in the language of modern
writers of Algebra, the affirmative, oxpofttive, root, of the

equation 155XA; + 20x* ft- 7^^ -f- zz 10,000, or x^ -p

yx"" -f- 2ov’ + i55^.v — 10,000, which equation is evi-

dently poffible, and can have only one root. And then

all the fteps of his folution would have been clear^nd eafy,

as will appear by refolving this equation + yx"^ + aox*

4- i35,vv— 10,000 according to the principles of his me-

thod j
wiiich may be done in the manner following.
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The Rejoltttltm of the Affe6led Equation a:* + 'jx^ -f- lox^ 4“

I 55a; io,coo, by Mr. RaphfonV Method of Approxima-*

tion.

Art. 5. In confidering this equation a'* + qx* + 20A* 4-

i^^xx ~ 10,000, it is, in the ifl; place, eafy to fee that X

muft be greater than i. For, if we fuppofe x to be — i,

we (hall have xx — i, and a* — i, and a^ =3 i, and a*

= I ;
and confequently a* 4- qx"^ 4- 2oa^ + 1 55AA will be-

~ I + 7 4- 20 4- 155 “183; which is very much lefs

than the abfolute term 10,000. Therefore 1 muft be much
lefs than a.

In the fecond place, if we fuppofe a to be ~ 10, we fhall

have AA = 100, and a^ ~ 1000, and a* ~ 10,000, and

A* r: 100,000 j fo that a"^ alone will be equal to the abfo-

lute term 10,000, and confequently a* 4- qx* 4- 20a^ 4-

155A muft be very much greater than the faid abfolute

termj and confequently 10 muft be much greater than a.

Thirdly, fince a is lefs than 10 and greater than i, let

us fuppofe it to be equal to 5. Then we lhall have aa —
25, and A* — 125, and a"^ rr 625, and a* 3125, and
confequently a* + qx'^ 4- 2oa^ 4- 155AA (zz 3125 + 7 x
625 4- 20 X 125 4- 155 ^ = 3^25 + 4375 + 2500
+ 3^75) — 13)875; which is greater than the abfolute

term 10,000. Therefore 5 is greater than the true value of
A in the equation a* -f- qx‘* + 2ox^ 4~ 155AA zr 10,000.

We will therefore, in the 4th place, fuppofe a to be =: 4.

And then we fhall have aa zr 16, and a^ = 64, and a*

= 256, and A* ~ 1024, and confequently a* 4- qx* 4-
2oa 3 4- 155AA (zr 1024 4-7x256 4- 20 X 64 4-155
X t 6 zz 1024 + 1792 4- 1280 4- 2480) zz 6576; which
is lefs than the abfolute term 10,000. Therefore 4 is lefs

than the true value of a in the equation a* 4- 7a4 4- 20A*

4- 155AA zz 10,000.

It
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It appears therefore that the root of the equation +
+ 2o,v’ iS5x^ = 10,000, is greater than 4, but lefs

than 5. And either of thefe values might very well ferve

for a firft near value of the faid root, or for the bafis of a

further approximation to it. Mr. Raphfon makes choice

of 5, which is greater than the truth.

Art. 6. Let us then fuppofe or the firfl; near value of

X in the equation a:® + jx* + 2ox^ 4- i^^xx ~ 10,000, to

be = 5 ; and let 2: be the difference by which it exceeds

the true value of x. Then will be zr ^— z, and confe-

, quently xx will be (rz a — 2)*) zz aa ^ 2az + &c, and

will be (— a — -p &c, and will

be (rz — zV) — a* /\.a^z + &c, and x® will be (=
a — zY) = ‘— ^a*z + &c. Therefore a?* + qx* + 2ox^.

“f- 155XX will be zr <

V..

aS — 5<3*z 4- &c,

4- 7 X — 4.a^z 4" &gc,

+ 20 X — 3d"z + &c,

+ 155 X — 2az 4- &c,

-

V.

4"

4- ya* — 28^^2: 4“

4- 2oa^ — 6o^*z 4-

4- i55^2<3 — 3io«2 4- &c.

But X* 4- 7^:* 4” 2ox’ 4- T-55XX is zz 10,000.

Therefore 4" y^* + 2o<«^ 4“ ” 5
^*^ — 28a^z

‘— 60^*2: — 3io«2: 4- &c, will alfo be z: 10,000, and

confequently (adding ^a*z 4- 2Sa^z 4- 6oa^z 4- 310^2; to

both fides,) we fhall have 4- y<^* 4- 20a^ 4- i^^aa zz

10,000 4- sa^z 4- 2Sa^z + 6oa''z 4- 310^2:, or (becaufe

is zz 5, and confequently 4- ya* 4- 20«^ 4- 155^^ is zz

13,875, as has been (hewn in art. 5,) we fhall have 13,875

z: 10,000 4- 5«4z 4- 28«^2: 4- 6 o^''2: 4- 310^2;, and con-

fequently (fubtrading 10,000 from both Tides,) 3875 zr ^a^z

4- 2 8a^z 4- 60^2*2: 4-31 oaz zz z X fs^* 4- 28^^ 4- 6o<3* 4- 310a.

4 D ' Therefore
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Therefore z will be = ^ + jioa

sS?? ^
5'X + 28 X + 60 X ^» + 310 X 5

387 ?
387$

5x621; + 28 X 125 + 60x25 + 310x5 “ 3125 +3500+ 1500+ 1550

— 3 ^Zi) — 0.4. Therefore a — 2, or will be (ir 4
'-9675^

^ 0.4 — 5-0 — 0.4) IT 4.6 ; and 4.6 will be a fecond

near value of the root of the equation x^ + yx* + 20.V*

4- i^^xx — 10,000. Qc E. I.

We muft next try whether this fecond near value of x is

greater or lefs than its true value
;
and for this purpofe we

muft fubftitute it, inftead of .v, in the compound quantity
^•s 4_ + 2o;i;* + 155XA:.

Now, if we fuppofe to be zi 4.6, we Qiall have xx

(=1 4^"") = 21.16, and x'^ [zz 4^*) = 97-336, and x*

(iz 4^^+) = 447.7456, and x^ (= 4T^^) = 2059.62976,
and i^^xx(— 155 x 21.16) rr 3279.80, and 2 oa;’ (zr 20

X 97-336) = 1946.720, and yx^ (= 7 X 447 -7456 ) =
3134.2192, and confequently x^ + yx* + 2oa;^ + 155.^^
(— 2059.62976 + 3134.2192 + 1946.720 + 3279.80)
zr 10,420.36896 ; which is greater than 10,000, or the ab-
folute term of the equation x^ + yx^ + 2oa,3 4- 155XV zz

10,000. Therefore 4.6 will be greater than the true value
of X in that equation.

Alt. 7. To find a third near value of the root of. this

c luation, let a be fuppofed to be zr 4.6, and z be the

difference by which or 4.6, exceeds the true value of
tile faid root.

Then we fliall have, as before, x — a — z, and confe-

quently ,y.v (= a — z]*} :i= aa — zaz + &c, and x^ (=
^ ~~ 2:]^) -zi — 3<2^2: 4- &c, and x* (= a -— zV) —
— 4-a^z + 6cc, and x* (z: 4 — 2)^) zz: 4* —

and
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and yx* (= y x y- &cc,) = ya^ — 2 Sa^z +
&c, and 20x^ (— 20 x — 3^*2 -r ^c,) rr 2oa^— 6oa^z

+ &c, and i^^xx (== 155 x — 2-az -f &c,) zr 155^^*

— 310^2: + &c, and X* + yx'*' + 2ox^ + i55^-v ~
— 4- &c.

'+
'ya*' — 28^Z^Z 4- &c.

•<

+ 2oa^ — 6 o<2®z 4- &c.
>

L + 155^^ — 3 1 oaz 4“ &c.

But .V 4- yx'* 4- 20X^ 4- 155 -x^^ ij 10.

^2* — 5 fl‘'z + &c,

Therefore <

4- ya^

4- 'loa^

28«^Z
— 6o^®z

4 -

4-

&c,
&c.

w+ 155^^ 3lO<3Z 4- &c.

will likewife

be lojooo, and confequently (adding ^a*z '+ 28^32; q_

6o^2®z 4- jioaz to both' fidcs,) + ya‘^ + 2oa^ + i^^aa
will be zz 10,000 -f ^a*z + 2Sa^z 6 oa''z + Sioaz.

But it has been fliewn in the laft'article, that + 7^'*

4- 2oa^ 4- 155«?^, or 4 . 6b -f y x ^4^*^ + 20 x "4.6^ 4-

155 X 4^% is zz 10,420.36896.

Therefore 10,420.36896 will be zz 10,000 4- ^a*z +
28^^2: + 6o<2*z 4- 310^2; and confequently (fubtrafting

10,000 from both fides of the equation,) 420.36896 will be

— ^a*z 4- 28a’z 4- 6 oa''z + 310^2 (zz:
5 X 4.6.'* X 2: 4-

28 X 4.6^^ X 2: 4- 60 X 4^^ X Z 310 X 4-6 X Z zr

5 X 447.7456 X z + 28 X 97*336 X z 4- 60 X 21.16

X z 4- 310 X 4.6 X Z zz: 2238.7280 X Z 4- 2725.408

X Z 4- 1269.60 X z 4- 1426.0 X Z) zz 7659.^360 X Z,

and confequently z will be (zz ^ o*o543 j o-r

nearly 0.055. Therefore x, or a — z, or 4.6 — z, will

be nearly (zz 4.6 — 0.055,) zz 4-545 ; and confequently

this number 4.545 will be a third near value of the root of

the propofed equation x^ 4- + 2o.\^ 4- 1 55.W zz 10,000.

Ci; E. T.

4 D 2 Now
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Now let this number 4.545 be fubftituted inllead of a? in

the compound quantity a'® 4- 7-v'^ + 20A* + 155.V.V, in or-

der to difcover whether the refult will be greater, or lefs,

than 1 0,000, or the abfolute term of the propofed equation

A® + 7^“^ + 20A® + 155^-v 10,000.

Now, if X be fuppofed to be “ 4*545? we fhall have xx

(= 4.545!^) =: 20.657,025, and a® (zr 47^®) =r 93.886,

178,625, and X* (— 4.545!^) zr 426.712,681,850,625, and

A® (= 4.545I®) IT 1939.409,139,011,090,625, and confe-

quently yx* (— 7 x 426.712,681,850,625) zr 2986.988,
*

772,954,375, and 20A® (— 20 X 93.886,178,625) z::

1877.723,572,500, and 155AA (— 155 X 20.657,025) zz;

3201.838,875, and A® + yx* -f 20A® + 155AA (zz 1939,

409.139.011.090.625 + 2986.988,772,954,375 + 1877,
723>572?5oo 3201.838,875) = 10,005 960,359,465,
465.625 ; which is greater than 10,000, or the abfolute

term of the equation a® 4- yx^ 4- 2oa® 4- 155AA zr 10,000,

Therefore 4.545 will be greater than the true value of a in

that equation.

Art. 8. To find a fourth near value of the root of this

equation a® -f yx^ 4- 20A® 4- 155.VA ~ 10,000, let a be
fuppofed to be zz 4 545, and 2 be fuppofed to be the dif-

ference by which <7, or 4.545, exceeds the true value of the
faid root.

Then we fhall, as before, have a =r a — and confe-

quently aa (zz a — 2]^) = aa — 2oz 4- &c, and a® (zz

« — zj®) zz fl® — 3^*2 4-'&c, and x*
(
= a — 2,*) zrz

— 4^®2 4-“ &c, and a* ( rr a — ;^®) z=i — ^a*z + &c,

and 7 a'* (zz 7 x ri
* — 4^^2 -(- &c,) — ya* — 28^®2 4-

hc, and 2oa^ (— 20 x 4- &c,) zz 20«® —-

(^oa^z 4- &c, and 155AA (— 155 X — 2i«2 4- &c,) zz

155*^^ — 310^2 4- &c, and confequently a® 4- 7^’”* + 20A®

-f i55‘V.v zz
^ ^
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r .
^a'^z + &c,

'

'+ ya^ — 4- &Cj

+ 2oa^ — 6 oa'^z + &c,

. + 155^" — 310^2: +. &c. ^

But a;* + qx* + 2ox^ + iSS^^ ~ io>°oo.

Therefore + qa'^ + 200^ + 155^^ — —
iZa^z -f- &c, — (ioa^z + &c, — q^ioaz + &c, will like-

^ife be ~ 10,000, and confequenily (adding ^a'^z + 28*3^2

4- 6o^2*z 4- 310^2 to both fides,) ^*4- qaP 4- ^o^^ 4-

iSp^aa will be “ 10,000 + ^a'^z 4- 28<3^3 4- 6od^z 4-

3

1

o<*2r.

But it has been fhewn in the lall article, that 4- qa"^ 4-

2oa^ 4- i5 5^g, or'q^J^^ 4- 7 X ~4-545^^ + 20 X 4- 5 45?

+ 153 X 4-545^% is =z 10,005.960,359,465,465,625.

Therefore 10,005.960,359,465,465,625 will be “ 10,000
'4- ^a*z 4- 28<2^2 4- 6o«®2 4- 310^2; and confequently (fub-

tradfing 10,000 from both Tides,) 5.960,359,465,465,625

w'ill be — 5«'*2 4- 285^2 4- 6o«®2 4- 310^2 (—5 x 4.5451'*'

X z 4- 28 X 4^ 5451^ X z 4-^ 60 X 4.545T X z 4-310
X 4-545 X 2: z= 5 X 426.712,681,850,625 X z 4- 28

X 93.886,178,625 X z 4- 60 X 20.657,025 X z 4-

310 X 4.545 X z =: 2133.563,409,253,125 X 2 4- 2628.

813,001,500 X z 4- 1239.421,500' X z 4- 1408.950 X 2)

= 7410.747,910,753,125 X 2. Therefore z will be (=
5.96o, ;̂ 9.46;,4^^

62
zz 0.000,804,28, and a:, or a — Zy or

7410.747,910,753,125

4.545 — 2, will be (zz 4.545,000,00 — 0.000,804,28)
zz 4.544,195,72. Therefore 4.544,195,72 will be a fourth

near value of the root of the propofed equation a* 4- q^'^

^ 2ox^ 4- 155^'^' zz 10,000. cti E. 1.

This number 4.544,195,72, agrees with .the number
found by Mr. Raphfon, in all its 'figures.

Art. 9* The foregoing refolution of the equation 4-

qx^ 4- 20x^ 4- 155.W zz 10,000, has been performed at
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o-reat length, in order to fet forth, in as clear a manner as

poflible, the feveral reafonings upon which the arithmetical

operations ufed in it are grounded, as well as the faid ope-

rations themfelves. And by fo doing the fubjedt is ren-

dered fo much eafier than in Mr. Raphfon’s very concifc

and compreffed way of treating it, (in which all the reafon-

ings are dropped, and only the arithmetical operations are

exhibited,) that, though the above refolution of the faid

equation is three, or four, times as long as Mr. Raphfon’s,

yet 1 am fully perfuaded that it may be read and underftood

in a third, or fourth, part of the time that is neccffary to a

thorough comprehenfion of Mr. Raphfon’s refolution of it

;

even if he had not puzzled the matter by talking of the

negative root of the equation — x* + — icx^ + i

— 10,000. But that this may appear the more clearly, I

will now repeat the foregoing refolution of this equation in

the (lyle and manner of Mr. Raphfon, by omitting the fe-

veral reafonings fet forth in the foregoing articles, and

making ufe of a Canon, or Theorem, for the purpofe of

computing the fecond, third, and fourth values of z, in

the fame manner as Mr. Raphfon has done.

Art. 10. Since each of the three firft fucceffive near values

of AT, or the root of the propofed equation x* + yx* + 20x^

~ 10,000, from which the next near values of
it are derived, to wit, the three numbers 5, 4.6, and 4.545,
and which arc fucceffively denoted by the letter a, is greater

than the true value of x in the faid equation, or than the

root of the faid equation, it follows that the fecond, and
third, and fourth near values of x will, each of theqi, be
fucceffively denoted by the refidual quantity — z ; and
confequently, by applying the reafonings ufed in art. 6, in

order to obtain the values of z, and of a — z, or x, we
fliall find that z will be, fucceffively, nearly equal to the

value of the fiaflion
+ 7^'*_+ aoai +

+ 28a^ + 6oa^ + 3l6<*

therefore, that a — z, or x, wjll be, fucceffively, nearly

equal to the value of the quantity a — the fraction
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+ 'ja* + 20<z3 155^1^ — 10,000

+ 60a* + 310a
This, then, is the Theo-

rem, or Canon, by the application of which we are to com-
pute the fecond, and third, and fourth, near values of
a — Zy or X, after taking 5 for the firfl: near value of it,

or for the firft value of a.

Now, if /2 is rr 5, we lhall have z =. the fraflion

a> + 7 fl
4 + zoa'i + ~ lOjOOO 387^ ^—T~l

—

y
-

L V / , .

— — 0.4. Therefore
5«+ + 20a^ -p 6oa^ + 310« 9^75

~

a z will be (~ 5 — 0.4) = 4.6 ; which will therefore

be the fecond near value of x, or of the root of the equation

+ qx* -f- 20x^ + — 10,000.

Secondly, if a be ~ 4.6, we fliall have z —
«5 + 7^4 -f 2oa^ 4- — 10,000 420.36896

5«^+ 28^^ 4- 60^2^ 4- 310a 7^59'736o
^‘®54 j or,

nearly, 0.055. Therefore a — 2: will be (— 4.6 — 0.055)
rr 4.545 ; which will therefore be the third near value of at,

or of the root of the equation x^ + yx* + 20x^ -p 155XV
zr 10,000.

Thirdly, if <2 be = 4.545, we fliall have 2: =:

fli 4- 4- 20a3 4- I55aa — 10,000 5*96o53S9>46?,465,625

5«“^ 4- 28^3 4- 6o<3*' 4- 310a 7410.747,910,753,125

0.000,804,28. Therefore a — z will be (— 4.545 —
0.000,804,28) zr 4.544,195,72; which will therefore be
the fourth near value of x, or of the root of the equation

AT* -p jx* + 2oa;^ -P_ I 55A-V zz 10,000.
_

q. E. I.

Art. 1 1. Mr. Raphfon’s Canon, or Theorem, for the value

of Zy is exprefled more concifely than the foregoing Theo-

rem, z
a* + 7a^ 4- 20a’ 4- ~ 10,000

4^ 28a^ 4- 60a* 4- 310a
For he ufes the

letters c, d, and /, for the co-efficients 7, 20, and 155,
of the fourth, third, and fecond, power of .r in the equa-

tion A* -f* yx* 4- 20A^ + 155AA z: 10,000, and for 10,000,

the abfolute term of that equation, refpeclively ; which pro-

duces the following Canon, or Theorem, for the value of 2,

to
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to wit, 2 = —7^- ‘

J
,

But It appears to

that, though we may feem to gain fomething in point of

brevity by ufing this very general notation, we lofe as much
in the article of perfpicuity, which is a matter of much
greater importance. However, this latter refolution of the

equation + yx* + 20x^ + 155^^: — 10,000, which is

exprefled in Mr. Raphfon’s concife ftyle and manner, and

the foregoing more explicit refolution of it in art. 5, 6, 7,

and 8, (in which the reafonings, on ^'hich the feveral arith-

metical operations are grounded, are diftindty fet forth and

repeated,) are, both of them, the fame in fubltance, and

are, as 1 believe, the very beft method that can be taken

for difcovering the root of the faid equation.

Art. 12. It has been obferved above in art. 2, that Sir

Ifaac Newton^s method of refolving numeral equations by
approximation differed but little from Mr. Raphfon’s, both

methods being founded on the fame principle of confidering

the new, or transformed, equation, (refulting from the fub-

ftitution of -4- z, or ^ — z, inftead of Xj in the original

equation,) as a mere fimple equation, or negleding, or

omitting, all the' terms of it which involved in them any
higher power of z than its fimple power ; which reduces the

refolution of all equations, of whatever orders, to the refo-

lution of a fimple equation, or, rather, to the refolution of
feveral fucceffive fimple equations, by which we make con-
tinual approaches to the true value of the root of the ori-

ginal equation. In this grand principle Sir Ifaac Newton’s
method and Mr. Raphfon’s method perfedlly agree ; and,

in finding the fecond near value of Xj or in making the firft

approximation to the true value of x, after having obtained,

by conjedure, or trial, or in fome other manner, the value

of what has been here called or a firft near value of x,

or the root fought, there is not the fmalleft difference be-

tween them. But in the inveftigation of the third, and
fourth, and other following near values of x, there is a little

difference in their manner of proceeding, which the reader

may be glad to fee examined. 1 fliall therefore now com-
pare
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pare the two methods together, in the cafe of a very eafy

equation, by which Sir Ifaac Newton himfelf has thought

proper to illuftrate his method.

A Comparijon between Sir Ifaac NewtonV and Mr. Raphfon’i

Methods of Rejolving Numeral Equations by Approximation.

.

Art. 13. Sir Ifaac Newton’s Method of Refolving Nu-
meral Equations by Approximation, is explained, by him-

ielf in his curious little Tradl, intitled, Analyfis per Mqua-
tiones Numero Terminorum Infinitas, (which was written in the

year 1666, and communicated to Dr. Ifaac Barrow, and to

Mr. John Collins, and to other learned men of that time,

in the year 1669,) by an example; which is as follows.

Art. 14. Let it be required to refolve the cubick equa-

tion x^ 2x ~ 5.

Here, in the firft place, it is eafy to fee that x is fomewhat
greater than 2, but much lefs than 3. For, if x is taken equal

to 2, we fhall have ix — 4, and ~ 8, and confequently

x^ — 2v (= 8 — 4) — 4 ;
which is lefs than 5, or the true

value of x^— 2X in the propofed equation : and, if x is taken

equal to 3, we lhall have 2x = 6, and x^ zz 27, and confe-

quently — 2x 2

j

— 6) — 21; which is very much
greater than 5, or the true value of x^ — 2X in the pro-

pofed equation. Therefore the true value of x in that equa-

tion muft be much lefs than 3, and a little greater than 2.

Let it therefore be fuppofed to be equal to the quantity

in which z denotes the unknown quantity by which

the true value of x exceeds 2. And let 2 + z be fubfti-

tuted, inftead of v, in the propofed equation x^ — 2X zz 3.

7 his may be done as follows.

Since x is ~ 2 +. z, we fhall have v’ (zz 4- 3 x"^)*
4E X ,



‘

57 ^ 0« Mr. Rapbfon’j Method of Re/ohing

Xz-fa X 2 Xzz+ 2*=: 8 + 3X4XZ+.3 X 2.z;S

+ 8 + 122: 4- 6zz + 2^ and 2,v(— 2X2+z)
— 4' + 2Z, and confequendy <— 2.v (rz 8 + 12Z' 4- 6zz

4- — 4 — 22) zz 4 -f IC2 + 622 + 2^. But x'^ — ix

is zr 5, Therefore 4 + 102 + 62.2 + will alfo be rz

5, and confequently (fubtracling 4 from both fides,) 102

+ 622 4- 2* will be r= I ;
and, (fubtracling 622 4- 2^

from both Tides,) 102 will be zz i — 622 — zK Therefore

2 will be z:
I — fizz — z3

10

I

JO

6zz — Z^

10
zz O.I

that is, 2 is lefs than or o.i, by the quantity

-6zz— z3

10
•

6z* +
10

Therefore ,v, or 2 4- 2, is lefs than 2 -f- or 2 4- 0.1,j \ 7 10

or 2.1, by the faid quantity — ; which, on account of

the fmallncfs of 2, (which is lefs than -^,) will be a very

fmall quantity in comparifon of 2, or of and, hfortiori,

in comparifon of 2, and confequently may be neglefled.

-And therefore 2.1 will be a fecond near value of x, or the

root of the propofed equation — ix — 5, that will be

a little greater than, its true value,, but nearer to it than any

ocher number that confifts of only two places of figures.

Q-i E. I.

This is the hi ft ftep of Sir Ifaac Newton’s approximation

to the root of the equation .v 3 — ix — 5, after the affump-

tion of the number 2, by conjecture and trial, for its firft

near value. And in this firft ftep of the approximation Sir

Ifaac Newton’s and Mr. Raphfon’s methods exactly co-in-

cidci

Art. 1 5. But in the next ftep of the approximation to

the value of .v, in the Paid equation x^ — 2at z: the two
methods are fomewhat different from each other, though
the number of new figures of the true value of .v, that are

exaft in the next near values of it refulting from both me-
thods.
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thods, is the fame. The difference between the methods in

this fecond ftage of the approximation is as follows.

Mr. Raphfon correfts the value of ;>?, or the root of the

original equation = 5, already found, to w'it, 2.1,

(and which is known to be fomewhat greater than the truth,)

by fubtracling from it the unknown quantity by which it

exceeds w," and which we may call “u, and fubftituting 2.1— V inftead of x in the faid original equation, — 2.x zz

5, whereby it is transformed into another cubick equation,

in which v will be the only unknown quantity ; and then he

finds a near value of v by refolving the faid transformed

equation as if it were only a fimple equation, or by ne-

glefting the terms which involve the fquare and cube of v,

on account of their fmallnefs, juft as we before negledted

the terms 6zz and in the foregoing transformed equation

loz 4- 6zz + — I for the fame reafon. But Sir Ifaac

Newton takes no further notice of the origin'al equation

— 2X — 5, till he has compleated the whole procefs of
his approximation ; but, 'inftead of the faid original equa-

,

tion, he confiders the former transformed equation, 102 -{-

6zz + 2^ — 1 5 which was derived from it, and inveftigates

the value of its root, z, to a greater degree of exadtnefs

than that to which it was before obtained. • And this he
does in the manner following.

Since it has been feen that z is lefs than o.i, let the

quantity by which o.i exceeds it be called v, fo that z fhall

be zz 0.1 —’ V ; and let 0.1 be fubftituted, inftead of

2, in the transformed equation 102 + 622 + ~ t«

This may be done as follows.

Since 2 is zz 0.1 — v, we fliall have

22 (— O.I = 0.01 0.2V 4- vv
,

and 2^ {— o. I — — 0.001 — 3Xo.oiX'z; 4- 3X0.1 xvv-

— v^) — 0.00
1,

—
• 0.031; -|- o.3i;i;

and 102 (zz 10 X 0.1 — 1;) i — loi;^

z,nd 622 zz 0.06 — 1.21; 4- 6vvy

and



5 So On Mr. RaphlonV Method of Refdhing

and confequently

lOZ 1.00 — 101;

< -j- » zm * 4. 0.06 — 1.21; 4 67JV

^ + 0.001 — 0.031; 4 o-3i;i; —
^

n 1 .061 — 1 1.23^^ + 6.3W —
But loz + 62Z + 2^ is ~ I.

Therefore 1.06 r — 11.231; + 6,'^vv — 1;’ will likewifc

be I. And confequently (adding 11.231; to both fides,)

we (hall have 1.061 + 6.3i;i; — 1;* = i + 11.231;; and,

(fubtrading i from both lides,) we fhall have 0.061 4-

— 1)'^ — 11.231;, and (negleding 6-3i;i; and v‘ as in-

confiderable in comparifon of 0.061 and 11.231;] we (ball

have 0.061 ii: 11.231;, or 11.231; rr 0.061 ; and confe-

quently (dividing both fides by 11.23,) have v (~

— 0.00 C4- Therefore z, or o.i — 1;, will be (—
11*23 '

O.I — 0.0054) — 0.0946, and confequently or 2 -f- 2,

will be (~ 2 -It 0.0946) =: 2.0946. q. e. i.
V

In this manner Sir Ifaac Newton finds the root of the pro-

pofed equation — 2.v z= 5 to be equal to 2.0946, which

is as near the truth as five figures can exprefs it.

Art. 16. He then carries the inveftigation one (lep fur-

ther, by which he obtains the vdlue of a; exa6t to nine

places of figures ; and for this purp.ofe he proceeds in the

manner following.

The laft transformed equation was 11.231; ~ o.c6i 4-

C.^vv — ; from which it follows that v is accurately

,
0.061

.
S.'i'VV

equal to 4-
7.3

23 1 1.23
or 0.0054 +

11.23
-, which

is greater than 0.0054 alone, becaufe 6.31’^; is greater than

1;^ Since, therefore, v is greater than 0.0054, let us fup-

pofe it to be 0.0054 + w ; and let this binomial quan-

tity be fubftitutecl, inliead of 1;, in the lafi transformed

equation 11.231; — 0.061 + 6.3i’i; — or, rather, in the

equation
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equation 11.23‘y — 6.3-yi; + — 0.061, confiding of the

fame terms as the former, but in which the terms involvings
s' O

the unknown quantity v are all brought to the fame fide of
the equation, and ranged according to the powers of t;,

beginning from its lowed power, or the firaple power of 2;,

This may be done in the manner following.

Since v' is = 0.0054 + w, we (hall have

vv o.oo54 "-4- =r 0.0054!*+ 2X0.0054X0? + o;’)

— 0.000,029,16 + 0.0108 X o; +
and (— 0.0054 + wV ~ 0.0054]^ + 3 x 0.0054* x *2?

+ 3 X 0.0054 X
= 0.000,000,157,464 + 3 X 0.000,029,16 X ^
+ 0.0162 X “ZZ?* +

~ 0.000,000,157,464 + 0.000,087,48 X a? +
0.0162 X “Zt?* +

and ii.23‘i?(= n-23 X 0.0054 + -ze?) zz 0.060,642 +
11.23 X

and 6.3 ?z;‘z; (z: 6.3 x 0.000,029,16 + 0.0108 x w + «?*)

zz 0.000,183,708 + 0.068,04 X “ze? + ^.ppwwi

and Gonfequently ^I.23^? — 6.3'y‘Z? + will be zz

r 0.060,642 + 11.23 X w 1— 0.000,183,708 — 0.068,04 X w — 6.3 ww >

[+ 0.000,000,157,464 + 0.000,087,48 X + 0.0162W* + w3
) J

_ 5 0.060,642,157,464 + 11.230,087,48 X w + 0.0162W® + 1

—
j
_ 0.000,183,708 -- 0.068,04 X w — 6.3 X j

= 0.060,458,449,464 + 1 1. 162,047,48^6; - 6.283 8W^+ U)*.

But 11.23'z;— 6.3‘z;'i; + -z^Ms zz 0.061.

Therefore 0.060,458,449,464 + 1 1.162,047,48 x w
— 6.2838 X ‘Z6?'Z6? + will likewife be = 0.061 ; and

confequently ( fubtrading 0.060,458,449,464 from both

fides,) 11.162,047,48 X *Z6? — 6.2838^^6; + “ze?^ will be (=z

0.061,000,000,000 — 0.060,458,449,464) zz 0.000,541,

^^0,536 ; and (qegleding the terms 6.2838‘ze?'zc? and ‘ze;^, as

inconliderable' in comparifon of 11.162,047,48 X w,) we

fhall have' II. 162,047,48 x w zz 0.000,541,550,536, and
' ' ' '

‘ confe-
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r 1 ^ o. 000, ?4T,i;s 0,^36
confequently (=

162.047, i»
"

T

0.000,048,52,

Therefore v, or 0.0054 + w, will be (z= 0.0054 +
0.000,048,52) = 0.005,448,52, and z, or o.i — v, will be

(cz 0.100,000,00 — o 005,448,58) 0.094,551,48, and

;c, or 2 + z, will be (= 2 + 0.094,551,48) = 2.094,

551,48 ;
that is, the root of the propofed equation — 2,v

— 5 will be 2.094,551,48. Qi E. I.

This number 2.094,551,48 is exa6t in all the figures,

as will be Ihewn in a fubfequent article.

Art. 17. Having thus let forth Sir Ifaac Newton^s me-
thod of inveftigating the root of the propofed equation —
nx zz ^ to nine places of figures, we muft now perform

the fame thing by Mr. Raphfon’s method, in order to

make a comparifon between the necelFary operations of the

tw^o methods,

Now Mr. Raphfon’s nnethod of approximating further to

the root of the equation x^ — 2x ~ 5, after having found

it to be equal to 2 -f o.i — —— ,
or to be fomewhat lefs

10

than 2.1, is to put v for the unknown quantity by which
it falls fl-jort of 2.1, and then to fubflitute the refidual quan-
tity 2.1 — 2; in the terms of the original equation x^ —
zx = 5, whereby the faid equation will be transformed
into another cubick equation, in which v will be the only
unknown quantity : and then he determines the value of

by refolving ^the faid transformed equation as if it was a
mere fimple equation, or by neglecfting the terms in which
the fquare or the cube of v. occur. This may be done in

the manner followins:.

Since x is — 2.1 — we fliall have xx (=2.1 — v'~"

= 2T1I" — 2 X 2.1 X + &c) zr 4.41 — 4.2*1; + &c,

and .Y^ {— 2.1 — — 3 X x + &c =:

9.261 — 3 X 4.41 X + &c) = 9.261 — X *z; +

1
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&c, and 2.V (zz 2 x 2.1 —1;) zr 4.2 — iv, and confe-
quently a,’’ — 2x (z: 9.261 ~ 13-23 X + &c — 4.2
+ 2z;) z: 5.061 — 11.23 X,

But —*2.v is zz 5.

Therefore 5.061 — ti.23 X v &c, will likevvife be zz 5

,

and confequently (adding 11.23 X to bo:h Tides,)' we
fhall have 5.061 zz 5 4- 11.23 X 'u, and (fubtrafting 5
from both Tides,) we fliall have 11.23 x v zz 0.061, and

confequently v [— — 0.0054. Therefore x, or 2.1

— V, will be (zz 2.1 —^ 0.0054) — 2.0946 ; or 2.0946
will be a third near value of the root of the propofed equa-
tion X^ •— 2.V — 5. E. I.

This third near value of x is the very fame with the

third near value of it obtained above, in art. 15, by Sir

Ifaac Newton’s method.

Art. 18. In this ftep of the approximation, by which we
obtain the number 2.0946 for the third nqar value of the

root of the propofed equation — ix =5, the principal

difference between the two methods Teems to confift in this,

to wit, that by Mr. Raphfon’s method we are obliged to

raife the two firft terms of the powers of the compound
quantity 2.1 •

—

v, and confequently to raife the powers of

the number 2.1, which confills of two figures ; whereas in

Sir Ifaac Newton’s method of proceeding, we had occafion

only to raife the powers of the compound cjuantity o.i — 2;,

and confequently to raife the powers of the number o. i,

which confifls of only one figure ; which is fomewhat ealier

than to raife the powers of 2.1. But both operations are To

eafy, that the difference of the labour of performing them
is hardly worth confidering. And, with refped; to the fim-

plicity of conception in the two methods, Mr. Raphfon’s

method feems to be preferable to Sir Ifaac Newton’s ; be-

caufe the former always refers to the original equation —
2-v — 5, whereas the latter method refers to the preceeding

transformed equation 102- -f 622 4-2’ zz 1, which has

more
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more terms and larger co-efficients than the original equa-

tion yd"
—• 'ix — S'

V

Art. 19. But in the next Hep of the approximation by

Mr. Raphfon’s method, we ffiall find the labour of raifmg

the powers of the value cf x already found, to wit, the

powers of 2.0946, to be confiderably greater than that of

raifmg the powers of the laft preceeding fupplement of it

according to Sir Ifaac Newton’s method, that fupplement

being only the decimal fradion 0.0054, in which there arc

only two fignificant figures. This will appear by perform-

ing this flep of the approximation by Mr. Raphfon’s me-
thod ; which may be done as follows.

Art. 20. The lafi: near value we found for Xy or the root

of the equation — 2.v =: 5, by Mr. Raphfon’s method,

was 2.0946. Now this near value of x is greater than its

true value. For, if we fuppofe to be — 2.0946, we fliall

have x^ {= 2.0946]^) = 9.1 89,741 ,550,536, and 2.v (
—

2 X 2.0946) rz 4.1892, and confcquently — ix {~
9.189,741,550,536 — 4.1892 ) = 5.000,541,550,536 ;

which is greater than 5, or the abfolute term of the equation

x^ — IX ~ 5 : and confcquently 2.0946 mufl be greater

than the true value of the root of the faid equation.

We wilLtliercfore fuppofe x to be zz 2.0946 — w, and
' fubftitute this refidual quantity inftead of x in the terms of

the equation — xx z=. 5.

Now, fince .v is zz 2.0946 — Wy we fliall have xx (zz

2.0946^^ w’Y — 2.0946]^ — 2 X 2.0946 y. w + &c) =
4.387,349,16 — 4.1892 X &c, and x^ 2.0946 — t(y|'

zz 2.094fc]^ — 3 X 2.094tfl X + &c zi 9.189,741,550,

53 ^ — 3 x 4-3S7»349 >i^

— 13.162,047,48 X w + &c, and 2X (~ 2 x 2.094O — w)
zz 4.1892 — 2Wy and confequently — xx =
f — 13.162,047,48 x -f &c 1

\— 4.189,2 + 2.ooo,o::o,oo X J

zz 5.000,541,550,536 — n. 162,047.48 X w + &c.
But

/
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But — 2.V is = 5,

Therefore 5jPoOj54I)55o,536 — 11.162,047,4.8 X ^ +
&c, will be _ 5 ; and confequently (adding 11.162,047,48
X “Jy to both fides,) we fhall have 5.000,541,550,536 'zz ^
+ 11.162,047,48 X w, and (fubtrafting 5 from both
fides,) 0.000,541,550,536 rr: 1 1.162,047,48 X dr 11.162,

047,48 X w — 0.000,541,550,536. Therefore w will be

f 0.000,541,550,536. _ 1 r 1~
i. 1 62,047,48 ^

“ 0.000,048,52 5 and confequently .V,

or 2.0946 — w, will be (zz 2.094,600,00— 0.000,048,52^
n 2.094,551,48. Therefore 2.094,551,48 will be a fourtn

near value of or the root of the propofed equation —

•

zz 5* Cii E. I.

This fourth near value of 'x is the very fame with the

fourth near value of it obtained above, in art. i6,’ by Sir

Ifaac Newton’s method;

Art. 21. In this kft ftdge of Mr. Raphfon’s approxlriia*.

tion to the root of the propofed equation —- 2X zz 5, we
have been obliged to raife the powers of the number 2.0946,
which conlifts of five places of figures ; whereas in Sir Ifaac

Newton’s way of proceeding we only raifed the powers of

the decimal fradion 0.0054, which contains only two figni-

ficant figures. But then in that way of proceeding we were

obliged to multiply or 0.0054 + w, into 11.23, and vv,

or 0.000,029,1 6 + 0.0108 X w + into 6.3 ; whereas

in Mr. Raphfon’s way of proceeding we have only to mul-
tiply X, or 2.0946 — w, into the very fimple co-efficient 2.

So that, upon the whole, the difference of the labour of

computation in the two methods is not very confiderable,

though it is rather lefs in Sir Ifaac Newton’s method thari

in Mr. Raphfon’s. But in point of fimplicity of conception

Mr. Raphfon’s method feems much fuperiour to Sir Ifaac’s,

becaufe it never lofes fight of the original equation — 2.v

zz 5, which is to be refolved.

And, further, we may obferve, in favour of Mr. Raph-

fon’s method, that it never requires us to raife any more

4 F than
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than the two firft terms of the binomial and refidual quanti-

ties 2 + 2, and 2.1 — V, and 2.0946 — w, which arc

fubflituted inftead of a? in the original equation — 2x ~
^

whereas in Sir Ifaac Newton’s method it is neceflary to

‘raife the other terms of the binomial and relidual quanti-

ties 2 + 2, and o.i — 2’, and 0.0054 + w i which increafes

the number and intricacy of the operations of the invefti-

gation. And therefore, upon the whole, I confider Mr.

Raphfon’s method of approximating to the values of the

roots of fuch equations as preferable to Sir Ifaac New-
ton’s.

J Prccf of the ExaHnefs of the Number 2.094,551,48, that

has been found by the foregoing Methods of Approximation for

the Root of the Equation ^ ix ~ 5. _

Alt. 22. It remains that we prove the work to have been

rightly performed, or that we fhew that the laft number
2.094,55t,48, obtained by both thefe methods, is a very

hear value of the root x of the propofed equation x^ — ix
~

5, and that we determine to how many figures it is

exaft.

Now the plained and bed method of doing this is to

fubditute the number 2.094,551,48, indead of x, in the

compound quantity x^ — 2,v, in order to difeover whether
the quantity refulting from this fubditution will be greater,

or lei's, than 5, or the abfolute term of the propofed equa-

tion x^ — 2^ = 5 : and, if it lhall appear that the faid re-

luit is greater than 5, we may conclude that the faid num-
ber 2.094,551,48 is greater than the true value of x in the

laid equation
; and, if it fhall appear that the faid refult is

lefs than 5, we may conclude that the faid number is lefs

than the true value of x. And, when this has been thus

difeo-
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difcovered, we mnft, in the next place, endeavour to de-

termine to how many figures this number 2.094,551,48 co-^

incides with the more accurate value of x : and, for this

purpofe, we muft, if this number be lefs than .v, increafe it

by the addition of an unit in the laft place of figures; and,

if it be greater than x, we mufl; diminifli it by the fame

I'mall quantity, and then fubftitute the new number thereby

obtained, to wit, 2.094,551,49, or 2.094,551,47, inftead

of .r, in the compound quantity .v- — 2.x. And, if it fball

appear that the value of that compound quantity refulting

from that fubftiturion is greater, or lefs, than 5, we may
conclude that the number 2.094,551,49, or 2.094,551,47,
is accordingly greater, or lefs, than the true value of .v, in

the equation — 2X ~ 5, and confequently that the faid

true value is of an intermediate magnitude between 2.094,

551,49 and 2.094,551,48, or between 2.094,551,48 and,

?-094o5Ij47-

Now, if we take x zz 2.094,551,48, we fhall have

XX zz 4'3^7 j

and = 9.189,102,942,785,417,810,201,792,

and 2x zz 4.189,102,96,

and confequently

— 2v = 4.999,999,982,785,417,810,201,792; which

number is fomewhat lefs than 5, or the abfolute term of

the propofed equation x^ t-t 2.x = Therefore 2.094,

551,48 muft be fomewhat lefs than the true value of .v in

the faid equation,

Secondly, fince x is greater than 2.094,551,48, we muft

now compare it with 2.094,551,49, by fubftituting that

•number inftead of it in the compound quantity x^ — 2x.

Now, if is taken zz 2.094,551,49, or 2.094,551,48 4.

0.000,000,01, we fhall have {— 2.094,55 1,48

+

3

2.094755^,*4^ X 0.000,000,01 + 3 X 2.094,551,48 X

o,ooQ,000,0Tl* + 0.000,000,01V ==; 9. 189,102,942, &C, +
4 F 2 3 X
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3 X 4.387,145,902, &c X 0.000,000,01 H- 0.000,000,000,

&c 4- 0.000,000,000, &c ~ 9.189,102,942, &c +
13.161,437,706, &c X 0.000,000,01 + 0.000.000,000, &c
4- 0.000,000,000, &c = 9.189,102,942, &c 4“ 0.000,

,

000,131, &c 4- 0.000,000,000, &c 4- 0.000,000,000, &c)

9.189,103,073, &c ; and 2^ (z= 2 X 2.094,551,49)

4.189,102,98; and confequemly — 2.v (— 9.189,103,07,

&c — 4.189,102,98) = 5.000,000,09, &c ;
which is

greater than 5. Therefore 2.094,551,49 muft be greater

than the true value of x in the equation — ix — 5.

But it has been (hewn that 094,55 1,48 is lefs than the

faid tme value.

Therefore the true value of a- in the equation — ‘ix

r: 5, will be of an intermediate magnitude between 2.094,

551,48 and 2.094,551,49 ; and confequently all the figures

of the number 2.094,551,48, which we found by tli£ fore-

going procefies of Sir Ifaac Newton’s and Mr. Raphfon’s

methods of approximation for a fourth near value of the root

pf the equation — '4.x ~ are exad. e. d.

Of the Difficulty of finding a, or the Firjl. near Value of the Roof

of an ^ffeEted Eqiiation, in certain Cafes.

Art. 23. There is another difficulty that occurs fometimes
jn refolving high equations by approximation, whether by
Sir Ifaac Newton’s method or by Mr.' Raphfon’s ; which in-
deed are fubftantially the fame. The difficulty I mean, is

.that of finding the firfi: near value of the root fought (which
we have called a in this difcourfe,) to one, or two places of
figures, in order to make it the bafis of a further approxima-
tion to the true value of the root by either of thefe methods
of approximation. Now, when the equation is known to

have but one root, that is, but one real and aflirmative root,
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(for all other roots are not worth confidering,) this difficulty

will not be great ; becaiife it will always be eafy to find a
tolerably near value of the root by conjedturCs and trials,

and particularly by fuppofing Xj or the root of the propofed
equation, firft, to be equal to i, and 2dly, to be zz 10,

and 3dly, to be equal to fome fhort intermediate number
confifting of only one figure, or, if the root appears to be

greater than 10, by fuppofing it to be equal to 100, or 1000,
and afterwards fuppofing it to be equal to fome fhort inter-

mediate number confifting of two figures ;
as was done

above in art. 5, in finding the firft near value of x in the

equation -j- "jx'*' -f- 2,or^ -f i^c^xx — 10,000, Bur,

when the equation confifts of terms connedted together part-

ly by the fign 4-, and partly by the fign —
,
and confe-

quently it may, for aught we know to the cohtrary, have two,

or three, or four, or more real and affirmative roots, which

may be of very different magnitudes, the aforefaid method
of conjeftures and trials (though by no means ufelefs,) is

lefs expeditious and fatisfadtory in affifting us to find the firfl

hear value of one of the roots than in the former cafe
; and

we are often puzzled to know which of the roots it would
be mofl; expedient to begin to inveftigate. Now, in moft

of thefe cafes, I believe, it will be advifeable to begin by
inveftigating the leaft root, and for that purpofe to expunge
from the equation all the terms that have the fign — pre-

fixed to them, and to find, to about two places, or, at moft,

to three places, of figures, the root of the remaining equa-

tion. Bor this root will always be Icfs than the leaft root

of the original equation, if it really has (as it appears tq

have,) more than one real and affirmative root ; or it will

be lefs than the only root of the original equation, if (noN

withftanding the appearances to the contrary,) it really has

but one root. When the root of this fecond, or curtailed,

equation, has been difeovered, it may be called a, and

made the ground-work of an approximation to the leaft root

of the oiiginal equation, and the binoinial quantity a -j- z

may be fubftituted in the original equation inftead of .v,

and the transformed equation thence arifing may be refolved

as if it was a mere fimple equation, agreeably to Mr. Raph-
fon’s
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ion's method of approximation ; and the value of z thereby

obtained, being added to a, will give us a known value of

a or a fecond near value of the leaft, or the only, root

of the propofed equation : after which we may proceed to

lind the faid leaft, or only, root of the propofed equation

by a further profecution of Mr. Raphfon's method of ap-

proximation above-defcribed. This method of finding a firft

near value, of the leaft root of a propofed equation that

feems to have more than one real and affirmative root, is

explained more at length in the third volume of the Collec-

tion of Mathematical Trads, called Scriptores Logarithmici,

in my Difeourfe on the Reverfion of Infinite Seriefes pub-

liffied in that Volume ; to which I refer the reader. See

the faid 3d Volume, pages 724, 725, 726, 727, &c,

to page 761. And, with this improvement of it in the cafe

of equations that have, or feem to have, more than one real

and pofiiive root, I believe it may fafely be affirmed that

Mr. Raphfon’s Method of Refolving Affeded Equations is

the beft General Method of effeding that purpofe in all

equations above quadraticks that has hitherto been difeoh

vered.

End of the Ohfervatlons on Mr. Raphfon’r Method of

Refolving AffePied Equations hy Approximation,

A TABLE
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ATABLE
OF THE

SQUARE. AND CUBE ROOTS OF THE NATURAL
NUMBERS I, 2, 3, 4, 5, &c, to 180;

Being ’Table XIX. of Mr. James Dodfon’j valuable Tables of

Commutation^ intitled The Calculator, that were

mublijked in the Tear 1747 .

No. Sq. Root. Cube Rt. No. Sq. Root. CubeRt. No. Sq. Root. Cube Rt.

1

2

3

4

5

6

7
8

9
10

1.000.000

1.414,214

[.732,051
2.000.000
2.236,068

2.449,490
2.645,751
2.828,427

3.000.000
3.162,278

1.000.000

1.259,921

1.442,250

1.587,401

1.709,976
1.817,12 i

1-912,933
2.000.000
2.080,084
2 - iJ4 ,43 ?

31

,

32

33

34

33
36

37
38

39
40

5.567,764

5.656,854

5-744,563
5.830,952

5.916,080

6.000,00c

6.082,763

6.164,414

6.244,998
6- 324,555

3.141,381

3.174,802

3-207,534
3.239,612

3.271,066

3.301,927

3.332,222

3*3615975

3.391,211

3.419,952

61

62

63

64
65
66

67

68

69
70

7.810,250

7.874,008

7-937,254
8.000,000

8.062,258

8.124,038

8.185,353
8.246,2 1

1

8.306,624
8.366,600

3-936,497

3
-‘957,892

3-979,057
4,000,000

4.020,726

4.041,240

4.061,548
4.081,656

4.101,566
4.12 1,285

11

12

13

14

15

16

17
iS

19
20

3.316,625

3.464,102

3-605,551

5 - 741>657

3.872,983
4.000,000

4.123,106

4.242,641

4.358,899
4.472,136

2.223,980

2.289,428
2 - 3 S '»335
2.4.10,142

2.466,212

2.519,842

2.571,282

2.620,741

2.668,402

2.7 14,418

4 '

42

43

44
45

f4 /

48

49
50

6.403,124

6.480,741

6-5 57,439
6.633,250
6.708,204

6.782,330

6.855,655
6.928,203

7.000,00c

7.07 1,068

3.448,217

3.476,027

3.503,398

3.530,348

3.556,893

3.583,048
3.608,826

3.634,241

3 659,306
3.684,031

7 ^

72

73

74

75
76

77
78

79
80

8.426,150

8.48 5,281

8.54.4,004

8.602,325

8.660,254

8.717,798

8-774,964
8.831,761

8.888,194
B.944,272

4.140,818
4.160,168

4-179,339
4.198,336
4.217,163

4.235,824

4.254,321

4.272,659
4.290,841

4.308,870

2

1

22

23

24
25
26

27
28

29
30

4.582,576
4.690,416

4 - 795)«32
4.898,979
5-000,000

5.099,020

5.196,152

5 - 29 '»5°3
5.385,165

5.477,226

2.758,923
2.802,039

2.843,867

2.884,499
2.924,01

8j

2.962,496

3 .000,000

3.036,589

3-072,317

3.107,232

5 '

52

53

54

55

56

57

58

59
60

7.141,428

7.21 1,103

7.280,1 lO

7.348,469
7.416,198

7-483,315

7.549,834

7.615,773
7.68 1, 146

7.745,967

3.708,430

3-732,5“
3.756,286

3-779,763
.3-802,953

3.825,862

3 848,501

3.870,877

3.892,996

3-914,867

81

82

83

84

85
86

87
88

89

_9
°

No.

9.000,000

9-055, 385
9-110,434

9.165,151

9.219,544
9.273,618

9-327,379
9.380.832

9.433,981

9.486.833

4.326,749

4-345,481

4.362,071

4-579,519
4.396,830

4.414,005

4 ' 43 1,047

4.447,960

4.464,745
4.481,405

No. Sq. Root. Cube Rt. iNo. Sq. Root. Cube Rt. Sq. Root. Cube Rt.



59 ^
<j‘JBLE of Square and Cuhe-Roots, (fc.

No Sq. Root. Cube Rt. No. Sq. Root. Cube Rt. No. Sq. Root. Cube Rt.

9 '

92

93

94

95
96

97
98

99
100

9 -S 39>392

9 -S 9‘>^^3

9.643,651

9.695,360

9.746,794

9 - 797»959
9.848,858

9.899,49s
9.949,874
; 0.000,0c

4.497-942

4 - 5H»357

4 S 3^>
6 S 5

4.546,836

4.562,903

4-578,857!

4-594,70;
4.610,436

4.626,065

4.641,589

121

122

123

124

125,

126

127
128

129

1 30

1 1.000,00

11.045,36
I r.090,54
««•« 35, 53
11.180,34

11.224,97

11.269,43
I [-313,71

11.357,82

11.401,75

4.946,088

4-959,675
4.973,190
4.986,63

1

5.000,000

5.013,298

5.026,526

5.039,684

5-052,774
5.065,797

« 5 *

«52

153

154

155
156

'57

158

159
160

12.288,21

12.328,83

12.369,32

12.409,67

12.449,90

1.2.490,00

12.529,96

12.569,8

1

I 2.609,52
I 2.649, 1 I

5-325,074
5-336,803

5.348,481

5.360,108

5.371,685

5.383,213

5.394,690
5.406,120

5.417,501

5.428,835

101

102

'03

104

105

106

107

108

109
1 10

10.049.88

10.099,50

10.148.89

10.198,04

10.246,95

10.295,63

10.344.08

10.392.30

10.440.31

10.488.09

4.657,010

4-672,330

4.687,548

4.702,669

4-717,694
4-732,624

4 - 747,459
4.762,203

4.776,856
4.791,420

131

132

133

‘34

13s
136

«37
«38

«39
140

11.445,52
1 1.489, 12

11.532,56

11.575,84
1 1.618, 95
1 1.661,90
1 1.704,70
««• 747,34
11.789,83
1 1.832,16

5-078,753

5.091,643

5.104,469

5.117,230

5. 129,928

5.142,563

5-155,137

5.167,649
5.180,101

5.192,494

161

162

163

164

165

166

167

168

169

170

12.688,58

12.727,92

12.767,15

12.806,25

12.845,23

12.884,10
iz.922,85

12.961,48

1 3.000,00

13.038,40

5.440,122

5.451,362

5.462,556

5-473,703
5.484,806

5.495,865

5.506,879

5.517,848

5-528,775

5.539,658

1 1

1

r 12

113

114

115

1 16

117

118

119

1 20

io< 535»65
10.583,01

10.630,15

10.677,08

10.723,8

1

iG.770,33

10.816,65

10.862,78

10*908,71

10.954,45

4.805,896
i.820,284

4,834,588
4.848,808

4.862,944

4.876,999

1.890,973

4.904,868

4.918,685

4.932,424

«4 «

142

«43

‘44

‘45

146

«47

148

«49

150

n-874,34
1 1.916,38
1 1.958,26
1 2.000,00

«2-041,59

12.083,06

12.124,36

12,165,53
12.206,56

12.247,45

5.204,828

5.217,103

5.229,321

5.241,482

5.253,588

5.265,637

5-277,632

5.289,572

5
- 301,459

5-313,293

171

172

«73

174

175
176

177

178

« 79
1 80

13.076,70

13.114,88

13-152,95

13.190,91

13.228,76

[3.266,50

«3.304,13

13.341,66

«3-379,09

13.416,41

5.550,499
5.561,298

5-572,054

5.582,770

5 -593,445
5.604,079

5.614,673
5.625,226

5.635,741

5.646,2 1

6

No Sq. Root Cube Rt. [No. Sq. Root. Cube Kt. No. Sq. Root. Cube Rt.

f

- A TABLE
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T A B L E

OF THE

SQUARE -ROOTS AND RECIPROCALS

OF ALL NUMBERS,

From I to looo.

Computed by Dr. Charles FIutton, Profejfor of Mathematicks

at the Royal Military Academy at Woolwub in Kent.
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( 595 )

^u.
j

Reciprocal Scpiarc Root. No. Reciprocal Square Root.

I 1 1 .o J .000,000,000,0
5 ‘ 0.019,607,8 7.141,428,428,5

2 ,0.5 1.414,213.562,4 52 0.019,230,8 7.21 1,102,550,9

3 0 - 333 ,333.3 1-733.050.807,6 53 0.018,867,9 7.280,109,889,3 •

4 0.25 2.000,000,000,0
S-i 0.018,5 1 8,5 7.348,469,228,3

5 0.2 2.236,067,977,5 55 0.018,181,8 7.416,198,487,1 '

6 0.166,666,6 2.449,489,742,8 56 0.017,857,1 7.483,314,773,5

7 0.142,857,1 2-645.75I.3II.' 57 0.017,543.9 7-549.^34.435.3
8 0. 1 25 2.828,427,124,7 58 0.017,241,4 7 -6 ! 5 . 773.!° 5.9

9 0.111,111,1 3.000,000,000,0 59 0.016,949,0 7.681,145,747,9
IO 0.

1

3.162,277,660,2 6c 0.016,666,6 7.745,966,692,4
1

1

o.ogo,go9,o 3.316,624,790,4 61 0.016,393,4 7.810,249,675,9
12 0-083.333.3 3.464,101,615,1 62 0.016,129,0 7.874,007,874,0
13 0.076,923,0 3.605,551,275,5 63 0.015,873,0 7-937.253.933.2
14 0.071,428,5 3-741.657,386,8 64 0.015,625, 8.000,000,000,0

15 0.066,666,6 3.872,983,346,2 65 0.015,384,6 8.062,257,748,3
16 0.062,5 4.000,000,000,0 66 0.015,151,5 8.124,038,404,6

17 0.058,823,5 4.123,105,625,6 67 0.014,925,4 8.185,352,771,9
18 0-055.555.5 4.242,640,687,1 68 0.014,705,9 8.246,211,251,2

19 0.052,631,6 4.358,898,943,5 69 0.014,492,8 8.306,623,862,9
20 0.05 4 - 472 .' 35 , 955 »o 70 0.014,285,7 8.366,600,265,3
2 1 0.047,619,0 4.582,575,695,0 7 ' 0.014,084,5 8.426,149,773,2
22 0.045.454.5 4.690,415,759.8 72 o.oi 3,888,8 8.485,281,374,2

23 0.043,478,3 4.795,831,523,3 73 0.013,698,6 8.544,003,745,3
24 c.04 1,666,

6

4.898,979,485,6 74 0.01 3’)! 3.5 8.602,325,267,0

25 0.04 5.000,000,000,0 75 0-013,333.3 8.660,2 54,037,8
26 0.038,461,5 5.099,019,513,6 76 0.013, 15".,

9

8.717,797.337,1

27 0-037,037,0 5.196,152,422,7 77 0.012,987,0 8.774,964,387,4
28 0-035.714.3 5.291,502,622,1 78 0.012,820,5 8.83 1,760,866,3

29 0.034,482,8 5.385,164,807,1 79 0.012,658,2 8.888,194,417,3

30 0-033.333.3 5 - 477 . 225 , 575 ’! So 0.012,5 8.944,271,910,0

3 ' 0.032,258,1 5.567,764,362.8 8

1

0.012,345,7 9.000,000,000,0

32 0.031,2 5 5.656,854,249,5 82 0.012,195,0 9.055,385,138,1

33 0.030,303,0 5.744,562,646,5 83 0.01 2,048,2 9.110.433,579,1

34 0.029,41 1,8 5.830,951,894,8 84 0.01 1,904,8 9.165,251,389,9 ,

33 0.028,57 1,

4

5.916,079,783,1 85 0.01 1,764,7 9.219,544,457,3

36 0.027,777,7 6.000,000,000,0 86 0.01 1,627,9 9.273,618,495,5

37 0.027,027,0 6.082,762,530,3 87 0.0 11
, 494,3 9-327.379.053.’

38 0.026,3
1
5,8 6.164,414,003,0 8b 0.01 1,363,6 9.380,831,519,6

39 0.025,641,0 6.244,997,998,4 8g 0.012,236,0 9.433.931.

'

32 ,'

40 0.025, 6.324.555.320,3 90 0.01 1, 1 1 1,

1

9.486,832,980,5

, 4 ' 0.024,390,2 6.403,124,237,4 91 0.010,989,0 9-539.392.014.2

42 0.023,809,5 6.480,740,698,4
\

92 0.010,869,6 9.591,663,046,6

43 0.023,255,8 6.557.438,524.3 93 0.010,752,7 9.643,650,761,0

44 0.022,727,2 6.633.249.580,7 94 0.010,638,3 9-^ 5 .359 . 7 ' 4’^

45 0.022,222,2 6.708,203,932,5 95 0.010,526,3 9.746,794,344,8

46 0021, 739.' 6.782,329,983,1 96 0.010,4 16,6 9 - 797 .95 ^^,97 '.*

47 0.02 1,276,6 6.855,654,600,4 97 0.010,309,3 9.848,857,801,8

48 0.020,833,3 6.928,203,230,3 98 0.0 10,204,1 9.899,494.936,6

49 0.020,408,2 7.000.000,000,0 99 0.010,101,0 9.949,874.37',!

50 0.02 7.071,067,81 r,9 100 O.OI 10.000,000,000,0

4^2



^^6 ^ABLE cf Square-R(7ots and Reciprocals.

No

101

102

(03

104

105

106

107

(08

109

[ 10

I I I

r 12

113

114

1 16

117

u8
119

120

t2l

122

124

125

126

t27

128

129

I 30

^31

132

133

134

13s
'36

'37

138

‘39

140

141

142

‘43

144

‘45

146

'47

148

'49

150

Reciprocal bqiiare Root.

0.009,900,9 10.049,875,621,1

0.009,803,9 iO'°99’'5°4’93^>4

0.009,7013,7 10.148,891,565,1

o.oo9y6i5,4 10.198,039,027,2

0,009,523,8 io’.246,95o, 766,0

0.009,434,0 10.295,630,141,0

0.009,345,8 10.344,080,432,8

0.009,259,2 10.392,304,845,4

0.009,174,3 lo..440,306, 508,9

0.009,090,9 10.488,088,481,7

0.009,009,0 io.-53'

5 ,653,,752 ,o

0.008,928,6 1 0.583,005,244S3

0.008,849,6 10.630,145,812,7

0.008,771,9 10.677,078,252,0

0.008,695,7 10.723,805,294,8

0.008,620,7 io.770,329>6i4,3

0.008,547,0110.816,65-3,826,4

0.008,474,5,10.862,780,491,2

0.008,403,4! 10.908,7 1 2,114,6

0.008,333,3:10.954,451,1 50,1

0.008,264, 5 I 1

.

000 ,
000,000,0

0.008,196,7! 1 1.045,361,017,2

0,008,130,0 1 1.090,536,506,41

0.008,064,5 11.135,528,725,-!

0.008, 11.180,339,887,51

0.007,936,5 11.224,972,160,3'

0.007,874,01 1 1, 269, 42-: ,669,

6

0.007,812,5' 1 1.3 13,708,499,0;

0.007,751,911 1.357,816,691,61

0.007,692,3! 1 1.401,754,251,0!

0.007,633,6111.445,523,142,3'

0-007,575, 7, II. 489,125, 293,1
0.007,518,8 11.532,562,594,7
0.007,462,7

0.007,407,4

0.007,352,9

0.007,299,3

0.007,246,4

0.007,194,2

0,007, '42,9
0.007,092,2

0.007,042,3

0.006,993,0

0.006,944,4
0.006,896,6

0.006,849,3

0.006,802,7

0.006,756,7

0.006,7 1
1 ,4

O 006,666,6

Ii. 575 ,836,902,

8

11.618.950.038.6
1 1.661.903.789.7
1 1.704,699,9! 1,1

"• 747 > 1 ^ 4 » 38o, 8
j

1 1-789,826,122,61

11.832,! 59,566,2!
1 1. 874. 342.087.0

"-916,375,287,8
1 1.958.260.743.1
12 .000

,000 ,000,0

12.041.594.578.8

12.083.045.973.6
"•‘ 24 » 355 »653 ,o

12.165.525.060.6

12.206,555,615,3

12.247.448.713.9

No. Reciprocal

1 5 1 Q.006,622,

5

152 0.006, 578,9

‘53 0.006,535,9

154 0.006,493,5

155 0.006,45 1,6

1 56 0.006,410,3

157 0.006,369,4

1 58 0.006,329,1

159 0.006,289,3
i6o'o.oo6,25

i6i!o.oo6,2I 1,2

16210.006,172,8

163 b.006, 135,0
i64|o. 006,097,

5

16510.006,060,6

166 o.006,024,

1

167
168

169

170

171

172

'73

0.005,988,0

0.005,952,4

0.005,917,2

0.005,882,4

0.005,848,0

0.005,814,0

0.005,780,3

Square Root.

12. 288, 205-,727,

4

I 2.328,828,005,9

12.369,31-6,876,9

12.409.673.646.0

12.449.899.598.0

12.489.995.996.8

12.529.964.086.1
l 2.569,805,090,0

12.609.520.2 12.9

12.649.1 10.640.7
i 2 .688 , 577 ’ 5 -l ®>4

12.727,922,061,4

12.767.145.334.8

12.806.248.474.9

12.845.232.578.7
1 2.884.098.726.7

12.922.847.983.3

12.961.481.356.8

1 3 .000,000,000,0

13.038,404,810

1 3.076,696,830,6

1 3.1 14,877,048,6

13.152,946,438,0

13.190.905.958.31740.005,747,1

175 0.005,714,3 13.228,756,555,3
i76|o.co5,68'i,8

17710.005,649,7

13.266,499,161,4
' 3 - 30 -

1 ,' 34 » 695,7
I 78|o.oo-5 ,6 1 8,oj 13.34' ,664,064, i

o.oo5,586,6|i 3.379,088,160,3

J S’ s!
‘ 3-4 ‘ 6,407,865,0

'79
180

18 1 0.005,524,9
18210.005.494.5
1 8310.005.464.5

18410.005,434,

8

185 io.oo 5,405 .4

18610.005,376,3

' 3 -453 >^24 ,047 ,i

' 3 -49°r737 » 563,2

13.527,749,258,5

13.564,659,966,3

13.601,470,508,7

13.638,181,697,0

1

18710.005,347,6; i3.6';4,794,33 1,2

118810.005,319,1113.711,309,200,8

! 1 89^0.00 5,29 1 ,o| 1 3.747,727,084,9

1
190,0.005, 263, 2!

1 3. 784,048,752,

1

191 0.005,235,6113.820,274,961,1

19210.005,208,3113.856,406,460,6

'93

'94

0.005, 18 1,3! 1 3.892,443,989,4

0.005,154,6113.928,388,277,2

1 95|o.oo5-, 1 28,2'
1 3.964,240,043,8

i9Mo.oo3,i02,o

19710.065,076,1

19810.005,050,5

1 4.000,000,000,0

' 4-03 5»668,844,

1

'4.071,247,279,5
1 199:0.005,025, 1 '14.106, 735,979,

7

I’oolc.ooc, 114.142,135,623,-



*l‘ABLE of Square- Roots and ReupTo'cats, ^97

No.; Reciprocal
|

Scm.ire Root,

|2o i 0.004,97 7,1 , 14.
1

7
- ,446,878,8

202.0.004.9^0, 444.2 12,670,403,6
203.0.004.926. 1 '14.247,806,848,8
2040.004,902,01 14.28 2,8i;6,857, I

205 10.004,87 5,0; 14. 3 17,82 1,063,

3

2o6jo. 004,8^4,4
207^0.004,830,9

08.0.01)4,807,7

2090.004,784,

7

'4-352,700,094)4
'4-3S7)494,569’9

14.422,205,101,9

14.456,832,294,8

21010.004.761.9114.491.376.746.2
21 110.004.739.3114.525.839.046.3
2120004,717,0
21310.004,694,8
2 140.004,672,9
2 1510.004,65 1,?.

2 1610.004,629,6

2
1 7^0.004,608,3

2 i8;o.oo4,587,2

2190.004,566,2

22010.004,545,4

14.560.219.778.6
' 4 -594 . 5 ' 9,5 > 9’

3

14.628,738,838,3

14.662.878.298.6

14.696.938.456.7

'4-730)9'9,862,7

14.764,823,060,2

14.798,648,586,9

,

'4-83’)396,974’2
22 i|o.oo4,524,9{ 14-866,068,747,3

222:0.004,504,5! I.(•899,664,42 5,8

22310.004,484,3114.933,184,523,1
2 24,o.oox,464,3 1 14.966,629,547,1

2 2 5jo.004,444,4! 15.000,000,000,0 .

226:0.004,424,8115.033,296,378,4

227 0.004,405,3115.066,519,173,3
2 2 8|o.oo4,3&6,o; 15.099,668,870,5

22910,004,366,8 15.132,745,950,4

23010.004,347,8, 1
5. 1

6
-,750,888,

1

23110.004,329,Oji 5.198,684,1 53,''

232:0.004,3 10,3115.23 1,546,2 1 1,

233,0.004,291,8
234|o.oo4,273,5

23510.004,255,3

1236:0.904,237,3

237 0.004,2 19,4

'5-264,337,522,5

15.297,058,540,8

'5-329)709)7 ‘6)8

15.362,291,495,7

15.394,804,318,3

38 0.004,201,7,1 5.427,248,620,9

239 o 004,1 84, ' '5-459)62 4 )8 3 3 »'^

240*0.004,166,6 I 5.49'»933).384)8

'24i|o.oo4,i49,4] 15.524,: 74,696,3

'242:0.004, 132,2! 15.556,349,186,

1

243*0.004, 1
1 5, 2| 15.588.457,268,1

24410.004,098,4 15.620,499,35 1,8

245
246

247
248

249
2 ro

0.004,08 1,6

0.004,065

0.004,048,6

0.004,032,3

0.004,016,

1

o

15.652,475,842,5

15. 684. 387. 141.4

15.716.233.645.5

15.748,015,748,0

i 5-779)73.3)^38)'

I C.8 I 1, 288, TOO,

8

No.' Reciprocal

I2 5 1 10.003,984,

1

5210.003,968,3

25310.003,952,6

2 54^.003)937,0
25^10.003,921,6

56 0.003,906,5,

0.003,891,1

0.003,876,0

0.003,861,0

0.003,846,2

Square K.:)Ot.

57

5«

^39
260

261

262

263

264

265
266

267
268

269

270

27

1

272

273

274

277
276

277

278

279
280
28

282

283

15.842,979,517,8.

15.874.507.866.4

'5-905)973)720,6

' 5-93 ^.S 7 7,450,

5

15.968,719,422,7
1 6.000,000,000,0-

16 031,219,541,9
16.062,378,404,2

16.093.476.939.4
16.124,515,496,6'

0.003,831,4 16.155,494,421,4

0.003,816,8
o 003,802,3

0.003,787,8

0-003)773,6

0.003,759,4

16. 1 86.4
1 4.056.2

16.217.274.740.2

16.248.076.809.2

16.278,820,596,1

16.309.506.430.3

0.003,745,3 16.340,134,638,4

0-003,731,3 ‘6.370,705,543,7
c.003,717,5 16.401,219,466,9

0.003,703,7 16.431,676,725,2;

0.003,690,0 16.462,077,633,2

0.003,676,5 16.492,422,502,5

0.003,663,0

0.003,649,6

0.003,636,3

0.003,623,2

0.003,610,1

0.003,597,1

0.003,584,2

0.003,571,4

0.003,558,7

0.003,546,:

0.003,533,6

2840.003,521,

85
286

287
288

289

0.003,508,8

0.003,496,5 16.911,534,525,3
0.003,484,3

0.003,-172,2

0.003,400,2

2900.003,448,3

29110.003,436,4

292 jo.oo 3 ,424 ,C

293 0.005,413,0

.16.522,7 11,641,9

16.552,945,356,9

16.583,123,95 1,8

16.613,247,725,8

16.643.316.977.1

'6.673,332,000,5

16.703,293,088,5

16.733,200,530,7'

16.763.054.614.2

16.792)855,623,7

16.822.603.841.3

16.852.299.546.4

16.881,943,016,1

294

295
29O

297

0.003,401,4

0.003,389,8

0.003,378,3

0.003,367,0

16.941.074.546.1

16.970.562.748.5
17,000,000,000,0

17.029,386,365,9

17.058.722.109.2

17.088.007.490.6
17.1 17.242.768.6

17.146.428.199.5

17.175.564.037.3
I 7.204,650,532,1
'7--‘'33)6 o 7,939,6
17.262.676.501.62980.003,355,7 ,

2990.003,344,5 17.291,616,465,8

4000.003,333,3 i7-3^0)‘^o8,075,7



59 ^ ^ABLE of Sqiiare-Roots and Reciprocals.

No.l Reciprocal Square Root.

301

302

303
304

305
306

307
308

309
310

3 ‘i

312

3'3

314

315
316

317
318

319
320
32J

322

323

.324

32 ^

326

327

328

329

330
331

332

333

334
333
336

337
338

339
34^

34 >

342

343

344
343
346

347
348

349

3 >'o,

0.003,322,3

0.003,311,3

0.003,300,3

0.003,289,5

0.003,278,7

0.003,268,0

0.003,257,3

0.003,246,8

0.003,236,2

0.003,225,8
0.003,2

i 5,4

0.003,205,

1

0.003,194,9

0.003,184,7

0.003,1 74,6

0.003, 164,6

0.003, r 54»6

0.003,144,7

0.003,134,8

0.003,125,

0.003,1 15,3

0.003, 105,6

0.003,096,0

0.003,086,4

0.003,076,9

0.003,067,5

0.003,058,

1

0.003,048,8

0.003,039,5

0.003,030,3

0.003,02 1,

1

0.003,01 2,0

0.003,003,0

0.002,994,0
0 002,985,1

0.002,976,2

0.002,967,4

0.002,958,6

0.002,949,9

0.002,941,2

0.002,932,6

0.002,924,0

0.002,91 5,5

0.002,907,0

0.002,898,6

0.002,890,2

0.002,881,8

0.002,873,6

0.002,865,3

0,002,857,

1

17-349, .^ 5 1,572,9

17-378,147, '96,

9

17.406.895.185.5

17-435,595,774,2

17.464.249.196.6

17.492.855.684.5

17.521,415,467,9

[7.549,928,774,8

17-578,395,831,2
17.606.816.861.7

17.635.192.088.5

17.663.521.732.7

17.691.806.013.0

17.720.045.146.7

17.748,239,349,3

17.776.388.834.6

17.804.493.814.8

>7-832,554-500,1

17.860.571.099.5

1 7.888.543.820.0

17.916.472.867.2

>7-944,358,444>9
17.972.200.755.6
18.000.000.000.0

18.027.756.377.3

18.055.470.085.3

18.083.141.320.0
18. 1 10.770.276.3

18.138.357.147.2
18. 165.902.1 24.6

18.193,405,398 7

18.220.867.
1
38.3

1 8. 248, 28-;, 590,9

18.275.666.882.

5

•8.303,005,217,7

>8.330,302,779.8

>8.357,559,750,7

18.384.776.310.9

18.411.952.639.5

18.439.088.914.6

18.466.185.312.6

15.493. 242.008.

9

18 520,259,177,5

18.547.236.991.0
‘ 8 - 574 , >75,621,0

18.601.075.237.7

18.627.936.010.2

18.654.758.106.2
18.68 1.541.692.

.

3

708, 286, 933,

9

No. Reciprocal Square Root.

35 >

352

353

354

355
356

357
358

359
360
361

x (>2

363

364

365
366

367
368

369
370

37 >

372

373

374
375
376

377
578

379
380

381

382

383
384
385
186

3S7

38b

3.89

390

391

392

393

394

395

396

397

S 9^

399
400

0.002,849,0

0.002,840,9

0.002,832,9

0.002,824,8

0.002,816,9

0.002,809,0

0.002,801,1

0.002,793,3

0.002,785,5

0.002,777,7

0.002,770,1

0.002,762,4

0.002,754,8

0.002,747,3

0.002,739,7
0.002,732,2

0.002,724,8

0.002,7 17,4
0.002,7 10,0

0.002,702,7

0.002,695,4
0.002,688,2

0.002,681,0

0.002,673,8

0.002,666,6

0.002,659,6

0.002,652,5

0.002,645,5

0.002,638,5

0.002,63 1 ,6

0.002,624,7

0.002,617,8

0.002,61 1,0

n.002,604,2

0.002,597,4
0.002,590,7

0.002,584,0

0.002,577,3

0.002,570,7

0.002,564,1

0.002,557,5
0.002,55 1,0

0.002,544,5

0.002,538,1

0.002,531,6

0.002,525,2

0.002,5 18,9

0.002,5 12,6

0.002,506,3

0.002,5

18.734.993.995.2

18.761.663.039.3

18.788.294.228.1

18.814.887.722.2

18.841,443 >68 i ,4

18.867.962.264.

1

18.894.443.627.7

18.920.887.928.4

18.947.295.321.5

>8.973,665,961,0
19.000,000,000,0

19.026.297.590.4

19.052.558.883.3

19.078.784.028.3

19.104.973.174.5

19.131.126.469.7
> 9 -> 57 > 244.o6o ,7

19.183.326.093.3

19.209.372.712.3

•9-23S.384.061,

7

ig. 261, 360,284,

3

19.287.301.522.0

19.313.207.915.8
> 9 - 339 >053 . 75>.4

19.364.916.731.0

19.390.719.429.7
ig.416,487,838,9

19.442.222.095.2

19.467.922.333.9

>9-493.588,689,6

19.519.221.295.9
ig.544,820,285,7

19.570.385.790.8
> 9 - 595 .9 > 7.942.3
19.621.416.870.3
ly.646,882,704,

4

19.672.315.572.9

19.697.715.603.6

19.723.082.923.1
ig. 748.417, 658,

1

> 9 -773.7 >9.933.3

19.798.989.873.2

1
9.824.227.601.6

19.849.433.241.3

19.874.606.914.4

19.899.748.742.1

19.924.858.845.2
> 9 -949 .937 . 343.3

19-974,984,3 55.4
2 0. 000,000,000,

0

—..

—



*TABLE of Square-Roots and Reciprocak. 599

No. Reciprocal Square Root. sJo. < edprocal Square Root.

401 c>.002,493,8 2 0.024,984,394,5 15
' 0 .002,217,3 2 1.236,760,581,6

402 c>.002,487,6 2 0.049,937,655,8 152c .002,212,4 2 1.260,29 1,625,5

403«5.002,481,4 0.074,859,899,9 K53 C>.002,207,5 2 1.283,796,653,8

404 c3.002,475,2 10.099,751,242,2 C154 c>.002,202,6 2-'•307 >275 »752>7

405 (3.002,469,

1

20.124,611,797,5 +55 c>.002,197,8 2-'• 33o> 729 >o°7>7
.06 3.002,463,1 20.149,441,679,6 436 c>.002,193,0 2.1.354,156,504,1

.07 3.002,457,0 20. 174,241,001,8 + 57 «>.002,188,2 21.377,558,326,4

.08 3.002,451,0 20.199,009,876,7 458 c>.002, I 83,4 2 1 .400,934, 5 59,0

409 3 .002 ,445,0 20.223,748,416,2 459 '>.002,178,6 11.424,285,285,6

410 3 .002 ,439,01 20.248,456,731,3 460 >.002,173,9 21.447,610,589,5
.1

1

3 .002
,433,1 20.273,134,932,7 461 0.002, 169,2 21.470,910,553,6

412 0.002,427,2 20.297,783,130,2 462 0.002, 164,5 21.494,185,257,9
'41.3 0.002,42 1,3 20.322,401,432,9 463 0.002,1 59,8 2 '- 5 ' 7 ,434 ,79'’4

414 0.002,415,5 20.346,989,949,4 464 0.002,155,2 21.540,659,228,5

415 0.002,409,6 20.371,548,787,5 465 0.002,
1 50,5 21.563,858,652,8

416 0.002,403,8 20.396,078,054,4 466 0.002,145,9 21.587,033,144,9

417 0.002,398,1 20.420,577,856,7 467 0,002,141,3 2 1.610,182,785,0

418 0.002,392,3 20.445,048,300,3 468 0.002, 136,8 21.633,307,652,8

419 0.002,386,6 20.469,489,490,5 469 0.002,132,2 21.656,407,827,7

420 0.002,381,0 20.493,901,531,9 470 0.002,1 27,7 21.679,483,388,7

421 o.o02,375,3 20.518,284,528,7 47 ' 0.002,123,1 21.702,534,414,2

422 0.002,369,7 20.542,638,584,2 472 0.002,1 18,7 21.725,560,982,4

423 0.002,364,1 20.566,963,801,2 473 0.002,1 14,2 21.748,563,170,9

424 0.002,358,5 20.591,260,282,0 474 0.092,109,7 21.771,541,057,1

425 0.002,352,9 20,615,528,128,1 475 0.002,105,3 21.794,494,717,7

426 0.002,347,4 20.639,767,440,6 476 0.002,100,8 21.817,424,229,3

427 0.002,341,9 20.663,978,319,8 477 0.002,096,4 21.840,329,667,8

428 0.002,336,4 20,688, 160,865,6 478 0.002,092,1 21.863,21 1,109,1

429 0.002,33 1,0 20.712,315,177,2 479 0.002,087,7 21.886,068,628,2;

430 0.002,325,6 20.736,441,353,3 480 0.002,083,3 21.908,902,300,2

431 0.002,320,2 20.760,539,492,0 481 0.002,079,0 21.931,712,199,5

43 z 0.002,314,8 20.784,609,690,8 482 0.002,074,7 21.954,498,402,4

433 0.002,309,7 20.808,652,046,7 483 0.002,070,4 21.977,260,975,8

434 0,002,304,2 20.832,666,656,0 484 0.002,066,

1

2 2.000,000,000,0

435 0.002,298,9 20.856,653,614,6 485 0.002,061,9 22.022,715,545,5

436 0.002,293,6 20.880,613,017,8 486 0.002,057,6 22.045,407,685,0

+37 0.002,288,3 20,904,544,960,4 4^7 0.002,053,4 22.068,076,490*7

438 0.002,283,

1

20.928,449,536,5 488 0.002,049,2 22.090,722,034,4

439 0.002,277,9 20.952,326,839,8 489 0.002,045,0 22.1 «3,344,387,5

'440 0.002,272,7 20.976,176,963,4 490 0.002,040,8 22.135,943,621,2

441 0.002,267,6 '21 .000,000,000,0 49 ' 0.002,036,7 22.158,5 19,806,2

442 0.002,262,4 2 1.023,796,041,6 492 0.002,032,5 22.18 1,073,01 2,+

443 0.002,257,3 21.047,565,179,8 493 0.002,028,4 22.203,003,311,2

444 0.002,252,2 21.071,307,505,7 494 0.002,024,

U

22.226, 1 10,770,9

445 0.002,247,2 21.095,023,109,7 495 0.002,020,2 22.248,595,461,3

44^ 0.002,242,2 21. 1 i8,712,o3i,9 496 0.002,016,2 22.271,057,451,3

+47 0.002,237,1 2 I.i 42 » 374 . 5">9 497 0.002,0 1 ?, I 22.293,496,809,6

+4? 0.002,232, 21,166,010,488,5 49 & 0.002,008,

C

“2.3'5>9'3,604,4

+ 4S
0.002,227,2 2 1. 1 89,620, 1 00, 499 0.002,004,0 22.338,307,903,9

47 C 0.002,222,2 2 r. 213,203, 435,

f

50c 0.002. 22.360,679,775,0



*1'ABLE of Square-Rools and RectprocaU.
€co

1.1
Reciprocal Square Root. No. Reciprocal Scjtiare Root.

1501

\:o2

0.001,996,0

o.QOi,99 ?,o
22.383,029,285,6
22 .405 , 35 ^’. 5° 2,4

551

'552

o.co 1 ,« 14,9123.47 3,389, 1 88,6

0.001,81 1,61^3.494.680,248,9
1

ff-t

•

o

o

o

V

V/

0.001,988,1 22.427,661,492,0 553 0.001,800,3 23.515,952,032,6

0.001,084,1 22.449,944,320,6 554 0.001,805,

1

23-537>204,59i,9

0.001,980,1 22.472,205,054,2 555 O.GOI ,80 1,8 “ 3 - 55 ^.437 >978,8

.(,o6 0.001,976,3 22.494,443,758,4 556 0,001,798,6 23 -579>
6

S
2 > 2 .i.5 ,i

.?°7 0.001,972,4 22.516,660,498,4 -557 o-ooi,.795,3 ^3.600, 847, 442,4

•508

cog

;0.ooi,g68, c 22.538,855,339,1 558 0,001,792,

1

23.622,023,622,0

0.001,964,6 22.561,028,345,4 5 59 0.001,788,9 23.643,180,835,1

’510

5 ‘ •

0.001,960,8 22.583,179,581,3 56c 0.001,785,7 23.664,319,132,4

0.001,956,9 22.605,309, 1 10,9

22.627,416,998,0

561 0.001,782,5 23.685,438,564,7

^12 0 .001 ,953,1 562 0.001,779.4 "5-706, 539«'8213

5‘3

5 M
0.001,949,3 22.649,503,305,8 563 0.001,776,2 23.727,^121,035,4

0.001,945,5 22.671,568,097,5 564 0,001,773,0 23.748,684,174,1

5 'S
ji6

0:001,941,7
o.oor,g 38,0

22.693,61 1,435,8 565 0.001, 769,9, 23.769,728,648,0

22.715,633,383,2 566 0.001,766,8 23 -790 > 754>So6»7

S '7 0.001,934,2 22.737.634.001.8

22.759.613.35.5,5

22.781.571.499.8

22.803,508,502,0

567 0.001,763,7 23.811,761,799,6

518 0.001,930,5

0.001,926,8

568 0.001,760,6 "3-832, 75°» 575>6

569 0 -001 ,757.5 23.853,720,883,8

^2c|0.ooi,g23>i 57c 0 , 001
,754,4 23-874,672,772,6

•52 (10.001,919,4 22.825,4:4,421,0 57 ' 0.001,751,3 23.895,606,290^7

^2 2 0.001,915,7 22.847,319,317,6 572 0.001,748,3 23.916,521,486,2

523 0.001,912,0 27.869,193,2 52,1 573 0.001,745,2 23 - 937 »4 ' 8,407,2

324 0.001,908,4 22.89 1,046,284,

5

574 0.001,742,2 23.958,297,101,4

0.001,904,8 22.912,878,474,8 575 0.001,739,1 -
3 -979,' 57 »6 i 6,6

526 0.601,901,

1

22.934,689,882,4 576 0.001,736,1 24.000,000,000,0

J2/ 0.001,897,

5

22.956,480,566,5 577 0-001,733,1 24.020,824,298,9

528.0.001,893,9 22.978,250,586,2 578 0.001,730,1 24.041,630,560,3

529 0.001,890 4 23.000,000,000,0 579 0.001,727,1 24.062,41 8,83 1,0

:53oio.ooi, 886,8 23.02 1,728,866,4 580 0.001,724,1 24083,168,396,2

o 3 i|0.001,883,2 23 -c|'3 .437 .243.6 581 0.001,72 1,2

0.001,7 18,2

24.103,941,586,4
'532 0.001,879,- 23.065,125,189,3 582 24.1 24,676,163,6

533 0.001,876,2! 23. 286,792,761,

2

5«3 0.001,715,3 24.145,392,935,3

534 0.001,872,7

0.001,869,2

23.108,440,016,6 584 0.001,71 2,3 24.166,091 ,947,2

535 23,130,067,012,4 5
^ 5

,

0.001,709,4 24.186,773,244,9

.53^ 0.001 ,865,7 23-155.673,805,6 586 0.001,706,5 24-207,436,873,6

537 0.001 ,862,2 23.173,260,452,5 587 0.001,703,6 24.228,082,879,2

53 ^ 0.001,858,7 23.194,827,009,5 588 0 «OOIj yOOj*7 24.248,71 1,306,0
3'

3

9 0.001,855,3 23-216,375.532.5 589 0.001,697,8 24.269.322.190.0

24.289.915.603.0540 0.001,851,8 23.237,900.077,2 590 0.001,694,9
541 0.001,848,4 23.259,406,699,2 59 ' 0.001,692,0 24.310,491,562,3
.542 0.001,845,0 23.280,893,453,6 592 0.001,689,1 24.331,050,121,2
i'543 0.001,841,6 23.302,360,395,5 593 0.001,686,: 24.351,591,323,8

544 0.001,838,2 23-323.807,579,4 594 0.001,683,5 24.372»' 1 5 » 2 ' 3>9
5-15 0.001,834,9 23-34,5.235.059,9 595 0.001 ,680,7 24.392,621,835,3

S 46 ;o.ooj,83 i ,5 23.366,642,891,1 596 0.001,677,9 24.413,111,231,5

547 0.001,828,2 23 . 388 ,o 3 i,i 27 ,f
• ' •

597 0.001,675,0 24 -433 > 583 »445»7
54 B'o.ooi, 824,8 23-409.399.821,4 598 0.001,672,2 24 -454>o3 S> 5"R3
5490.001,821,5 -^3-43o, 749.027,

7

599 0.001,669,4 24.474,476,501,0
r.-oh.ooi,Ri8.i 2 ^.41:2,078. -.go, 1 boo 0.001,666,6 24.49.^,897,427,8



"TABLE of Square-Roots and Reciprocals. ‘ 6oi

No. Reciprocal Square Root.

<

No. Reciprocal Square Root.

601

602

603
60.1

605
606
60 •

608

609
610
61

1

612

613
614
615
616

617
618
619
620
621

622

623
624
623
626
627
628

629
630

63 i

632

633
634
633
63b

637
638

640I

6411

6421

643

644
645
64b

647

648

649
bco

0.001,663,9
o.ooi,66r,i

0.001,658,4

0.001,65 5,6

0.001,652,9

0.001,650,1

0.001,647,4

6.001,644,7
0.001,642,0

0.001,639,3

0.001,636,7

0.001,634,0

0.001,631,3
0.001,628,7

0.001,626,0
c.001,623,4

0.001,620,7

0.001,618,1

0.001,615,5
0.001,61 2,9

0.001,610,3

0.001,607,7

0.001,605,1

0.001,602,6

0.001,6

0.001,597,4

0.001,594,9

0.001,592,4
0.001,589,8

0.001,587,3

0.001,584,8

0.001,582,3

0 .001
,579,8

0.001,577,3

0.001,574,8

0.001,572,3

0.001,569,9
0.001,567,4

0.001,564,9

0.001,562,5

0.001,560,1

0.001,557,6

0.001,555,2

0.001,552,8

0.001,5 50,4

0.001,548,0

0.001,545,6

0.001,543,2

0.001,540,8

0.001,538,5

24.515.301.344.3

24.535.688.292.8

24.556,058,315,6

24.576.411.454.9

24.596.747.752.5
24.61 7,067,250,2

24 -637 >3%»989 >S

24.657.656.011.9

24.677.925.358.5
24.698.178.070.5

24.718.414.188.6

24.738.633.753.7
24.758.836.806.3

24.779.023.386.7

24 - 799.i 93 . 535>3
24.819.347.292.0

24.839.484.696.7

24.859.605.789.3

24.879.710.609.2

24.899.799.196.0
24.919.871.588.8

24.939.927.826.7

24.959.967.948.7

24.979.991.993.6

2 5.000,000,000,0

25.019.992.006.4

25.039.968.051.1

25.059.928.172.3

25.079.872.408.0

25.099.800.796.0

25.119.713.374.2
25.139.610.180.0

25.150.491.250.8

25.199.206.336.7

25.219.040.425.8

25.238.858.928.2

25.258.661.880.6

25.278.449.319.5
25.298.22 1.28 1.3

25- 317,977.802,3
2 )-337 , 7 i^.9 ' 8,6

25-357.444.666,2

25-377, '55.080,9

25.396.850.198.4

25.416.530.054.3

25*436, 194,68 1,0

25-455,844, '22,

7

25.475.478.405.7
25.495.097.568.0

651

652

653
654

655
656

657
658

659
660
661

662

663

664
665
666

667
668

66g

670
671

672

673

674
675
676

677
678

679
68c
681

682

683

684
685
686

687
688

689
6go

691

692

693
694

695
696

697
698

699
70c

0.001,536,1

0 .001 , 533,7
0.001,531,4

0.001,529,1

0.001,526,7

0.001,524,4
0.001,522,

1

0.001,5 ^9,^

0.001,517,5

0.001,515,1

0.001,512,9

0.001,5 10,6

0.001,508,3

0.001,506,0

0.001,503,8

0.001,501,5

0.001,499,3

0.001,497,0

0.001,494,8

0:001,492,5

0.001,490,3
c.00 1,488,

1

0.001,485,9

0.001,483,7

0.001,481,4
0 .001 ,479,3
0.001,477,1
0 .001 , 474,9
0.001,472,8

0.001,470,6

0.001,468,4

0.001,466,3

0.001,464,1

0.001,462,0

0.001,459,9

0.001,457,7

0.001,455,6
0 .001 , 453,5
0.001,451,4

0.001,449,3

0.001,447,2

0,001,445,1
0 001,443,0

0.001,440,9
0.001 ,438,8

0.001,436,8

0.001,434,7
o.oor,/^32,7

0.001,430,6

0.001,428,6

25.514.701.644.3

25*534>290,669,6

25.553.864.678.4
2 S-S 73 > 423 > 7 °S»'

25.592.967.784.1

25.612.496.949.7
25.632.01 1.236.0

25.65 1.510.676.8

25-670,995,306,0

25.690.465.157.3

25.709.920.264.4

25.729.360.660.5

25.748.786.379.2

25.768.197.453.5

25 - 787 »‘i 93 > 9 i 6,5

25.806.975.801.1

25.826.343.140.3

25.845.695.966.6

25.865.034.312.8

25.884.358.211.1

25.903.667.694.0

25.922.962.793.6

25.942.243.542.1

25.961.509.971.5

25.980.762.113.5
26.000,000,000,0

26.019.223.662.5

26.038.433.132.6

26.057.628.441.6

26.076.809.620.8

26.095.976.701.4

26.115.129.714.4

26.134.268.690.7
^ 6 -J 53 >393 >

66 i ,2

26.172.504.656.6

26.191.601.707.4

26.210.684.844.2

26.229.754.097.2

26.248.809.496.8

26.267.851.073.1

26.286.878.856.2

26.305.892.875.9

26.324.893.162.2

26.343.879.744.6

26.362.852.652.9
26.381.81 1.916.5

26.400.757.564.9

26.419.689.627.2

26.438,608,132,8

26.457, 5 '3, 1,0,

6



6o2 TABLE of Square-Roots and Reciprocals.

1

701
02

03

|Nu. Kecip^ocal Square Root.

0.001,426,5 26.476,404,589,7

0.001,424,5 26.495,282,599,0

0.001,422,5 26.514, 147>I^ 7 >'

7040.001,420,5 26.532,098,322,8

705 0.001,418, J 26.55 7,836,09.},

7

706 0.00 1,4 1 6,4 26. 5 72^,660,5 11,2

707 0.001,414,4 26.589,471,600,6

7080.001,412,4 26.608,269,391,3

7120.001.404.5 26.683,328,128,3

7130 001,402,5 26.702,059,845,6

7140.001.400.6 26.720,778,431,8

715 0.001,398,6 26.739, 483;9i4,2

7 16 0.001,396,6 26.758,176,320,5

7170.001.394.7 26.776,855,678,0

718 0.001,392,8 26.795,522,013,9

7190.001.390.8 26.814,175,355,6
7200.001.388.8 26.832,815,730,0

721 c.ooi, 387,0 26.85 1,443,164,2
722 0.001,385,0 26.870,057,685,1

7230.001.383.1 26.888.659.319.5
7240.001.381.2 26.907,248,094,1

725 0.001,379,3 26.925,824,035,7
726 0.001,377,426.944,387,170,6

7270.001.375.5 26.962,937,523,4
7280.001.373.6 26.981,475,126,5
7290.001.371.7 27.000,000,000,0

7300.001.369.9 27.018,512,172,2
73 ' 0.001,368,0 27.037,01 1,669,2
7320.001.366.1 27.055.498.516.9
7330.001.364.3 27.073,972,741,4
7340.001.362.4 27.092,434,368,3
72 C 0.001,360,5 27.110,883,423,5

0.001,3.58,7 27.129,319,932,5
0.001,356,9 27. 147j743>92 1,0

0.001,355,0 27.166,155,414,4
0.001,353,2 27.184,554,438,1
0.001,551,3 27.202,941,017,5
0.001,349,5 27.221,315,177,(3

735
736

737
738

739
740

741

742

743

74-f

74 5

746

747
748

749
7 50

0.001,347,7
0 .001 ,345,9
0 .001 ,344,1
0.001,342,3

0.001,340,5

0.001,338,7

0.001,336,9
°*oo'>33 )>i

°-Qo^ 333>3

27.239.676.943.8

27.258.026.340.9

'27.276,363,394,0

27.294.688. 127.9
27.313,000,567,5

27-33 i >3oo>737 v4
27-349»s88,662,4
27 - 367 >864 , 366,8

27-386,127,875,3

No. Reciprocal Square Root.

751 0.001,331,6 27.404,379,212,1

752 0.001,329,8 27.422,618,401,6

753 0.001,328,0 27.440,845,468,0

7540.001.326.3 27.459,060,435,5

755 0.001,324,5 27.477,263,328,1

7560.001.322.8 27.495,454,169,7

757 0.001,321,027.513,632,984,4

7580.001.319.3 27 -53 i»799> 795>9
7590.001.3 7,527.549,954,627,9
7600.001.315.8 27.568,097,504,2
761 0.001,314,1 27.586,228,448,3

762 o 001,3 12,3 27 -^°4 > 347^483,7

763 0.001,3 10,6 27.622,454,633,9

764 0.001,308,9 27.640,549,922,2

765 0.001,307,2 27.658,63!',371,

9

7660.001.305.5 27.676,705,006,2

767 0.001,303,8 27.694,764,848,3
7680.001,302,1 27.712,812,921,1

769 0.001,300,4 27.730,849,247,7

7700.001.298.7 27.748,873,851,0

77 1 0.001,297,0 27.766,886,753,8

772 0.001,295,3 27.784,887,978,9

773 0.001,293,7 27.802,877,548,9

774 0.001, 292,0 27.820,85 5,486,5

7750.001.290.3 27.838,821,814,2

7760.001.288.7 27.856,776,554,4
7770.001.287.0 27.874,719,729,5
7780.001.285.3 27.892,651,362,0

7790.001.283.7 27.910,571,473,9
7800.001.282.1 27.928,480,087,5
781 0.001,280,4 27.946,377,225,0
7820.001.278.8 27.964,262,908,2

7830.001.277.1 27.982,137,159,3

7840.001.275.5 28.000,000,000,0

785 0.001,273,9 28.017,85 1,452,2

7860.001.272.3 28.035,691,537,8

787 0.001,270,6 28.053,520,278,2
788 0.001,269,0 28.07 1,337,688,1

789 0.001,267,4 28.089,143,810,4

790 0.001,265,8 28.106,938,645,1

791 0.001,264,2 28.124,722,220,9

792 0.001,262,6 28-'42»494,558,9

793 0.001,261,0 28.160,255,680,7

7940.001.259.4 28.178,005,607,2

795 0.001,257,9 28.195,744,359,7

796 0.001,256,3 28.2 13,47 1,959,3

797 0.001,254,7 28.231,188,427,0

7980.001.253.1 28.248,893,783,7

799 0.001,251,6 28.266,588,050,2
;oo/o.ooi,25 28.284,271,247,5



^rlBLE of Square-Roots and Reciprocals. 603

N'o-
: Reciprocal

8010.001,248,4
8o2 jo.ooi, 246,9
S03 0.001,245,3
80410.001,243,8

80510.001,242,2
806 0.001,240,7

0.001,239,2

0.001,237,6

0.001,236,1

0.001,234,6

0.001,233,0

0.001,23 1,5

0.001,230,0

0.001,228,5

8150.001, 227,0
! 16:0.001,225,5
8X7I0.001,224,0

807
808

809
810
81

1

812

§13
814

. 28.583,211,855,9
5 18 0.001,222,5 28.600,699,292,2
5 i 9'o.OOI, 221,0
82o|o.ooi,2i9,5

82Ij0.00l,2l8,0

28.301.943.396.2

28.319.604.517.0
S-337.2?4>63 o,6
-S-3S4>893>757>5

28.372.521.918.2

28.390.139.133.2

28.407.745.422.7
28.425.346.807.1

28.442.925.306.7

28.460.498.941.5

28.478.061.731.8

28.495.613.697.6

28.513.154.858.8

28.530,685,235,4

28.548.204.847.2

28.565, 713,

0.001,216,5 28.670,542,373,7
0.001,2 I 5,1 28.687,976,575,1

0.001,213,6 28.705,400,188,8
0 .001,2 1 2,

1

0 .001,2 10,6

0.001,209,2

28.722,813,232,7

28.740,2 15,726,^

28.757,607,689,1

0.001,207,7 28.774,989,139,9

822

823

824
825
826
S27
82.8

529 0.001,206,3

83010.001.204.8

831 0.001,203,1.

832 0.001,201,9

833 0.001,200,5

834 0.001,199,0

0.001,197,6
c.ooi, 196,2

835
836

837
838

839
«40
841

842

843

844

845
846

847
848

849
8:0

Square Root. No.

28.618,176,042,5
28.635,642ji26,6

28.653,097,563,8

28.792.360.097.8

28.809.720.58 1.8

28.827.070.610.8

28.844,410,203,7

28.861,739,379,3
28.879,058,156,^.

28.896.366.553.6

28.913.664.589.6

0.001,194,7 28.930,952,283,0

30.001,193,3 28.948,229,652,

0.001,191,9128.965,496,7 I 5,9

0.001,190,5128.982,753,492,4

0.001,189,

1

0.001,187,6
0.001,186,2

0.001,184,8

0.001,183,4
0.001,182,0

0.001,180,6

0.001,179,2
0.001, i77>9

29.000,000,000,0

9.017,236,257,

29.034,462,281,

29.051,678,092,

29.078.883.707.5

29.086.079.144.5

29.103,264,421,7

29.120,439,557,

29.137,604,568,

0.001,176,5 2Q. 1 s 4 . 7
~
9 . 4-74

851

852

853

854
S5S
856

857
85b

Reciprocal

859 0.001,164,

1

0.001,175,1

0.001,173,7

0.001,172,3

0.001,171,0

0.001,169,6

0.001,168,2

0.00 1, 166,

9

0.001,165,5

860
861

862

863
864

865

0,001,162,8

0.001,161,4

0.001,160,1

0.001,158,7

0.001,157,4
0.001,

1
56,1

866 0.001,154,7

875
876

877

880
881

882

883
88

885

Square Root.

867
868

869
870
871

872

873 . .

8740.001,144,2

29.171.904.291.6

29.189.039.038.7

9.206,163,733,0

29.223.278.392.4

29.240.383.034.4

29-2S7r47 7,676,7

29.274,562,336,6

29.291.637.031.8

29.308.701.779.5

29-325,756,597,2
29.342,801,502,2

9.359,836,511,8

29.376.861.643.1

29.393,876,913,4

9.410,882,339,7

29.427.877.939.1

0.001,153,4 29.444,863,728,7
0.001,152,1 29.461,839,725,3

0.001,150,7 29.478,805,946,0

0.001,149,4 29.495,762,407,5
0.001,148,1 29.512,709,126,7
0.001,146,8 29.529,646,120,5

0.001,145,5 29.546,573,405,4

29-563)490,998,2

29.580,398,915,5
29-597>297)i'?3)9

0.001,142,9

0.001,141,6

0.001,140,3 29.614,185,789,9

878 0.001,139,0

o 001,129,9

29.631,064,780,

8790.001,137,7 29.647,932,474,3
0.001,136,3 29.664,793,948,4
0.001,135,1 29.681,644,159,3
0.001,133,8 29.698,484,809,8

0.001,132,5 29.715,315,916,
0.001,131,2 29.732,137,494,6

0.001,127,4

0.001,126,1

0.001,124,9

0.001,123,6

0.001,122,3

0.001,121,1

8860.001,128,7

888

889
890

891

892

893

894

895
3g6

897
89'-

599
)00

29.748,949,561,3

2y-76S)7S2)i32,3
29.782,545,223,7

29.799,328,851,5
29.816,103,031,

29.832,867,780,^

29.849,623,113,2

29.866,369,046,
0.001,1 ig,8 29.883,105,595,0
0.001,1 18,6 29.899,832,775,5
0.001,117,3 29.916,550,603,3
0.001,116,1 29.933,259,094,2
0.001, 1 14,8 29.949,958,263,7
0.001,113,6 29.966,648,127,5

0.001,112,3 29.983,328,701,
0,00 1 , 1 1

1 ,
1 30.000,000,000,0

H 2



6o4 TABLE of Square-Roots and Recipfoeals,

Vo.

901

902

903
904

905
906

907
90B

909
910
911

912

913

914

915

9»6

917
918
9x9

920
921

922

923
924

925
926

927
928

929

93^

931

93 :^

933

934

935
936

937
938

939
940
941

942

943
944

945
946

945

948

949
95

Reciprocal Square Root.

0.001,109,9

0.001,108,6

0.001, t07,

4

o.oo(,io6,2

0.001, 1040
0.001,103,8

0.001,102,5

0.001,101,3

0,001,100,

1

0.001,098,9

0.001,097,7

0.001,096,5

0.001,095,3

0.001,094,1

0.001,092,9

0.001,09 1,7

0.001,090,5

0.001,089,3

0.001,088,1

0.001,087,0

0.001,085,8

0.001,084,6

0.001,083,4

0.091,082,3

0, 001,08 1,0

0,001,079,9

0.001,078,7

0.001,077,6

0.001,076,4

0.001,075,3

0.001,074, ^

0.001,073,0

0.001,071,8

0.001,070,7

0.001,069,5

0.001,068,4

0.001,067,2

0.001,066,1

0.001,065,0

0.001,063,8

0.001,062,7

0.001,o6j,

6

0.001,060,4

0.001,059,3

0.001,058,2

0.001,057,1

0.001,056,0
0.001 ,054,0

^•001,053,7

j.001,052,6

30.016.662.039.6

30.033.314.835.4

30.049.978.402.6

30.066.592.756.7

30.083.217.913.0

30.099.833.886.6

30.1 16.440.692.8

30.133.038.346.6

30.149.626.863.4

30.166.206.258.0

30.182.776.545.6

3o-^ 99 > 337 . 74 i>>

30.215.889.859.5

30.232.432.915.7

30.248.966.924.5

30.265.491.900.8

30.282.007.859.5

30.298.514.815.1

30.315.012.782.4

30.331.501.776.2

30.347.981.811.0

30.364.452.901.4

30.380.915.061.9

3°-397 >368 ,307 ,i

30.413.812.651.5

30.430.248.109.4

30.446.674.695.3

30.463.092.423.5

30.479.501.308.3

30.495.901.364.0
30.512.292.604.8

30.528.675.044.9

30.545.048.698.6

30.561.413.579.9

30.577,769, 702,.8

30.594.117.081.6

30.610.455.730.0

30.626,785,662,2

30.643.106.892.1

30-659,419,433,5

30.675.723.300.4
30.692.018.506.4

30.708.305.065.6

30.724.582.991.5

30.740.852.297.9

30.757.112.998.5

30-773>3<55, 106,9
30.789.608.636.7

30.805.843.601.5

30.822.070.014.8

No. 1 Reciprocal Square Root.

951

952

953
954
955
956

957
958

959
960
961

962

963
964
965
966

967
968

969
970
971

972

973
974
975
976

977
978

979
980
981

982

983
984
985
986

987
988

989
990
991

992

993
994
995
996

997
998

999
* fOCO

0.001,05 1,5

0.001,050,4

0.001,049,3

0.001,048,2

0.001,047,1

0.001,046,0

0.001,044,9

0.001,043,8

0.001,042,8

0.001,041,6

0.001,040,6

0.001,039,5

0.001,038,4

0.001,037,3

0.001,036,3
c.001,035,2

0.001,034,1

0.001,033,1

0.001,032,0

0.001,030,9

0.001,029,9
0.001,028,8

0.001,027,7

0.001,026,7

0.001,025,6

0.001,024,6

0.001,023,5

0.001,022,5

0.001,02 1,5

0.001,020,4

0.001,019,4

0.001,018,3

0.001,017,3
o.ooi,qi6,3

0.001,015,2

0.001,014,2

0.001,013,2

0.001,01 2,1

0.001,011,1

0.001,010,1

0.001,009,1

0.001,008,1

0.001,007,0

0.001,006,0

0.001,005,0

0.001,004,0

0.001,003,0

0.001,002,0

0.001,001,0

0.001,

30.838.287.890.2

30.854,49-7,241,7

30.870,698,080,9

30.886.890.423.0

30.903.074.280.7

30.919.249.667.5

30.935.416.596.5

3 °-95 '» 575>o8 i,i

30.967.725.134.4

30.983.866.769.7
3 1 .000,000,000,0

31.016.124.838.5

31.032.241.298.4

31.048.349.392.5

31.064.449.134.0

31.080.540.535.8
31.096.623.610.9

31.112.698.372.2

31.128.764.832.5

31.144.823.004.8

31.160.872.901.8

31.176.914.536.2

31.192.947.921.0

31.208,973,068,7

31.224.989.992.0

31.240.998.703.6

31.256.999.216.2

31.272.991.542.2

31.288.975.694.3

31.304.951.685.0

31.320.919.526.7

31-336,879,232,0

31.352.830.813.2

31.368.774.282.7

31.384.709.653.0

31.400.636.936.2

31.416.556.144.8

31.432.467.291.0

31.448.370.387.0

31.464.265.445.1

31.480.152.477.4
31.496.031.496.0

31.511.902.513.2

31.527.765.540.9

31.543.620.591.2

31.559.467.676.1

31-575»3°6, 807,7

31.591.137.997.9
31.606.961.258.6

3 1.622.776.601.7
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T^r. Hutton’s Account of theforegoing Table of the Reciprocals

and the Square-Roots of the Natural Numbers i, 2, 3, 4, 5,

7, to 1,000, at the end of the Fourth Volume

of his ColleUion of Mathernatical Problems and Tracis, in-

titled Mifcellanea Mathematica, publijhed in Four little

Volumesi Duodecimo, in the Tear 1775.

OF the preceeding Table, the ufe is evidently to fhorteii

arithmetical calculations, and will appear eminently great to

thofe mathematicians and others who are frequently con-

cerned in fuch kinds of computations. The flrudure of

the table is evident ; the firfi; column contains the natural

feries of numbers from i to 1,000, the 2d the reciprocals,

and the 3d the fquare-roots of the fime numbers, very ac-

curately calculated and printed. Thefe reciprocals and roots

are the refults preferved of many years occafional and acci-

dental calculations in various fubjeds : in frequently making
fuch computations, I found that I had often to make divi-

fions by, and to extract the roots of, the fame numbers
; and

as it feemed probable that this might be the cafe with me-
for many years longer, I formed the refolution of preferv-

ing all fuch roots and "reciprocals asT- Ihould occafionally

produce in my calculations, that I ihight have them always

ready on any future occafion ; which I did, by entering them:
always in a little book, ruled for the purpofe, till I have ac.

laft colle6ted to the number of 1,000, as above; and T
now publifh them here in this cheap and eafy manner, that

they may be of like ufe to other perfons as to myfelf. In

the numerical calculations of fuch kinds of problems as

have appeared in this Mifcellany and the Diary, the ufe of

this table will be found to be very great, becaufe of the

frequent divifions and extradlions of roots which are to be

made : and the manner and cafes of applying thefe numbers
are



666 Br. button’s Accoknl of theforegoing TaUe, C^e.

• arc generally evident; only k may be remarked, that the

column of reciprocals (which are no other than the decimal

values of the quotients refulting from the divifion of unity,

or 1, by each of the feveral numbers, from i to i,ooo), is

not only ufeful in (hewing by infpeftion the quotient whCn

the dividend is unity, but is alfo applied with muchadvan-,
'

tage in turning many divilions into multiplications, which

are much eafier performed than the equivalent divifions. For,

if we multiply any propofed dividend by the reciprocal of '

the divifor (as found in the table,) the product will be the •

quotient fought ; which is the cafe mentioned in P. .54 of

niy Menfuration, where this table of reciprocals was pro- ..

mifed to be inferred at the end of that Work ; but it vya? .

then fupprefled, as the book had been unavoidably exten,ded > •

to fo great a fize, and becaufe it could properly enough be;''

omitted, as being no part of the fubjeft of the book. This;

table of reciprocals may alfo be applied to good purpdfe Sh.

fumming the terms of many converging feriefes, as in, the.

2,d folution of C^eft. 106 of this Mil'cellany, in which n
few of the firft terms are to be found by divifion, and then

fummed ; for the quotients of fugh divifions are here fhewn

by infpedlion.

The reciprocals are carried on to 7, and the roots to 10

places of decimals, each being put down to the neareft

figure in the iaft- place, that is, when the next figure beyond
the laft put down in the table came out a 5, or more, the

laft figure was increafed by i, otherwife not; excepting in

the repetends which occurred among the reciprocals, where
the real laft figure is always put down. Tbereciprocals which
in the table confift of lefs than feven figures, are thofe which
terminate and are complete within that number ; fuch as .5

the reciprocal of 2, .25 the reciprocal of 4, &c.
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